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Giant fifth-order nonlinearity via tunneling induced
quantum interference in triple quantum dots
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Mechanics and Physics, Chinese Academy of Sciences, Changchun 130033, China
2School of Physics and Information Technology, Shaanxi Normal University, Xi’an 710062,
China

(Received 8 December 2014; accepted 2 February 2015; published online 9 February 2015)

Schemes for giant fifth-order nonlinearity via tunneling in both linear and trian-
gular triple quantum dots are proposed. In both configurations, the real part of the
fifth-order nonlinearity can be greatly enhanced, and simultaneously the absorp-
tion is suppressed. The analytical expression and the dressed states of the system
show that the two tunnelings between the neighboring quantum dots can induce
quantum interference, resulting in the giant higher-order nonlinearity. The scheme
proposed here may have important applications in quantum information processing
at low light level. C 2015 Author(s). All article content, except where otherwise
noted, is licensed under a Creative Commons Attribution 3.0 Unported License.
[http://dx.doi.org/10.1063/1.4908008]

I. INTRODUCTION

Nonlinear optical interactions have been extensively studied because of their potential appli-
cations in optical technology and quantum information applications.1 Obtaining large nonlinear
interaction at a low light level is one of the important goals.2,3 For the susceptibility magnitude
decreases typically with increasing order of nonlinearity, most nonlinear studies at low light level
have focused on the third-order processes.4–9 In these studies, enhanced third-order nonlinearity and
suppressed linear absorption can be obtained, with the help of electromagnetically induced transpar-
ency (EIT).10 Despite the success of third-order nonlinearity, some fundamental studies and appli-
cations require or can benefit from large fifth-order nonlinearities. There are mainly two methods
for studying fifth-order nonlinearity, one is based on minimizing cascaded contributions,11,12 and the
other is by means of the interaction of cascaded nonlinearities.13,14 Understanding the mechanism
of fifth-order nonlinearity, especially with the ability to control it, can have broad impacts in many
fields including multiwave mixing15,16 and optical solitons.17–19

On the other hand, quantum dots (QDs) have many advantages over atoms due to its high
nonlinear optical coefficients, customized design and ease of integration. Double quantum dots
(DQDs) containing two closely spaced QDs can be fabricated by using self assembled dot growth
technology.20 The tunneling of electrons between the dots, which is controlled by an external elec-
tric field, can induce quantum interference and coherence.21–24 Therefore, fundamental studies of
DQDs such as EIT and slow light,25 entanglement,26 narrowing of fluorescence spectrum,27 coherent
population transfer28 and enhanced Kerr nonlinearity29 are investigated. Moreover, triple quantum
dots (TQDs) are receiving much attention recently, due to its multilevel structure and extra control-
ling parameters which cannot be found in DQDs. TQDs composed of linear or triangular type
have been fabricated in much experimental progress.30–33 Theoretical works of both configurations
of TQDs such as transmission-dispersion spectrum,34 multiple transparency windows,35 resonance
fluorescence spectrum,36 optical switch,37 Kerr nonlinearity38 and optical bistability39 are studied.
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FIG. 1. (a) The schematic of the setup for linear TQDs. (b) The schematic of the energy level for linear TQDs.

Most recently, a scheme for obtaining large fifth-order nonlinearity using DQDs is proposed.40

The real part of the fifth-order nonlinearity can be increased with vanishing absorption by the
competition between the linear and nonlinear susceptibility. In this paper, we propose to use quan-
tum interference induced by the tunneling, to acquire enhanced fifth-order nonlinearity in two
different types of TQDs, one is linear, and the other is triangular. With proper parameters, the real
part of the fifth-order nonlinearity of both configurations is greatly enhanced compared with DQDs,
and simultaneously the absorption is suppressed. An analytical expression and the dressed states of
the TQDs show that the two tunnelings between the QDs is responsible for the enhancement of the
fifth-order nonlinear response.

II. LINEAR TQDS

We first consider a linear TQDs. The setup of the linear TQDs is shown in Fig. 1(a). Three QDs
are arranged linearly by two gate electrodes, which can be used to control the electron tunneling.
And V is the bias voltage. One laser field probes QD 1. Fig. 1(b) shows the energy level of the
linear TQDs. Here, state |0⟩ denotes the ground state without excitation. State |1⟩ denotes the direct
exciton state with one electron-hole pair, exited by the laser field. The electron can tunnel between
the neighbor QDs when the gate voltage is on, thus the indirect exciton states are |2⟩ and |3⟩,
respectively.

The Hamiltonian with the basis {|0⟩ , |1⟩ , |2⟩ , |3⟩} under the rotating wave and the electric
dipole approximations can be written as (assumption of } = 1)

HI =

*.....
,

0 −Ωp 0 0
−Ωp δp −T1 0

0 −T1 δp − ω12 −T2

0 0 −T2 δp − ω12 − ω23

+/////
-

. (1)

Here Ωp = µ01Ep denotes the probe Rabi frequency, with Ep being the electric field amplitude, and
µ01 = µ01 · e being the electric dipole moment of transition |0⟩↔ |1⟩. (e is the polarization vector.)
T1 and T2 are the coupling intensities of the two tunnelings, and they relay on the intrinsic sample
barrier, as well as the extrinsic electric field. The probe detuning is defined as δp = ω10 − ωp, where
ωp is the probe frequency, and ω10 is the transition frequency of the exited state |1⟩ and ground
state |0⟩. ω12 and ω23 are the energy splittings of the excited states, and they relay on the effective
confinement potential manipulated by the external voltage.

The state vector at any time t is

|ΨI(t)⟩ = a0(t) |0⟩ + a1(t) |1⟩ + a2(t) |2⟩ + a3(t) |3⟩ , (2)

which obeys the Schrödinger equation

d
dt

|ΨI(t)⟩ = −iHI(t) |ΨI(t)⟩ . (3)

Substituting Eq. (1) and (2) into Eq. (3), and using the Weisskopf-Wigner theory,41,42 the dynamical
equations for the atomic probability amplitudes in the interaction picture can be obtained:

iȧ0 = −Ωpa1, (4a)

iȧ1 = −Ωpa0 − T1a2 +
�
δp − iγ1

�
a1, (4b)
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iȧ2 = −T1a1 − T2a3 +
�
δp − ω12 − iγ2

�
a2, (4c)

iȧ3 = −T2a2 +
�
δp − ω12 − ω23 − iγ3

�
a3, (4d)

with |a0|2 + |a1|2 + |a2|2 + |a3|2 = 1. And here γi =
1
2Γi0 + γ

d
i0 (i = 1 − 3) are typical effective decay

rates, which are contributed by two parts, radiative decay rate Γi0 from |i⟩ → |0⟩ and the pure
dephasing rate γd

i0.
It is well known that the polarization of the medium is

P = ε0χpEp =
Γ

V
µ01a1a0

∗, (5)

where ε0 is the dielectric constant, Γ is the optical confinement factor and V is the volume of the
QDs.43 From Eq. (5) the probe susceptibility can be obtained, which is given by

χp =
Γ

V
µ01

2

ε0}Ωp
a1a0

∗ =
Γ

V
µ01

2

ε0}
χ. (6)

Here χ is independent of Γ and V . So in the following we will focus on the susceptibility χ. In the
steady state, we solve Eq. (4) under the weak field approximation

(|a0|2 = 1
)
, then

χ =
1

Γ1 − T1
2Γ3

Γ2Γ3−T2
2

· 1

1 + Ωp
2

�����
Γ1−

T1
2Γ3

Γ2Γ3−T2
2

�����

2

(
1 + T1

2 |Γ3|2
|Γ2Γ3−T2

2|2 + (T1T2)2 1

|Γ2Γ3−T2
2|2

) . (7)

where Γ1 = δp − iγ1, Γ2 = δp − ω12 − iγ2, Γ3 = δp − ω12 − ω23 − iγ3. Using the Maclaurin formula
and neglecting the higher-order smaller terms,40 χ can be expanded into the fourth-order ofΩp,

χ = χ(1) + χ(3)
Ωp

2 + χ(5)
Ωp

4, (8)

where χ(1), χ(3) and χ(5) correspond to the first-order linear, the third-order nonlinear and the
fifth-order nonlinear parts of the susceptibility, respectively, and they are given by

χ(1) =
1

Γ1 − T1
2Γ3

Γ2Γ3−T2
2

, (9a)

χ(3) = − 1

Γ1 − T1
2Γ3

Γ2Γ3−T2
2

· 1
����Γ1 − T1

2Γ3
Γ2Γ3−T2

2

����
2 · *

,
1 + T2

1
|Γ3|2

�
Γ2Γ3 − T2

2�2 + (T1T2)2 1
�
Γ2Γ3 − T2

2�2
+
-
, (9b)

χ(5) =
1

Γ1 − T1
2Γ3

Γ2Γ3−T2
2

· 1
����Γ1 − T1

2Γ3
Γ2Γ3−T2

2

����
4 · *

,
1 + T1

2 |Γ3|2
�
Γ2Γ3 − T2

2�2 + (T1T2)2 1
�
Γ2Γ3 − T2

2�2
+
-

2

. (9c)

According to Eqs. (9a) and (9c), we show the imaginary part of the linear susceptibility
Im[χ(1)] (dotted line) and the real part of fifth-order nonlinearity Re[χ(5)] (solid line) as a function
of δp in Fig. 2. And in our calculations, the value of the parameters are based on Ref. 38 and
references therein, and the values are realistic and scaled by γ1.

First, with only one tunneling T1, the system goes to the DQDs.40 From the imaginary part of
the linear susceptibility Im[χ(1)] we can acquire one transparency window, within which the real
part of the fifth-order nonlinear susceptibility Re[χ(5)] is not large, as shown in Fig. 2(a). When
both tunnelings T1 and T2 are present, the system turns to be a linear TQDs. With zero value of
energy splittings (ω12 = ω23 = 0), Im[χ(1)] is symmetrical with two transparency windows, between
which a narrow absorption peak arises. And in the vicinity of the single-photon resonance (δp = 0),
Re[χ(5)] is enhanced about 30 times the magnitude of that in DQDs [Fig. 2(b)].

However, this enhanced Re[χ(5)] is accompanied by a strong absorption. Then we increase
the energy splitting ω23 from 0 to 0.4 and show the corresponding results in Figs. 2(c) and 2(d).
The transparency window on the right becomes narrower, while the one on the left becomes wider.
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FIG. 2. Variation of the imaginary part of the linear susceptibility Im[χ(1)] (dotted line) and the real part of fifth-order
nonlinearity Re[χ(5)] (solid line) as a function of probe detuning δp. (a) T2= 0, ω23= 0. (b) T2= 0.1, ω23= 0. (c) T2= 0.1,
ω23= 0.2. (d) T2= 0.1, ω23= 0.4. Other parameters are T1= 0.5, ω12= 0, γ1= 1, γ2=γ3= 10−3γ1.

Simultaneously, Re[χ(5)] is greatly enhanced and gradually enters the narrowed transparency win-
dow. For instance, when ω23 = 0.4, Re[χ(5)] is significantly enhanced by about three orders of
magnitude compared with the DQDs [Fig. 2(d)]. The results indicate that one can obtain giant
fifth-order nonlinearity with reduced absorption by the tunnelings, and this is useful for applications
of low intensity nonlinear optics.

From Eq. (9c), the fifth-order nonlinearity can be separated into two parts, one is proportional
to the product of (T1T2)4, which we denote as F1, and the other is independent of the product, which
we denote as F2. Then χ(5) can be expressed as χ(5) = F1 + F2. For comparison, we plot both the
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FIG. 3. Variation of Re[F1] (dotted line) and Re[χ(5)] (solid line) as a function of the probe detuning δp. (a) ω23= 0,
(b) ω23= 0.4. Other parameters are T1= 0.5, T2= 0.1, ω12= 0, γ1= 1, γ2=γ3= 10−3γ1.

term Re[F1] and Re[χ(5)] as a function of δp in Fig. 3, from which one can see that the profile of
Re[χ(5)] is almost the same with Re[F1]. So the giant enhancement of the real part of fifth-order
nonlinearity is originates from the interaction of the two tunnelings T1 and T2.

Last we provide the physical interpretation under the dressed state picture. To do that, the
Hamiltonian corresponding to the system and the tunneling couplings need to be diagonalized. Then
the expressions of the dressed states are

|i⟩ = cos ϕ cos θ |1⟩ + sin ϕ |2⟩ + cos ϕ sin θ |3⟩ (i = a,b,c), (10)

where tan ϕ =
λi(λi−ω12−ω23)√

T2
2λi

2+T1
2(λi−ω12−ω23)2

and tan θ = T2λi
T1(λi−ω12−ω23) . λi is the eigenvalue of the dressed

state |i⟩ (i = a,b,c), giving the relative energy of the dressed state. Eq. (10) indicates that all the
dressed levels |i⟩ (i = a,b,c) have a finite overlap with the excited state |1⟩ and therefore has a
nonzero dipole matrix element with ground state |0⟩. As a result, the weak probe field couples the
transition from state |0⟩ to the three dressed states [Fig. 4(a)]. Two dark resonances arise owing
to the destructive quantum interference between the three dipole-allowed transitions |0⟩ → |a⟩,
|0⟩ → |b⟩ and |0⟩ → |c⟩. The double dark resonances will result in the emerging of two transparency
windows and the enhancement of real part of fifth-order nonlinearity.

FIG. 4. (a) Dressed states of the linear TQDs under the coupling of two tunnelings T1 and T2. (b) The eigen energies
λi (i = a,b,c) as a function of the detuning ω23. (c) The FWHM of the two transparency windows as a function of ω23.
Other parameters are T1= 0.5, T2= 0.1, ω12= 0, γ1= 1, γ2=γ3= 10−3γ1.
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In Fig. 4(b) we show the eigen energies (λi, i = a,b,c) as a function of ω23. With the increase
of ω23, the energy difference between λa and λb is increased, while that between λc and λb is
decreased. Therefore the left and center absorption peaks become farther, while right and center
absorption peaks become closer. The full width at half maximum (FWHM) of the transparency
windows as a function of ω23 is shown in Fig. 4(c). As energy splitting ω23 is increasing, the
right transparency window becomes narrower, while the left one becomes wider. And in the area
of narrower transparency window, the dispersion profile is steeper, which enhances the real part of
fifth-order nonlinearity.

III. TRIANGULAR TQDS

In this part we consider a triangular TQDs. The setup of the triangular TQDs is shown in Fig.
5(a). Three QDs are arranged triangularly, and both QD 2 and QD 3 are coupled to QD 1 with
two gate electrodes. Therefore there is no tunneling between QD 2 and QD 3. Fig. 5(b) shows the
energy level of the triangular TQDs. The system also consists of four levels, which are ground state
|0⟩, direct exciton state |1⟩ and two indirect exciton states |2⟩ and |3⟩. Compared with linear TQDs,
the main difference is that in triangular type, states |2⟩ and |3⟩ are coupled to state |1⟩ individually
and have no connection.

The Hamiltonian with the basis {|0⟩ , |1⟩ , |2⟩ , |3⟩} under the same approximations can be writ-
ten as (assumption of } = 1)

HI =

*.....
,

0 −Ωp 0 0
−Ωp δp −T2 −T3

0 −T2 δp − ω12 0
0 −T3 0 δp − ω13

+/////
-

. (11)

Here the Rabi frequency Ωp and the detuning δp of the probe field are defined the same as above.
And T2 and T3 are the coupling intensities of the two tunnelings, and ω12 and ω13 are the energy
splittings of the excited states.

By using the same method in Sec. II, dynamical equations of atomic probability amplitudes can
be obtained:

iȧ0 = −Ωpa1, (12a)

iȧ1 = −Ωpa0 − T2a2 − T3a3 +
�
δp − iγ1

�
a1, (12b)

iȧ2 = −T2a1 +
�
δp − ω12 − iγ2

�
a2, (12c)

iȧ3 = −T3a1 +
�
δp − ω13 − iγ3

�
a3, (12d)

with |a0|2 + |a1|2 + |a2|2 + |a3|2 = 1. And γi =
1
2Γi0 + γ

d
i0 (i = 1 − 3) is the typical effective decay

rate, contributed by the radiative decay rate Γi0 and the pure dephasing rate γd
i0.

The probe susceptibility can be expressed by Eq. (6), where χ is independent of Γ and V . Using
a similar approach to that shown in Sec. II, χ can be derived:

χ =
1

Γ1 − T2
2

Γ2
− T3

2

Γ3

· 1

1 + Ωp
2

�����
Γ1−

T2
2
Γ2
−T3

2
Γ3

�����

2

(
1 + T2

2

|Γ2|2
+

T3
2

|Γ3|2
) , (13)

where Γ1 = δp − iγ1, Γ2 = δp − ω12 − iγ2, Γ3 = δp − ω13 − iγ3. Using the Maclaurin formula and
neglecting the higher-order smaller terms, then χ can be expanded into the fourth-order of Ωp, as
expressed by Eq. (8). And χ(1), χ(3) and χ(5) correspond to the first-order linear, the third-order
nonlinear and the fifth-order nonlinear parts of the susceptibility, respectively, and the expression of
them are

χ(1) =
1

Γ1 − T2
2

Γ2
− T3

2

Γ3

, (14a)
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FIG. 5. (a) The schematic of the setup for triangularTQDs. (b) The schematic of the energy level for triangular TQDs.

FIG. 6. Variation of the imaginary part of the linear susceptibility Im[χ(1)] (dotted line) and the real part of fifth-order
nonlinearity Re[χ(5)] (solid line) as a function of probe detuning δp. (a) T3= 0, ω12=ω13= 0. (b) T3= 0.2, ω12=ω13= 0.
(c) T3= 0.2, −ω12=ω13= 0.4. (d) T3= 0.1, −ω12=ω13= 0.4. Other parameters are T2= 0.5, γ1= 1, γ2=γ3= 10−3γ1.
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χ(3) = − 1

Γ1 − T2
2

Γ2
− T3

2

Γ3

· 1
����Γ1 − T2

2

Γ2
− T3

2

Γ3

����
2 ·

(
1 +

T2
2

|Γ2|2
+

T3
2

|Γ3|2
)
. (14b)

χ(5) =
1

Γ1 − T2
2

Γ2
− T3

2

Γ3

· 1
����Γ1 − T2

2

Γ2
− T3

2

Γ3

����
4 ·

(
1 +

T2
2

|Γ2|2
+

T3
2

|Γ3|2
)2

. (14c)

According to Eqs. (14a) and (14c), we show the imaginary part of the linear susceptibility
Im[χ(1)] (dotted line) and the real part of fifth-order nonlinearity Re[χ(5)] (solid line) as a function
of δp in Fig. 6. First, with only one tunneling T2, the system turns to be to a DQDs and the
result is the same with that of in Fig. 2(a) [Fig. 6(a)]. From the linear absorption spectrum we can
acquire one transparency window, within which the fifth-order susceptibility is small. We then apply
both tunnelings T2 and T3, and a triangular TQDs is formed. When both the energy splittings are
zero (ω12 = ω13 = 0), there is still one transparency window accomplished by smaller fifth-order
susceptibility, as shown in Fig. 6(b).

Then we change the value of the energy splittings (ω12 , ω13) and show the results in Fig. 6(c).
In this case two transparency windows show up, one is wide on the left, while the other is narrow
on the right. Meanwhile Re[χ(5)] is about 20 times the magnitude of that in DQDs. Keep the energy
splittings unchanged and decrease the tunneling T3, the transparency window on the right becomes
even narrower. And within the narrower transparency window, Re[χ(5)] is significantly enhanced
by about three orders of magnitude compared with DQDs [Fig. 6(d)]. Therefore giant fifth-order
nonlinearity with reduced linear absorption can be obtained in the triangular TQDs, and this is
useful for nonlinear applications at low light level.

Then we expand Eq. (14c) and separate it into two parts, one is denoted as F1, which is
proportional to the product of

2
0 |Γ2|4−2n |Γ3|2nT2

2nT3
4−2n, and the other is denoted as F2, which is

independent of the product. We plot both the term Re[F1] and Re[χ(5)] as a function of δp in Fig. 7
for comparison. From the figure one can see that the profile of Re[χ(5)] is nearly coincident with
Re[F1]. So the giant enhancement of Re[χ(5)] is originates from two tunneling couplings T2 and T3.

In the following, we explain the corresponding results under the dressed state picture, and
expressions of dressed state |i⟩ (i = a,b,c) of the triangular TQDs is given by

|i⟩ = cos θ cos ϕ |1⟩ + cos θ sin ϕ |2⟩ + sin θ |3⟩ , (i = a,b,c) (15)

FIG. 7. Variation of Re[F1] (dotted line) and Re[χ(5)] (solid line) as a function of the probe detuning δp. (a) T3= 0.2,
(b) T3= 0.1. Other parameters are T2= 0.5, −ω12=ω13= 0.4, γ1= 1, γ2=γ3= 10−3γ1.
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FIG. 8. (a) Dressed states of the triangular TQDs under the coupling of two tunnelings T2 and T3. For ω12=ω13, only
dressed state |a⟩ and |c⟩ are coupled to the state |0⟩. For ω12,ω13, all three dressed state |a⟩, |b⟩ and |c⟩ are coupled to the
state |0⟩. (b) The eigen energies λi (i = a,b,c) as a function of T3. (c) The FWHM of the two transparency windows as a
function of T3. Other parameters are T2= 0.5, −ω12=ω13= 0.4,γ1= 1, γ2=γ3= 10−3γ1.

where tan ϕ = − T2
ω12+λi

and tan θ = (ω12+λi)T3

(ω13+λi)
√

T2
2+(ω12+λi)2

. λi is the eigenvalue of the dressed state

|i⟩ (i = a,b,c), giving the relative energy of the three dressed state. Therefore the weak probe field
couples the transition from state |0⟩ to the dressed state |i⟩ [Fig. 8(a)]. In the case of ω12 = ω13,
only the dressed state |a⟩ and |c⟩ contain an admixture of |1⟩. So there is only one dark state, which
results from quantum interference between the two transitions |0⟩ → |a⟩ and |0⟩ → |c⟩. While in the
case of ω12 , ω13, all the dressed levels |a⟩, |b⟩ and |c⟩ have a finite overlap with the excited state
|1⟩ and has a nonzero dipole matrix element with ground state |0⟩. Therefore quantum interference
between transitions |0⟩ → |a⟩, |0⟩ → |b⟩ and |0⟩ → |c⟩ can result in dounle dark resonances, which
are responsible for the emergency of two transparency windows and the enhancement of real part of
fifth-order nonlinearity.

Now we can interpret the dependence of fifth-order nonlinearity on the tunneling T3. According
to Eq. (15), we plot the eigen energies and FWHM of the transparency windows of the triangular
TQDs as a function of T3 in Figs. 8(b) and 8(c), respectively. As can be seen, with decreasing
tunneling T3, the left transparency window changes small, while the right transparency window
becomes narrower. Within the narrower transparency window, the probe dispersion is steeper, and as
a consequence Re[χ(5)] is greatly enhanced.

IV. CONCLUSIONS

It is demonstrated that the giant enhancement of the fifth-order nonlinearity can be acquired in
both linear and triangular TQDs via two tunneling couplings. Compared with DQDs, the fifth-order
nonlinearity of TQDs is increased to three orders of magnitude, and simultaneously the absorption
vanishes with proper parameters. An analytical expression indicates that it is the two tunnelings that
give rise to enhanced fifth-order nonlinearity. The dressed states of both configurations of TQDs are
also investigated to understand the dependence of fifth-order nonlinearity on the tunneling param-
eters. The ability to create the giant fifth-order nonlinearity could prove useful for applications in
quantum information processing, such as multiwave mixing and optical solitons.
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