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a  b  s  t  r  a  c  t

Camera  calibration  is a basic  and  crucial  problem  in computer  vision  and  photogrammetry.  The  traditional
calibration  approach  based  on  2D  planar  target  fails to  give  reliable  and  accurate  results  due  to  the
inaccurate  localization  of feature  points  in some  calibration  images.  An  accurate  and  robust  estimation
method  for camera  parameters  based  on RANdom  SAmple  Consensus  (RANSAC)  algorithm  is proposed
to exclude  the  unreliable  images  in this  study.  First,  the  distance  between  circular  point  and  image  of the
absolute  conic  is defined,  and  the  recommended  threshold  value  is  given  by  computer  simulation.  Second,
RANSAC  has  been  utilized  to pick  out  a subset  of  calibrating  images  automatically,  and  linear  algebraic

approximation  is performed  to estimate  the  intrinsic  parameters  and  external  parameters.  Finally,  all
the camera  parameters  including  lens  distortion  parameters  are refined  by the  non-linear  searching
algorithm.  Numerical  simulation  and  practical  experiment  in  this  paper  demonstrate  the  accuracy  and
robustness  of  the  proposed  method.  The  experimental  results  show  that the  proposed  method  is  more
robust  and  efficient  in improving  the  calibration  accuracy  than  the  traditional  methods.

©  2015  Elsevier  GmbH.  All  rights  reserved.
. Introduction

Camera calibration, whose applications include 3D reconstruc-
ion, visual inspection, object localization [1], camera localization
2] and robot navigation, etc, is essential to computer vision. Tsai [3]
ave a comprehensive survey of the problem. Two kinds of param-
ters should be considered in the model. The intrinsic parameter
et, which models the internal geometry and optical characteris-
ics of the image sensor, determines how light is projected through
he lens into the image plane of the sensor. The other one, the
xtrinsic parameters, measure the position and orientation of the
amera in the world coordinate system, it provides metric infor-
ation with respect to a user-fixed coordinate system instead of

he camera coordinate system. For applications with strict require-
ent of accuracy, lens distortions [4–6] should be taken into

ccount.
Camera calibration has received increased attention during the

ast two decades. Various effective algorithms have been reported,

ccording to the calibration object, they are divided into two
lasses: self-calibration and object based calibration.

∗ Corresponding author. Tel.: +86 43185582533.
E-mail address: fengjinliangcust@163.com (J. Feng).

ttp://dx.doi.org/10.1016/j.ijleo.2015.09.117
030-4026/© 2015 Elsevier GmbH. All rights reserved.
1.1. Self-calibration

Camera calibration is performed by moving a camera around an
unknown static scene. Only a few corresponding points in multi-
images are sufficient to calibrate the intrinsic parameters of a
camera [7–9]. The main idea is to find the camera parameters that
satisfy the pairwise epipolar constraints, and the Kruppa equations
are derived for self-calibration. Other self-calibration techniques
based on vanishing points are also introduced [10,11]. However,
there are three significant limitation of self-calibration: (1) Suffi-
cient correspondences between views must be established, which
is impossible when the scene is featureless. (2) Solving Kruppa
equation is difficult and not reliable in practice. (3) Lens distortions
are not considered in almost all existing self-calibration papers, so
the calibration accuracy is not good enough for photogrammetric
applications.

1.2. Object based calibration

Initially, 3D calibration object [1,7] is used for camera cal-
ibration, in which the 3D points and their 2D projections are

associated with a projection matrix. The perspective projection for-
mulations can be obtained linearly from only one image. It requires
an expensive calibration apparatus and elaborate setup. To over-
come this shortcoming, new technique bases on 2D patterns have

dx.doi.org/10.1016/j.ijleo.2015.09.117
http://www.sciencedirect.com/science/journal/00304026
http://www.elsevier.de/ijleo
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2015.09.117&domain=pdf
mailto:fengjinliangcust@163.com
dx.doi.org/10.1016/j.ijleo.2015.09.117
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een proposed in latter literature [12,13]. Most recently, Zhang [14]
roposed a calibration using 1D pattern (points aligned on a line),
hat has been investigated and extended by several other authors
15–17]. The main advantage of using 1D patterns to make the cal-
bration is the possibility to calibrate several cameras at the same
ime, because the points of the 1D pattern can be visible simulta-
eously by multiple cameras even apart from each other.

Among the existing camera calibration techniques, Zhang’s
ethod [12], which is used as the basis of Bouguet’s camera calibra-

ion toolbox in Matlab [18] and OpenCV [19], is flexible by observing
 planar target for at least twice, the main idea is to obtain the cam-
ra parameters from the homography between 2D object plane and
he corresponding image plane. Due to their ease of use, calibra-
ion algorithms that use planar patterns have gained widespread
cceptance [20–22]. Recently, the technique mainly focuses on
he following three aspects: (1) Feather detection and localiza-
ion. Jun Chu [23] proposed a novel chessboard corners detection
hich is based on morphological dilation and round template.

his algorithm provides an effective and automatic mechanism for
hessboard corners detection and can be used in complex scene.

 quick and robust detection of chessboard features is also pro-
osed by Stuart Bennett and Joan Lasenby [24]. The Chess-board
xtraction by Subtraction and Summation (ChESS) feature detec-
or is designed to exclusively respond to chessboard corners. In
ddition to chessboard planer pattern, circle and ring patterns have
lso been utilized [13,25–27]. To improve the accuracy of the con-
rol points, an iterative refinement approach has been introduced
nd evaluated [28]. (2) Novel optimization method. Fuqiang Zhou
29] proposed a novel optimization method of camera parameters
y minimizing the metric distance between actual and computed
bject points in camera coordinate system instead of the differ-
nce between the detected image point and the projected image
oint calculated by camera parameters. Fuqiang Zhou [30] devel-
ped a planer-based technique, in which RANSAC algorithm is used
o refine the calibration parameters. (3) Optimal setting for accu-
ate calibration. The effect of the illumination intensity, the number
f control points, the region of interest and 2D plane position on
mproving the accuracy and repeatability of calibration have been
nvestigated [31,32].

It is easy for us to take abundant images (more than 20 images)
hen Zhang’s method [12] is used for off-line camera calibra-

ion. However, it is well-known that it is difficult to accurately
nd reliably extract all wanted features in all images in the pres-
nce of noise, occlusion, image blur, and changing illumination or
iewpoint. When different subsets of images are selected to cali-
rate a camera, the calibration result will not converge because of

naccurate features detection. Therefore, to gain reliable and accu-
ate calibration parameters, it is an extremely important task for
s to detect and remove the unreliable images. In this paper, a
ovel calibration method is proposed to cope with this problem.
ur proposed detection method works as following three steps:
irst, Random Sample Consensus (RANSAC) algorithm is employed
o select a subset of calibrating images automatically. Second,
inear algebraic approximation is performed to estimate the intrin-
ic parameters and external parameters. Finally, all the camera
arameters including lens distortion parameters are refined by
evenberg–Marquardt algorithm. To the best of our knowledge,
here is little report about using RANSAC in Zhang’s method except
30], in which RANSAC method is utilized to remove the unreli-
ble corresponding points after non- linear searching. However,
ince camera parameters are coupled, nonlinear searching per-
orms badly and local solution is reached frequently, Zhou’s method

s limited and mainly depends on the initialization. Compared

ith existing camera calibration techniques, the advantages of our
ethod are: (1) It requires no prior known knowledge about the

ositions and orientations from where images should be taken. (2)
Xc

Fig. 1. Pinhole camera model.

The subset of images is selected automatically, so the proposed
method can be utilized by general public even who  are not experts
in computer vision. (3) The camera parameters need only to be
one-off optimized by nonlinear searching.

The paper is organized as follows: Section 2 describes the pre-
liminary knowledge in this paper, including Zhang’s 2D calibration
method and the principle of RANSAC. The details of the proposed
calibration algorithm are depicted in Section 3. Section 4 provides
the experimental results. Both computer simulation and real data
are used to validate the proposed technique. Finally, Section 5 con-
cludes the paper with perspective of this work.

2. Preliminaries

2.1. Camera model

The classical pinhole camera model is shown in Fig. 1. Oc-XcYcZc
is the coordinate system of camera, Oc is the optical center of cam-
era, the coordinate axes OcXc and OcYc are, respectively, parallel to
the rows and columns of the image plane, OcZc is the optical axis of
camera. The unit vectors of are three coordinate axes, respectively:
i, j, k. Ow–XwYwZw is the built World Coordinate System (WCS), u,
v, w are the unit vectors of the coordinate axes of WCS. If the trans-
lation vector from WCS  to the camera coordinate system is t, the
rotation matrix is R. t is the representation of the origin Ow of WCS
in camera coordinate system.

In this model, any point P in the space and its projection m on
camera image plane satisfy the projection formula below:

s

⎡
⎣

u

v
1

⎤
⎦ = K[R · t]

⎡
⎢⎢⎣

x

y

z

1

⎤
⎥⎥⎦ with K =

⎡
⎢⎣

fx 0 uo

0 fy vo

0 0 1

⎤
⎥⎦ (1)

where (u, v) is the image coordinate of projective point m,  (x,y,z)
is the three-dimensional coordinate of P in WCS, K is the matrix
of camera intrinsic parameters, consisting of four parameters: the
scaling factors fx and fy in horizontal and vertical direction, respec-
tively, the optical axis centre (uo, vo). R, t are, respectively, the
rotation matrix and translation vector from WCS  to camera coor-
dinate system.
2.2. Lens distortion model

In practice, real lens do not satisfy the ideal pin-hole model,
the lens distortions of the consumer-grade digital cameras cannot
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Table 1
External parameters for nine model planes.

Homography Rotation vector (rad) Translation vector (mm)

H1 (1.65,1.65,−0.67) (−182.18,−82.39,858)
H2 (1.84,1.89,−0.40) (−159.1,−158.05,763.11)
H3  (1.74,2.07,−0.51) (−129.43,−173.25,781.13)
H4 (1.83,2.11,−1.10) (−68.71,−153.57,784.27)
H5 (1.08,1.92,−0.25) (−96.47,−227.88,742.4)
H6 (−1.70,−1.93,−0.80) (−151.32,−78.85,448.24)
H7 (1.99,1.93,1.31) (−85.49,−77.11,445.39)
H8 (1.96,1.82,1.33) (−173.31,−102.99,467.94)
H9 (−1.37,−1.99,0.32) (−5.7435,−224.23,−735.45)

Fig. 2. Distance between IAC and homography with respect to noise level.
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1 K−T K−1h2 = 0

(4)
Fig. 3. Relative error with respect to noise level: (a) fx; (b) fy; (c) uo; (d) vo .

e ignored. Thus, a proper distortion model should be selected. The
ost commonly used method proposed by Brown [33] is to decom-

ose the distortion into radial, decentering, and prism components.
adial distortion is caused by flawed radial curvature of the lens ele-
ents. Decentering distortion is due to non-strict coaxiality [4,34]

f the optical centers of lens elements. Thin prism distortion arises
rom the imperfection in lens design and manufacturing as well
s camera assembly. In general, the radial distortion is sufficient
or a high-accuracy measurement since no more elaborated model
mprove the accuracy significantly [5,6]. The model for correcting
he radial distortion is given:

ud = u + k1 (u − u0) r2

vd = v + k1 (v − v0) r2
(2)

here r2 = x2
n + y2

n, (xn, yn) is the ideal normalized image coor-
inates, (u, v) is the corrected image point and (ud, vd) is the

orresponding image point with radial distortion, k1 is the
oefficients of the radial distortion.
Fig. 4. Relative error with respect to the number of outlier images: (a) fx; (b) fy; (c)
uo; (d) vo .

2.3. RANSAC

RANdom SAmple Consensus (RANSAC) was first published by
Fischler and Bolles [35]. RANSAC algorithm is often used in com-
puter vision, e.g., to simultaneously solve the correspondence
problem, and estimate the fundamental matrix related to a pair of
stereo cameras [7,36]. It is an iterative method to estimate param-
eters of a mathematical model from a set of observed data which
contains outliers. Standard RANSAC algorithm proceeds as follows:
(1) A minimal subset of the input data is randomly selected and
model parameters fitting these data are computed. (2) All other
data are tested against the fitted model and the support data is
selected as consensus set for this model. (3) The model parameters
are estimated from the consensus set. This procedure is repeated
a fixed number of iterations, each time producing either a model
which is rejected because too few points are part of the consensus
set, or a refined model together with a corresponding consensus set
size. In the latter case, we  keep the refined model if its consensus
set is larger than the previously saved model. The consensus set for
each iteration is determined from specific requirements related to
the application. This problem will be further discussed in Section
3. The number of iterations can be determined from probability
theory. Let p be the probability that the RANSAC algorithm selects
only inliers from the input data set in some iteration. The number
of iterations is governed by an expression of the following form
[7,35]:

k = log(1 − p)
log (1 − wn)

(3)

where w is the proportion of inliers and n is the size of the minimal
subset from which the model parameters are estimated. A common
case is that w is not well known beforehand. An adaptive algorithm
is introduced to determine the number of iterations. This adaptive
is fully described in Ref. [7]. This adaptive approach works very
well and in practice covers the questions of both the number of
samples and terminating the algorithm. This adaptive algorithm
is implemented by Peter Kovesi [37] and some examples are also
given.

3. Camera calibration with RANSAC

According to Zhang’s method [12], given an image of the planar
calibration pattern, a homography can be estimated and two basic
constraints on the intrinsic parameters can be given:
hT
1 K−T K−1h1 = hT

2 K−T K−1h2
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here h is the row of the homography between the points on the
re-known plane pattern and the corresponding image points. If m

mages of planar calibration are taken, m equations such as Eq. (4)
rise. At least two images are necessary to obtain a unique solution.
he close-form solution can be estimated simply by Singular Value
ecomposition (SVD). Once K is known, extrinsic parameters for
ach image are computed when the corresponding homography is
nown (see [12] for details). This closed form solution is crucial to
void divergences to local solution with the nonlinear searching. In
ractice, it is difficult to accurately and reliably extract all wanted
eatures in all images in the presence of noise, occlusion, image
lur, and changing illumination or viewpoint, etc. This means that
he unreliable images will lead to inaccurate camera parameters if
hey are involved in the calibration process. Therefore, it is impor-
ant for us to exclude the unreliable images. RANSAC is performed
o focus on the problem. As mentioned, to calibrate the pinhole
amera model, two minimal data for random sampling are needed.
ubsequently, the linear algorithm is adopted to calculate the image
f the absolute conic (IAC), described by K−TK−1 [7]. If the circular
oint, defined by homography, is exactly on the IAC, Eq. (4) is sat-

sfied. Thus, the distance between the circular point and the IAC
eans the accuracy of camera intrinsic parameters. The distance is

efined as following form:

d =
(

hT
1 Bh2

)2

Bh2(1)2 + Bh2(2)2 + Bh1(1)2 + Bh1(2)2

+
(

hT
3 Bh4

)2

Bh3(1)2 + Bh3(2)2 + Bh4(1)2 + Bh4(2)2

h3 = h1 − h2

h4 = h1 + h2

(5)

here B is the matrix of IAC, which satisfies: B = K−TK−1, hi(i = 1,
) is the row i of the homography and Bh(j)(j = 1, 2) represents the
lement j of vector Bh.

When the distance is calculated, the last problem is to choose
he distance threshold t. If the distance between the circular point
nd the IAC is larger than t, the corresponding image is identified
s outlier and will be removed in the next step. It is difficult for
s to choose the distance threshold t. A very high threshold may
istakenly classify the outliers into the consensus set while a very

ow threshold may  cause instability in some case because the mea-
urement of image coordinates is inexact (generally termed noise).
n this paper, the threshold value is recommended by computer
imulation in Section 4.1.1.

To sum up, the recommended plane calibration procedure with
ANSAC is described as follows:

1) Take abundant images (more than 20 images) of the model
plane under different orientations by moving the model plane;

2) Extract the feature points in the images and compute the
homography matrix for each image [7,18];

3) Set parameters for adaptive RANSAC method: s = 2, w =
0, k = ∞,  t = 1, i = 1;

4) Randomly select two homography matrixes and estimate the
IAC according to Eq. (4);

5) Identify a set of inliers consistent with the evaluated IAC accord-
ing to Eq. (5) and the threshold value t;

6) Update the sample count value k by Eq. (3), if a larger consistent
is found;

7) If i > k, the largest consensus set is acquired, go to step (8); else

i = i + 1, go to step (4);

8) Once the largest consensus is obtained, the subset of calibrating
images is determined. Then the camera parameters are calcu-
lated by Zhang’s method.
015) 4910–4915 4913

4. Experiment results

The proposed algorithm discussed in this paper is analyzed using
both synthetic and real data. It is considered that the noise pre-
sented in the data follows a normal distribution with mean value 0
and standard deviations ı. The experiments executed for each data
type are described in the following.

4.1. Computer simulations

The synthetic data are generated by assuming a camera
with the following parameters: kx = 662.64; ky = 664.91; u0 =
306.89; v0 = 241.45. The image resolution is 640 × 480 pixel. The
lens distortion parameter is 0. The model plane is a chessboard pat-
tern containing 12 × 12 = 144 corner points. The size of pattern is
30 mm  × 30 mm.  The orientation of the plane is represented by a 3D
vector r, which is the Rodrigues notation of rotation matrix from
world coordinate system to camera coordinate system. Its position
is determined by a 3D translation vector t.

4.1.1. Determining the recommended threshold value t
In this experiment, we use nine planes with the external param-

eters presented in Table 1. Noise is added to the projected image
points with ı ranging from 0.1 to 1.2 pixel. We  compute the distance
between the homography and IAC, respectively. For each noise
level, 500 independent trials are performed, the average results
are shown in Fig. 2. From Fig. 2, the distance varies linearly when
the noise level is less than 0.3 pixel. As the noise level growth con-
tinues, it is sharply increases while the noise of projected image
points is greater than 0.4 pixel. That is to say, calibration will be not
performed accurately when the precision of locating image points
is less than 0.4 pixel. In real vision measurement system, the error
of locating image points in image is less than 0.2 pixel [38]. There-
fore, the distance threshold value is obtained as t = 1. This threshold
value will be utilized in the following experiments.

4.1.2. The proposed method testing with synthetic data
In this work, four methods were analyzed: (1) the linear

method with RANSAC proposed in the present article and called
LINEAR1; (2) the linear method proposed by Zhang [12]; (3)
The method that refines the estimation of LINEAR1 through
the Levenberg–Marquardt algorithm called NONLIN1; (4) The
method that refines the estimation of LINEAR2 through the
Levenberg–Marquardt algorithm called NONLIN2. Two individual
experimental are conducted. One experimental tests the calibra-
tion accuracy relative to the input noise level and the other tests
the calibration accuracy relative to the number of outlier images.

In Test 1, fifteen calibration images are created. The orienta-
tion and position of the model plane for the first nine images are
the same as the last Section 4.1.1. From the tenth images, we  first
randomly choose a rotation axis in a uniform sphere, then apply
a rotation angle of 25◦. Gaussian noise with mean value 0 and
standard deviation ı is added to the image points, where ı is varied
from 0 to 4 pixel with the step length of 0.2 pixel. The calibrated
parameters are compared with the ground truths and their relative
errors are measured. For each input noise level, 100 independent
trials are performed. The average results are shown in Fig. 3.

In the other test, twenty calibration images are generated with
the similar method in Test 1. We divide the calibration images
into two parts: inlier images and outlier images. The noise of inlier
images is set as 0.2 pixel (which is the noise level in the practical

calibration). The noise of outlier images is set as 3 pixel. The number
of outlier images varies from 1 to 18. For each number, the outlier
images are chosen randomly. 100 independent trials are conducted.
The accuracy of the calibrated parameters is measured in the same
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Fig. 5. Twenty images of a model plane.

Table 2
Comparative results of camera parameters and calibration accuracy.

Method fx (pixel) fy (pixel) uo (pixel) vo (pixel) k1 (mm−2) Err (pixel) Iteration number

LINEAR1 2542.21 2497.65 354.18 210.45 – 2.046 –
20
22
20

w
o
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i
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LINEAR2  2490.65 2790.29 294.43 

NONLIN1 2462.09 2628.63 305.63 

NONLIN2 2456.09 2620.26 307.57 

ay as in Test 1. Fig. 4 shows the mean value of the relative error
f the intrinsic parameters.

It can be seen from the results shown in Figs. 3 and 4 that the
ccuracy of the LINEAR1 method is significantly higher than LIN-
AR2. In addition, Levenberg–Marquardt refines the estimations of
oth linear methods. The LINEAR1 method proposed in this paper
rovides initial parameters values which are very close to the global
inimum. For that reason, in Figs. 3 and 4, the curves correspond-

ng to the LINEAR1 and nonlinear methods are almost overlapping.
n the present work, convergence occurred in only three iterations.
hus, according to the required accuracy, this refinement does not
ven need to be executed on some occasions. From the results
hown in Fig. 4, it can be seen that the error caused by the proposed
ANSAC method (LINEAR1 and NONLIN1) keeps in a very low level
hich demonstrates the robustness to the outlier images.

The two experiments on synthetic data demonstrate that the
roposed calibration algorithm not only can produce very high
ccuracy on intrinsic parameters under the standard input noise
evel, but also can be robust to the outlier images.

.2. Real data

Since the ground truths of camera parameters are not available
n the experiments for real data, it is necessary to take appropri-
te methods to evaluate accuracy in terms of camera parameters.
our of the most frequently used methods were adopted [5,30]: the
rror of distorted pixel coordinates, the error of undistorted pixel
oordinates, the distance with respect to the optical ray, and nor-
alized calibration error. In the present work, we  just calculate

he error of distorted pixel coordinates to evaluate our calibration
ccuracy. This is because Salvi [5] has pointed out that good cal-

brating algorithms obtain acceptable accuracy results which are
ndependent from the accuracy evaluation method used. The error
f distorted pixel coordinates is defined as the discrepancy between
he real 2D points (ud, vd) (obtained from calibration images) and
8.28 – 0.365 –
0.94 −0.610 0.131 3
8.58 −0.586 0.213 18

the estimated ones (ūd, v̄d) (obtained by using the camera model).
It is given by the following equations:

Err =
∑N

i=1

√
(udi − ūdi)

2 + (vdi − v̄di)
2

N
(6)

where N is the total number of feature points.
The camera to be calibrated is a consumer-grade camera (ST-

423C) with 12 mm lens. The frame size is 720 × 576. The model
plane contains a pattern of 6 × 8 chessboard. The size of pattern
is 30 mm × 30 mm.  It is printed on A4 paper and pasted onto a
cardboard. The cardboard is moved and rotated to make captured
images cover the most of the field of view. Twenty images of the
plane are taken, as shown in Fig. 5.

Table 2 shows the results of camera parameters and calibration
accuracy obtained by different methods. From Table 2, it is clear
that the proposed method with RANSAC significantly improves
the measurement accuracy. The error of distorted pixel coordi-
nates decreases from 0.213 to 0.131 pixel. Furthermore, the NOLIN1
method requires much less iterations than NOLIN2. It occurs in view
of the fact that the algorithm NOLIN1 is initialized from the result
of the LINEAR1 method, that is closer to the final result, compared
to LINEAR2. Evidently this contributes reduces the computational
cost of the method.

5. Conclusion

In this paper, we  proposed a revisiting 2D calibration method
based on RANSAC to evaluate the camera parameters. It is well
known that the calibration accuracy mainly depends on the local-
ization of feature points, however it is difficult to accurately and

reliably extract all wanted features in all images in the presence
of noise, occlusion, image blur, and changing illumination or view-
point. To address this issue, an effective method is introduced to
exclude the unreliable images. First, in our paper, we introduced
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he pinhole camera model with lens distortion and demonstrated
he basic knowledge of RANSAC. Second, the distance between the
ircular point and the IAC is defined, which is important in RANSAC
nd the recommended plane calibration procedure with RANSAC
s explained in detail. Furthermore, the recommended threshold
alue is given by computer simulation. And eventually, we proved
he accuracy and robustness of the algorithm by simulation and
eal experiments. The experimental results show that the proposed
ethod is robust and quite efficient to improve calibration accuracy

ompared to the traditional methods.
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