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a b s t r a c t

This paper investigates the global μ-stability for impulsive cellular neural networks with reaction–diffusion
terms and mixed delays, where mixed delays consist of unbounded time-varying delays and bounded
continuously distributed delays. The model under consideration is more general than those investigated in
most existing literature. By establishing a novel Lyapunov–Krasovskii functional and employing the delay
differential inequality with impulsive initial conditions, boundary conditions and LMI, we obtain two
concise and sufficient conditions ensuring global μ-stability of the impulsive reaction–diffusion cellular
neural networks with mixed delays. The newly obtained criteria are concerned with the reaction–diffusion
coefficients and the regional feature. However, they are independent of boundaries of variable time delays.
Several corollaries are also presented. Finally, three concrete numerical examples are given to demonstrate
the effectiveness and superiority of our main results.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

In recent few decades, cellular neural networks (CNNS), initially
proposed by Chuan and Yang in 1988 [1], have attracted considerable
attention due to their extensive applications in signal processing,
classification of patterns, quadratic optimization, and other areas
[1–3,10,12,20]. Such applications heavily depend on the dynamical
behaviors of the CNNS. Therefore, dynamical behaviors of the CNNS,
which involve discussions of stability properties, periodic oscillatory
behaviors, bifurcation, chaos [3,4] and so on, have been investigated
and meanwhile a great number of approaches for neural networks
have also been proposed [6,7,10]. Especially, the global stability issue
that is of great interest in many applications has long been a focused
topic of theoretical as well as practical importance [12,20–22,40].
Thus, it has important meaning to do some research on cellular
neural networks stability.

Time delays are usually unavoidable in signal transmission, engi-
neering systems, biological systems and economic systems because
of the finite processing speed of information, for example, the finite

axonal propagation speed from soma to synapses, the diffusion of
chemical across the synapses, the postsynaptic potential integration
of membrane potential at the neuronal cell body and dendrites [5].
On the other hand, in the electronic implementation of artificial
neural networks, time delays often inevitably occur and are usually
time varying owing to the finite switching speed of amplifies [2].
Moreover, when designing a neural network or implementing it by
VLSI in practice, neural networks usually have a spatial nature due to
the presence of a multitude of parallel pathways with a variety of
axon sizes and lengths, but the distribution of propagation is not
instantaneous and cannot be modeled by discrete time delays. As a
result, continuously distributed delays have been incorporated into
neural networks [13,15]. It is well known to us that constant, time
varying, or distributed time delays may lead to undesirable dynami-
cal network behaviors such as bifurcation, divergence, instability or
oscillation. Thus, the global stability of neural networks with time
delays becomes an extremely important research topic and many
researchers have already paid special attention to this area. Until
now, some sufficient conditions have been reported to ensure the
stability of neural networks with different types of time delays, see
[8,9,11–15,19–22,38] and references therein.

On the other hand, it is noteworthy that a wide variety of
evolutionary processes are characterized by abrupt changes at
certain moments of time, which may be caused by a switching
phenomenon or other sudden noises, existing the impulsive
effects [25–27]. The instantaneous perturbations in turn affect
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dynamical behaviors of the neural network systems. Therefore,
investigations of stability of neural networks with impulsive
effects as well as delay effects have received much interest
[18,25–32]. Fundamental theory of impulsive differential equa-
tions has been developed in [23,27,29,30]. In [40], several new
sufficient conditions ensuring the global exponential stability of
the equilibrium point for fuzzy cellular neural networks with
delays and reaction–diffusion terms are obtained. For more details
of the literature related to stability of impulsive neural networks,
the reader is referred to [28–34,37,39,42] and the references cited
therein.

In addition to delay and impulsive effects in artificial neural
networks, diffusion effects are often encountered when electrons
are moving in asymmetric electromagnetic fields. Therefore, the
model of impulsive reaction–diffusion neural networks whose
activations vary in space as well as in time will be more powerful
for describing the evolutionary process of the practical systems.
Recently, some results concerning the stability of impulsive neural
networks involving time delays and diffusion effects have been
reported [16,17,35,36,39–42]. For example, in [41], some new and
concise algebraic criteria ensuring the global exponential stability
of the equilibrium point for impulsive cellular neural networks
with time-varying delays and reaction–diffusion terms are sum-
marized by means of Hardy–Poincare inequality and Gronwall–
Bellman-type impulsive integral inequality. Moreover, some aut-
hors have considered a class of neural networks with impulsive
diffusion terms and mixed time delays. For example, the problem
of mean square exponential stability for a class of impulsive
stochastic fuzzy Cohen–Grossberg networks with mixed delays
and reaction–diffusion terms is investigated in Ref. [39].

However, it should be noted that, in all the aforementioned
literature, time delays are assumed to be bounded. Unfortunately,
in many practical neural networks, this assumption is not realistic.
As far as we know, several results have been available in some
literature when time delays are unbounded [43–45]. For example,
the global robust stability for uncertain stochastic neural networks
with unbounded time-varying delays has been studied in [44],
where a novel concept of global robust μ-stability in the mean
square for neural networks is proposed. In [45], robust μ-stability
criteria have been derived for a class of uncertain stochastic neural
networks with unbounded time-varying delays. In addition, to the
best of our knowledge, there are no results on the global μ-stability
criteria for impulsive reaction–diffusion neural networks with
both unbounded time-varying delays and bounded continuously
distributed delays, which is very important in both theories and
application but still remains as a challenging research issue.

Therefore, motivated by the above discussions, the objective of this
paper is to study the global μ-stability for impulsive neural networks
with reaction–diffusion terms and mixed delays which may be unbo-
unded. The presented nervous model integrates impulses with reac-
tion–diffusion terms and mixed delays. By establishing a novel
Lyapunov–Krasovskii functional and employing the delay differential
inequality with impulsive initial conditions, boundary conditions and
LMI, we develop two sufficient conditions guaranteeing the global
μ-stability which unifies the exponential stability, power stability,
log-stability, log-log stability, etc., for cellular neural networks with
unbounded time-varying delays.

The rest of this paper is organized as follows: in Section 2,
models are formulated and preliminaries are given. In Section 3,
two global μ-stability criteria for neural networks are derived and
detailed proof is presented. In Section 4, several corollaries are also
derived. In Section 5, two simple illustrative examples are pro-
vided to show the validity of the main results. Finally, conclusions
are shortly drawn in Section 6.

Notation: The following notations will be used throughout this
paper: For A;BARm�n or A;BARn�n, AZB ðArBÞ means that each

pair of corresponding elements of A and B satisfies the inequality
Z ðr Þ. AARm�n is called a nonnegative matrix if AZ0 and lARn is
called a positive vector if l40. λmaxðPÞ and λminðPÞ represent the
maximum and minimum eigenvalues of a symmetric matrix P,
respectively.
PCðΩÞ ¼ φ : ð�1; t0� �Ω-Rn jφðs� ; xÞ ¼ φðs; xÞ; sAð�1; t0�

� �
where Ω ¼Ω [ ∂Ω, and φðsþ ; xÞ exists for all sAð�1; t0� but at a
finite number of points. PC½J �Ω;Rn� ¼ fuðt; xÞ : J �Ω-Rng where
uðt; xÞ is continuous at tatk, uðt�k ; xÞ ¼ uðtk; xÞ, and J � R is an
interval. J lJ2 ¼

R
Ω j lj 2dx

� �1=2, for any lAPCðΩÞ, where j �j is Euclid
norm of a vector lARn for any integer n. Let S9Sð½�1;0� � Rm;RnÞ
be the Banach space of continuous functions which map ½�1;0� �
Rm into Rn with the topology of uniform converge. Ω¼ fx¼
x1; x2;…; xmð ÞT j jxi joqi; i¼ 1;2;…;mg is an open bounded set with
smooth boundary ∂Ω and mes Ω40 denotes the measure of Ω in
space Rm. L2ðΩÞ is the space of real functions on Ω which are L2

for the Lebesgue measure. It is a Banach space for the norm

JuðtÞJ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i ¼ 1 JuiðtÞJ22
q

, where uðtÞ ¼ u1ðtÞ;…;unðtÞð ÞT , JuiðtÞJ2
¼ R

Ω juiðt; xÞj 2 dx
� �1=2. For any ψðt; xÞASð½�τ;0� �Ω;RnÞ, we define

Jψ J2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i ¼ 1 Jψ i J
2
2

q
, where ψðt; xÞ ¼ ψ1ðt; xÞ;…;

�
ψnðt; xÞÞT , Jψ i J2

¼ R
Ω jψ iðxÞj 2τ dx

� �1=2, jψ iðxÞj τ ¼ sup� τr sr0 jψ iðs; xÞj .

2. Model description and preliminaries

We consider the following impulsive delayed reaction–diffu-
sion cellular neural networks with boundary conditions:

∂ðuiðt; xÞÞ
∂t

¼
Xm
s ¼ 1

∂
∂xs

Dis
∂uiðt; xÞ
∂xs

� �
�aiuiðt; xÞ

þ
Xn
j ¼ 1

bij ~f jðujðt; xÞÞþ
Xn
j ¼ 1

cij ~f jðujðt�τjðtÞ; xÞÞ

þ
Xn
j ¼ 1

dij

Z þ1

0
kijðsÞ~f jðujðt�s; xÞÞ ds

þ IiðtÞ; t40; tatk; kAN; xAΩ; i¼ 1;2;…;n; ð1Þ

Δuiðt; xÞ ¼ diuiðt� ; xÞþ
Xn
j ¼ 1

eij ~hj ðujðt� �τjðtÞ; xÞÞ;

t ¼ tk; kAN; xAΩ; i¼ 1;2;…;n; ð2Þ

∂ui

∂n
¼ ∂ui

∂x1
;
∂ui

∂x2
;…;

∂ui

∂xm

� �T

¼ 0; 8 tZ0; xA∂Ω; i¼ 1;2;…;n; ð3Þ

uiðs; xÞ ¼ ϕiðs; xÞ; �1osr0; xAΩ; i¼ 1;2;…;n; ð4Þ
where Δuiðtk; xÞ ¼ uiðtþk ; xÞ�uiðt�k ; xÞ, uiðt�k ; xÞ ¼ limt-t �k

uiðt; xÞ,
uiðtþk ; xÞ ¼ limt-t þ

k
uiðt; xÞ, xAΩ, i¼ 1;2;…;n, nZ2, kAN¼ f1;2;…g

is the impulse at time instant tk. The time sequence tk satisfies
0rt0ot1ot2o⋯otkotkþ1o⋯, and limt-þ1tk ¼ þ1; x¼
x1; x2;…; xmð ÞT AΩ� Rm; n is the number of neurons in the net-
work; u¼ u1;u2;…;unð ÞT ARn;uiðt; xÞ denotes the state of the ith
neuron at time t and in space x; uiðtþk ; xÞ and uiðt�k ; xÞ denote the
right-hand and left-hand limits at tk, respectively. For all kAN, it is
always assumed that uiðt�k ; xÞ ¼ uiðtk; xÞ. The smooth function
Dis ¼Disðt; x;uÞZ0 corresponds to the transmission diffusion
operator along the ith unit; the scalar ai40 is the rate with which
the ith unit will reset its potential to the resting state in isolation
when disconnected from the network and external inputs at
time t and in space x; bij; cij and dij are known constants deno-
ting the strength of the ith neurons on the jth neurons;
~f jðujðt; xÞÞ; ~hj ðujðt; xÞÞ denote the activation functions of the jth
neuron at time t and in space x; τjðtÞ denotes the unbounded time-
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varying delay; the delay kernels kij are real valued nonnegative
continuous functions; Ii denotes external input to the ith neuron.

To obtain our main results, we give the following assumptions.

Assumption 1. τjðtÞ ðj¼ 1;2;…;nÞ is a nonnegative continuous
differential function and satisfies _τj ðtÞrρo1; ρ is a positive
constant.

Assumption 2. Delay kernels kij : ½0; þ1�-½0; þ1� ði; j¼ 1;2;
…;nÞ and satisfy

R þ1
0 kijðsÞ ds¼ kio1; i¼ 1;2;…;n.

Assumption 3. There exist positive diagonal matrices
l¼ diagðl1; l2;…; lnÞ and m¼ diagðm1;m2;…;mnÞ such that

li ¼ sup
η1 a η2

~f jðη1Þ� ~f jðη2Þ
η1�η2

; mi ¼ sup
η1 a η2

~hj ðη1Þ� ~hj ðη2Þ
η1�η2

					
					;

					
					 ð5Þ

for any η1; η2AR; η1aη2; j¼ 1;2;…;n.
A constant vector un ¼ un

1;u
n

2;…;un
n

� �T ARn is assumed to be an
equilibrium point of system (1)–(4). To simplify the calculations,
now let yiðt; xÞ ¼ uiðt; xÞ�un

i ; i¼ 1;2;…;n. It is easy to see that
system (1)–(4) can be transformed into

∂ðyiðt; xÞÞ
∂t

¼
Xm
s ¼ 1

∂
∂xs

Dis
∂yiðt; xÞ
∂xs

� �
�aiyiðt; xÞþ

Xn
j ¼ 1

bijf jðyjðt; xÞÞ

þ
Xn
j ¼ 1

cijf jðyjðt�τjðtÞ; xÞÞ

þ
Xn
j ¼ 1

dij

Z þ1

0
kijðsÞf jðyjðt�s; xÞÞ ds;

t40; tatk; kAN; xAΩ; i¼ 1;2;…;n; ð6Þ

Δyiðt; xÞ ¼ diyiðt� ; xÞþ
Xn
j ¼ 1

eijhjðyjðt� �τjðtÞ; xÞÞ; t ¼ tk; kAN; xAΩ; i¼ 1;2;…;n;

ð7Þ

∂yi
∂n

¼ ∂yi
∂x1

;
∂yi
∂x2

;…;
∂yi
∂xm

� �T

¼ 0; 8 tZ0; xA∂Ω; i¼ 1;2;…;n; ð8Þ

yiðs; xÞ ¼ φiðs; xÞ; �1osr0; xAΩ; i¼ 1;2;…;n; ð9Þ
where f jðyjðt; xÞÞ ¼ ~f jðyjðt; xÞþun

j Þ� ~f jðun

j Þ; j¼ 1;2;…;n, hjðyjðt�
τjðtÞ; xÞÞ ¼ ~hj ðyjðt�τjðtÞ; xÞþun

j Þ� ~hj ðun

j Þ; j¼ 1;2;…;n, φiðs; xÞ ¼
ϕiðs; xÞ�un;nZ2. Then, it is easy to see that f jð�Þ and hjð�Þ satisfy
Assumption 3.

Definition 1 (Chen et al. [44], Liu and Chen [45]). Suppose that μðtÞ
is a nonnegative continuous function and satisfy μðtÞ-þ1 when
t-þ1. For impulsive neural networks (6) with reaction–diffusion
terms and both time-varying unbounded delays and distributed
delays, the solution is said to be globally μ-stable, if there exists a
constant M40 such that when t4T

Juðt; xÞ�un J22r
M
μðtÞ: ð10Þ

Remark 1. This Definition 1 unifies various stabilities. For exam-
ple, when μðtÞ ¼ eβt , β40, the global μ-stability becomes the global
exponential stability; when μðtÞ ¼ t, the global μ-stability becomes
the global asymptotic stability; when μðtÞ ¼ tγ , the global μ-
stability becomes the global power stability; when μðtÞ ¼ lnð1þtÞ,
the global μ-stability becomes the global log stability; when
μðtÞ ¼ ln lnð3þtÞ, the global μ-stability becomes the global log–
log stability. We will give a concrete discussion about the relation-
ship between the μ-stability and other stabilities in Section 4.

To obtain our main results, we need the following Lemma 1.

Lemma 1 (Lu [5]). Let Ω be a cube jxi joqi ði¼ 1;2;…;mÞ and let
w(x) be a real-valued function belonging to S1ðΩÞ which vanishes on

the boundary ∂Ω of Ω, i.e. wðxÞj ∂Ω ¼ 0. Then,Z
Ω
w2ðxÞ dxrq2i

Z
Ω

∂w
∂xi

				
				
2

dx: ð11Þ

3. Main results

Theorem 1. Suppose that when t4T40 the function μðtÞ satisfies
_μðtÞ
μðtÞrβ1;

μðt�τðtÞÞ
μðtÞ Zβ2;

R þ1
0 kijðσÞμðtþσÞ dσ

μðtÞ rβ3; ð12Þ

where β1, β2 and β3 are nonnegative scalars.
The solution of impulsive neural networks (6) with reaction–diffusion

terms and both time-varying unbounded delays and distributed delays is
said to be globally μ-stable, if under Assumptions 1–3, there exists a
matrix PARn�n whose corresponding elements to principal diagonal as
the axis of symmetry form opposite numbers and whose elements on the
principal diagonal are all greater than zero (i:e:; pij ¼ �pji; ia j; pij40;
i¼ j) such that

Xn
i ¼ 1

β1pi�2pi
Xm
s ¼ 1

Dis

q2i

 !
þ
Xn
j ¼ 1

pib
2
ji l

2
i

aj
�aipi

 ! 

þ 1�ρð Þ�1β�1
2 p2i c

2
ijþ

ki
4
d2ijp

2
i þ l2i þβ3l

2
i

!
r0; ð13Þ

EþDkð ÞTPðEþDkÞ�λkP EþDkð ÞTPEkΓk

ΓT
kE

T
kPðEþDkÞ ΓT

kE
T
kPEkΓk

" #
r0; ð14Þ

where

Ek ¼
a11 ⋯ a1n
⋮ ⋱ ⋮
an1 ⋯ ann

2
64

3
75ðaij ¼ 1; i; j¼ 1;2;…;nÞ; ð15Þ

Γk ¼ diagðm1;m2;…;mnÞ; ð16Þ

Dk ¼ diagðd1; d2;…; dnÞ; ð17Þ

1oeα1ðtk � tk� 1Þrλkreα2ðtk � tk� 1Þ ð0oα1oα2Þ: ð18Þ

Proof. Define a novel Lyapunov–Krasovskii functional:

Vðt; xÞ ¼
Z
Ω
ðV1ðt; xÞþV2ðt; xÞþV3ðt; xÞÞ dx; ð19Þ

where

V1ðt; xÞ ¼
Xn
i ¼ 1

piμðtÞy2i ðt; xÞ; ð20Þ

V2ðt; xÞ ¼
Xn
i ¼ 1

Xn
j ¼ 1

Z t

t� τjðtÞ
μðsÞf 2j ðyjðs; xÞÞ ds; ð21Þ

V3ðt; xÞ ¼
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðσÞ

Z t

t� τjðtÞ
μðsþσÞf 2j ðyjðs; xÞÞ ds dσ: ð22Þ

For any tA ½tk�1; tkÞ, the time derivative of Vðt; xÞ along the
trajectory of system (6) is

_V ðt; xÞj ð6Þ ¼
Z
Ω

Xn
i ¼ 1

pi _μðtÞy2i ðt; xÞ
" #

dx

þ
Z
Ω
2
Xn
i ¼ 1

piμðtÞyiðt; xÞ
Xm
s ¼ 1

∂
∂xs

Dis
∂yiðt; xÞ
∂xs

� �
�aiyiðt; xÞ

 

þ
Xn
j ¼ 1

bijf jðyjðt; xÞÞþ
Xn
j ¼ 1

cijf jðyjðt�τjðtÞ; xÞÞ
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þ
Xn
j ¼ 1

dij

Z þ1

0
kijðsÞf jðyjðt�s; xÞÞ ds

!
dx

þ
Z
Ω

Xn
i ¼ 1

Xn
j ¼ 1

½μðtÞf 2j ðyjðt; xÞÞ�μðt�τjðtÞÞf 2j ðyjðt�τjðtÞ; xÞÞð1� _τj ðtÞÞ� dx

þ
Z
Ω

Xn
i ¼ 1

Xn
j ¼ 1

kijðσÞ½μðtþσÞf 2j ðyjðt; xÞÞ�μðtÞf 2j ðyjðt�σ; xÞÞ� dσ dx:

ð23Þ
From Assumption 1, we can obtain

_V ðt; xÞj ð6Þr
Z
Ω
μðtÞ

Xn
i ¼ 1

pi
_μðtÞ
μðtÞy

2
i ðt; xÞ

" #
dx

þ
Z
Ω
2μðtÞ

Xn
i ¼ 1

piyiðt; xÞ
Xm
s ¼ 1

∂
∂xs

Dis
∂yiðt; xÞ
∂xs

1
A�aiyiðt; xÞ

0
@

0
@

þ
Xn
j ¼ 1

bijf jðyjðt; xÞÞþ
Xn
j ¼ 1

cijf jðyjðt�τjðtÞ; xÞÞ

þ
Xn
j ¼ 1

dij

Z þ1

0
kijðsÞf jðyjðt�s; xÞÞ ds

!
dx

þ
Z
Ω
μðtÞ

Xn
i ¼ 1

Xn
j ¼ 1

2
4f 2j ðyjðt; xÞÞ�μðt�τjðtÞÞ

μðtÞ f 2j ðyjðt�τjðtÞ; xÞÞð1�ρÞ
#
dx

þ
Z
Ω
μðtÞ

Xn
i ¼ 1

Xn
j ¼ 1

kijðσÞ
2
4μðtþσÞ

μðtÞ f 2j ðyjðt; xÞÞ� f 2j ðyjðt�σ; xÞÞ
#
dσ dx:

ð24Þ
By the boundary condition of (8), we get

Xm
s ¼ 1

Z
Ω
yiðt; xÞ

∂
∂xs

Dis
∂yiðt; xÞ
∂xs

� �
dx

¼
Z
Ω
yiðt; xÞ Dis

∂yiðt; xÞ
∂xs

� �m

s ¼ 1
dx¼

Z
Ω
∇� yiðt; xÞDis

∂yiðt; xÞ
∂xs

� �m

s ¼ 1
dx

�
Z
Ω

Dis
∂yiðt; xÞ
∂xs

� �m

s ¼ 1
�∇yiðt; xÞ dx¼

Z
∂Ω

yiðt; xÞDis
∂yiðt; xÞ
∂xs

� �m

s ¼ 1
dx

�
Xm
s ¼ 1

Z
Ω
Dis

∂yiðt; xÞ
∂xs

� �2

dx¼ �
Xm
s ¼ 1

Z
Ω
Dis

∂yiðt; xÞ
∂xs

� �2

dx; ð25Þ

in which

∇¼ ∂
∂x1

;
∂
∂x2

;…;
∂
∂xs

� �T

is the gradient operator, and

Dis
∂ðyiðt; xÞÞ

∂xs

� �m

s ¼ 1
¼ Di1

∂ðyiðt; xÞÞ
∂x1

;…;Dim
∂ðyiðt; xÞÞ

∂xm

� �T

:

From Lemma 1, we can obtainZ
Ω

Xm
s ¼ 1

yiðt; xÞ
∂
∂xs

Dis
∂yiðt; xÞ
∂xs

� �
dx¼

�
Xm
s ¼ 1

Z
Ω
Dis

∂yiðt; xÞ
∂xs

� �2

dxr�
Z
Ω

Xm
s ¼ 1

Dis
y2i ðt; xÞ
q2i

dx: ð26Þ

From (12) and Assumption 3, we can obtain

Xn
i ¼ 1

μðtÞ �ð1�ρÞ
Xn
j ¼ 1

μðt�τjðtÞÞ
μðtÞ f 2j ðyjðt�τjðtÞ; xÞÞ

� �2
4

þ2piyiðt; xÞ
Xn
j ¼ 1

cijf jðyjðt�τjðtÞ; xÞÞ
0
@

1
A
3
5

r
Xn
i ¼ 1

μðtÞ �ð1�ρÞβ2
Xn
j ¼ 1

f 2j ðyjðt�τjðtÞ; xÞÞþ2piyiðt; xÞ
2
4

Xn
j ¼ 1

cijf jðyjðt�τjðtÞ; xÞÞ
0
@

1
A
3
5¼

Xn
i ¼ 1

μðtÞ

� 1�ρð Þ1=2β1=22 f jðyjðt�τjðtÞ; xÞÞ� 1�ρð Þ�1=2β�1=2
2 picijyiðt; xÞ

h i2


þ 1�ρð Þ�1β�1
2 p2i c

2
ijy

2
i ðt; xÞ

�
r
Xn
i ¼ 1

μðtÞ 1�ρð Þ�1β�1
2 p2i c

2
ijy

2
i ðt; xÞ: ð27Þ

From (12) and Assumption 2, we get

μðtÞ 2
Xn
i ¼ 1

piyiðt; xÞ
Xn
j ¼ 1

dij

Z þ1

0
kijðsÞf jðyjðt�s; xÞÞ ds

2
4

3
5

8<
:

�
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðσÞf 2j ðyjðt�σ; xÞÞ dσ

9=
;¼ μðtÞ

2
Xn
i ¼ 1

piyiðt; xÞ
Xn
j ¼ 1

dij

Z þ1

0
kijðsÞf jðyjðt�s; xÞÞ ds

2
4

3
5

8<
:
�
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðsÞf 2j ðyjðt�s; xÞÞ ds

9=
;

¼ μðtÞ
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðsÞ½2pidijyiðt; xÞf jðyjðt�s; xÞÞ

� f 2j ðyjðt�s; xÞÞ� ds¼ μðtÞ
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðsÞ

� 1
2
pidijyiðt; xÞ� f jðyjðt�s; xÞÞ

� �2
þ 1

2
pidijyiðt; xÞ

� �2
( )

rμðtÞ
4

Xn
i ¼ 1

Xn
j ¼ 1

p2i d
2
ij

Z þ1

0
kijðsÞy2i ðt; xÞ ds

rμðtÞ
4

Xn
i ¼ 1

Xn
j ¼ 1

kip
2
i d

2
ijy

2
i ðt; xÞ: ð28Þ

By Assumption 3, we can obtain

μðtÞ 2
Xn
i ¼ 1

piyiðt; xÞ
Xn
j ¼ 1

bijf jðyjðt; xÞÞ�
Xn
i ¼ 1

Xn
j ¼ 1

2aipiy
2
i ðt; xÞ

2
4

3
5

rμðtÞ
Xn
i ¼ 1

2piyiðt; xÞ
Xn
j ¼ 1

bijljyjðt; xÞ�
Xn
i ¼ 1

Xn
j ¼ 1

aipiy
2
i ðt; xÞ

2
4

3
5

�μðtÞ
Xn
i ¼ 1

Xn
j ¼ 1

aipiy
2
i ðt; xÞ ¼ μðtÞ

Xn
i ¼ 1

aipi
Xn
j ¼ 1

2
4

� yiðt; xÞ�
bijlj
ai

yjðt; xÞ
� �2

þ bijlj
ai

� �2

y2j ðt; xÞ
( )

�
Xn
i ¼ 1

Xn
j ¼ 1

aipiy
2
i ðt; xÞ

3
5rμðtÞ

Xn
i ¼ 1

aipi
Xn
j ¼ 1

b2ijl
2
j

a2i
y2j ðt; xÞ

2
4

�
Xn
i ¼ 1

Xn
j ¼ 1

aipiy
2
i ðt; xÞ

3
5¼ μðtÞ

Xn
i ¼ 1

Xn
j ¼ 1

pib
2
jil

2
i

aj
�aipi

" #
y2i ðt; xÞ: ð29Þ

Substituting (26)–(29) into (24), we further have

_V ðt; xÞj ð6Þr
Z
Ω
μðtÞ

Xn
i ¼ 1

β1piy
2
i ðt; xÞ�2

Xm
s ¼ 1

Dispi
y2i ðt; xÞ
q2i

(

þ
Xn
j ¼ 1

pib
2
ji l

2
i

aj
�aipi

" #
y2i ðt; xÞþ 1�ρð Þ�1β�1

2 p2i c
2
ijy

2
i ðt; xÞ

þki
4
d2ijp

2
i y

2
i ðt; xÞþð1þβ3Þl2j y2j ðt; xÞ



dx¼

Z
Ω
μðtÞ

Xn
i ¼ 1

β1pi�2pi
Xm
s ¼ 1

Dis

q2i

 !
þ
Xn
j ¼ 1

pib
2
ji l

2
i

aj
�aipi

 ! 8<
:
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þ 1�ρð Þ�1β�1
2 p2i c

2
ijþ

ki
4
d2ijp

2
i þð1þβ3Þl2i

�

y2i ðt; xÞ dx:

ð30Þ
From (13), we can get

_V ðt; xÞj ð6Þr0; tA ½tk�1; tkÞ \ ½T ; þ1Þ; kAN¼ f1;2;⋯g: ð31Þ
When t ¼ tþk

Vðtþk ; xÞ ¼
Z
Ω

Xn
i ¼ 1

piμðtþk Þy2i ðtþk ; xÞþ
Xn
i ¼ 1

Xn
j ¼ 1

Z t þ
k

t þ
k

� τjðt þk Þ
μðsÞf 2j ðyjðs; xÞÞ

2
4

dsþ
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðσÞ

Z t þ
k

t þ
k

�σ
μðsþσÞf 2j ðyjðs; xÞÞ ds dσ

3
5 dx

¼
Z
Ω

Xn
i ¼ 1

piμðt�k Þ yiðt�k ; xÞþΔyiðtk; xÞ
� �2"

þ
Xn
i ¼ 1

Xn
j ¼ 1

Z t �k

t �k � τjðt �k Þ
μðsÞf 2j ðyjðs; xÞÞ ds

þ
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðσÞ

Z t �k

t �k �σ
μðsþσÞf 2j ðyjðs; xÞÞ ds dσ

3
5 dx

¼
Z
Ω

Xn
i ¼ 1

piμðt�k Þ ðdiþ1Þyiðt�k ; xÞþ
Xn
j ¼ 1

eijhjðyjðt�k �τjðtkÞ; xÞÞ
2
4

3
5
28<

:
þ
Xn
i ¼ 1

Xn
j ¼ 1

Z t �k

t �k � τjðt �k Þ
μðsÞf 2j ðyjðs; xÞ

1
A ds

þ
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðσÞ

Z t �k

t �k �σ
μðsþσÞf 2j ðyjðs; xÞÞ ds dσ

9=
; dx: ð32Þ

By the matrix form and from Assumption 3, we can get

Xn
i ¼ 1

piμðt�k Þ ðdiþ1Þyiðt�k ; xÞþ
Xn
j ¼ 1

eijhjðyjðt�k �τjðtkÞ; xÞÞ
2
4

3
5
2

¼ μðt�k Þ ðEþDkÞyðt�k ; xÞþEkHðyðt�k �τðtkÞ; xÞÞ
� �TP½ðEþDkÞyðt�k ; xÞ

þEkHðyðt�k �τðtkÞ; xÞÞ� ¼ μðt�k Þ½yT ðt�k ; xÞ EþDkð ÞTPðEþDkÞyðt�k ; xÞ

þyT ðt�k ; xÞ EþDkð ÞTPEkHðyðt�k �τðtkÞ; xÞÞ
þHT ðyðt�k �τðtkÞ; xÞÞETkPðEþDkÞyðt�k ; xÞ
þHT ðyðt�k �τðtkÞ; xÞÞETkPEkHðyðt�k �τðtkÞ; xÞÞ�

rμðt�k Þ½yT ðt�k ; xÞ EþDkð ÞTPðEþDkÞyðt�k ; xÞ
þyT ðt�k ; xÞ EþDkð ÞTPEkΓkyðt�k �τðtkÞ; xÞ
þyT ðt�k �τðtkÞ; xÞΓT

kE
T
kPðEþDkÞyðt�k ; xÞ

þyT ðt�k �τðtkÞ; xÞΓT
kE

T
kPEkΓkyðt�k �τðtkÞ; xÞ�

¼ μðt�k Þ
yðt�k ; xÞ

yðt�k �τðtkÞ; xÞ

" #T2
4

EþDkð ÞTPðEþDkÞ�λkP EþDkð ÞTPEkΓk

ΓT
kE

T
kPðEþDkÞ ΓT

kE
T
kPEkΓk

" #
yðt�k ; xÞ

yðt�k �τðtkÞ; xÞ

" #

þλky
T ðt�k ; xÞPyðt�k ; xÞ�: ð33Þ

From (12) and (18), we can get

Xn
i ¼ 1

piμðt�k Þ ðdiþ1Þyiðt�k ; xÞþ
Xn
j ¼ 1

eijhjðyjðt�k �τjðtkÞ; xÞÞ
2
4

3
5
2

rλkμðt�k ÞyT ðt�k ; xÞPyðt�k ; xÞ ¼ λkμðt�k Þ
Xn
i ¼ 1

piy
2
i ðt�k ; xÞ: ð34Þ

Therefore,

Vðtþk ; xÞr
Z
Ω

λkμðt�k Þ
Xn
i ¼ 1

piy
2
i ðt�k ; xÞ

"

þ
Xn
i ¼ 1

Xn
j ¼ 1

Z t �k

t �k � τjðt �k Þ
μðsÞf 2j ðyjðs; xÞÞ ds

þ
Xn
i ¼ 1

Xn
j ¼ 1

Z þ1

0
kijðσÞ

Z t �k

t �k �σ
μðsþσÞf 2j ðyjðs; xÞÞ ds dσ

3
5 dx

rλkVðt�k ; xÞ: ð35Þ
Let T1 ¼maxft0; Tg and V0 ¼ sup0r srT1

Vðs; xÞ and Vmax ¼maxfV0;

λk�1⋯λ0Vðt�0 ; xÞg. When tA ½tk�1; tkÞ \ ½T ; þ1Þ; kAN¼ f1;2;…g
we can obtain

μðtÞλminðPÞJuðt; xÞ�un J22rV1ðt; xÞrVðt; xÞ
rVðtþk�1; xÞrλk�1Vðt�k�1; xÞrλk�1⋯λ0V ðt�0 ; xÞ; ð36Þ

i:e: Juðt; xÞ�un J22r
Vmax

μðtÞλminðPÞ
: ð37Þ

The proof is completed. □

4. Discussions

In what follows, along with the properties of time delays, we
give several corollaries by specifying the functional μðtÞ, which
represents several types of stabilities (also see [23,24]).

We suppose that

kijðsÞ ¼ e�ðβ1 þ1Þs;
Z þ1

0
kijðsÞ ds¼

Z þ1

0
e�ðβ1 þ1Þs ds¼ 1

1þβ1
¼ ki:

ð38Þ

Corollary 1 (Global exponential stability). Suppose that
τðtÞrτn; μðtÞ ¼ eβ1t ; β140. If (13)–(14) hold, then the solution of
neural networks (6) is globally exponentially stable.

Proof. Factually, we just need to verify the condition (12). Since

_μðtÞ
μðtÞ ¼

β1eβ1t

eβ1t
¼ β1; ð39Þ

μðtÞ
μðt�τðtÞÞ ¼ eβ1τðtÞreβ1τ

n ¼ 1
β2
; ð40Þ

R þ1
0 e�ð1þβ1Þσeβ1ðtþ σÞdσ

eβ1t
¼
Z þ1

0
e� σ dσ ¼ 1: ð41Þ

Let β01Zβ1; β2re�β1τ
n

; β3Z1. Similar to the proof procedure of
Theorem 1, finally, we can obtain

Juðt; xÞ�un J22r
Vmax

eβ1tλminðPÞ
; ð42Þ

i.e. if under Assumptions 1–3 there exists a matrix P such that (13)
and (14) hold, the solution of impulsive neural networks (6) is said to
be globally exponentially stable according to Definition 1 and Remark
1. □

Corollary 2 (Global power stability). Suppose that τðtÞrkt;
0oko1; μðtÞ ¼ tγ ; γ40. If (13)–(14) hold, then the solution of neural
networks (6) is globally power stable.

Proof. Factually, we just need to verify the condition (12). Since
when tZT ,

_μðtÞ
μðtÞ ¼

γtγ�1

tγ
¼ γ

t
r γ

T
; ð43Þ

μðtÞ
μðt�τðtÞÞ ¼

tγ

t�τðtÞð Þγr
tγ

t�ktð Þγ ¼ 1�kð Þ� γ ; ð44Þ
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R þ1
0 e�ð1þβ1Þσ tþσð Þγ dσ

tγ
r γ!

1þβ1
� �γþ1tγ

r γ!

1þβ1
� �γþ1Tγ

: ð45Þ

Let β1Zγ=T , β2r 1�kð Þγ , β3Zγ!= 1þβ1
� �γþ1Tγ . Similar to the proof

procedure of Theorem 1, finally, we can obtain

Juðt; xÞ�un J22r
Vmax

tγλminðPÞ
; ð46Þ

i.e. if under Assumptions 1–3 there exists a matrix P such that (13)
and (14) hold, the solution of impulsive neural networks (6) is said to
be globally power stable according to Definition 1 and Remark 1. □

Corollary 3 (Global log stability). Suppose that τðtÞrt�t=
ln t; μðtÞ ¼ lnð1þtÞ. If (13)–(14) hold, then the solution of neural
networks (6) is globally log stable.

Proof. Factually, we just need to verify the condition (12). Since
when tZT ,

_μðtÞ
μðtÞ ¼

1=ð1þtÞ
lnð1þtÞ ¼

1
ð1þtÞlnð1þtÞo

1
t ln t

o 1

ln tð Þ2
r 1

ln Tð Þ2
; ð47Þ

μðtÞ
μðt�τðtÞÞr

lnð1þtÞ
lnð1þt=ln tÞj t-þ1 ¼ 1:478; ð48Þ

R þ1
0 e�ð1þβ1Þσ lnð1þtþσÞ dσ

lnð1þtÞ
r 1

ð1þβ1Þ
þ 1
ð1þβ1Þlnð1þtÞ

Z þ1

0
e�ð1þβ1Þσ 1

1þtþσ
dσ

r 1
1þβ1

þ 1

1þβ1
� �2lnð1þtÞ

r 1
1þβ1

þ 1

1þβ1
� �2lnð1þTÞ

: ð49Þ

Let β1Z lnTð Þ�2, β2r1:478�1, β3Z1=ð1þβ1Þþ1= 1þβ1
� �2lnð1þ

TÞ. Similar to the proof procedure of Theorem 1, finally, we can
obtain

Juðt; xÞ�un J22r
Vmax

lnð1þtÞλminðPÞ
; ð50Þ

i.e. if under Assumptions 1–3 there exists a matrix P such that (13)
and (14) hold, the solution of impulsive neural networks (6) is said to
be globally log stable according to Definition 1 and Remark 1. □

Corollary 4 (Global log–log stability). Suppose that τðtÞrt�tα;
0oαo1; μðtÞ ¼ ln lnð3þtÞ. If (13)–(14) hold, then the solution of
neural networks (6) is globally log–log stable.

Proof. Factually, we just need to verify the condition (12). Since
when tZT ,

_μðtÞ
μðtÞ ¼

1=lnð3þtÞ � ð1=ð3þtÞÞ
ln lnð3þtÞ ¼ 1

ð3þtÞlnð3þtÞln lnð3þtÞ
r 1

ð3þTÞlnð3þTÞln lnð3þTÞ; ð51Þ

μðtÞ
μðt�τðtÞÞ ¼

ln lnð3þtÞ
ln lnð3þtαÞ t-þ1 ¼ 1:628;

		 ð52Þ

R þ1
0 e�ð1þβ1Þσ ln lnð3þtþσÞ dσ

ln lnð3þtÞ r 1
1þβ1

þ 1

1þβ1
� �2ln lnð3þtÞ

r 1
1þβ1

þ 1

1þβ1
� �2 ln lnð3þTÞ

; ð53Þ

Let β1Z1=ð3þTÞlnð3þTÞ ln lnð3þTÞ; β2r1:628�1; β3Z1=ð1þ
β1Þþ1= 1þβ1

� �2ln lnð3þTÞ. Similar to the proof procedure of Theo-
rem 1, finally, we can obtain

Juðt; xÞ�un J22r
Vmax

ln lnð3þtÞλminðPÞ
; ð54Þ

i.e. if under Assumptions 1–3 there exists a matrix P such that (13)
and (14) hold, the solution of impulsive neural networks (6) is said to
be globally log–log stable according to Definition 1 and Remark 1. □

5. Three illustrate examples

Example 1. Consider the following system:

∂ðy1ðt; xÞÞ
∂t

¼
X2
s ¼ 1

∂
∂xs

∂y1ðt; xÞ
∂xs

� �
�1:2y1ðt; xÞþ0:2f 1ðy1ðt; xÞÞ

�0:3f 2ðy2ðt; xÞÞþ0:1f 1ðy1ðt�τ1ðtÞ; xÞÞ

þ0:2f 2ðy2ðt�τ2ðtÞ; xÞÞþ0:3
Z þ1

0
k11ðsÞf 1ðy1ðt�s; xÞÞ ds�0:4

�
Z þ1

0
k12ðsÞf 2ðy2ðt�s; xÞÞ ds; ð55Þ

∂ðy2ðt; xÞÞ
∂t

¼
X2
s ¼ 1

∂
∂xs

∂y2ðt; xÞ
∂xs

� �
�y2ðt; xÞ�0:1f 1ðy1ðt; xÞÞ

þ0:1f 2ðy2ðt; xÞÞ�0:15f 1ðy1ðt�τ1ðtÞ; xÞÞ

þ0:12f 2ðy2ðt�τ2ðtÞ; xÞÞ�0:13
Z þ1

0
k21ðsÞf 1ðy1ðt�s; xÞÞ ds

þ0:2�
Z þ1

0
k22ðsÞf 2ðy2ðt�s; xÞÞ ds; ð56Þ
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Fig. 1. The response curves of system (64)–(69) without impulsive effects.
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Fig. 2. The response curves of system (64)–(69) with impulsive effects.
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y1ðtþk ; xÞ ¼ y1ðt�k ; xÞ�ð1þe0:0025kÞy1ðt�k ; xÞþ
Xn
j ¼ 1

e1jhðy1ðt�k �τjðtÞ; xÞÞ;

ð57Þ

y2ðtþk ; xÞ ¼ y2ðt�k ; xÞ�ð1þe0:025kÞy2ðt�k ; xÞ

þ
Xn
j ¼ 1

e2jhðy2ðt�k �τjðtÞ; xÞÞ; ð58Þ

hðyiðt�τjðtÞ; xÞÞ ¼ yiðt�τjðtÞ; xÞ�ð1þe0:025kÞyiðt�τjðtÞ; xÞ;
i; j¼ 1;2; xAΩ¼ f x1; x2ð ÞT j0ox1; x2o1g � R2; t0 ¼ 0;

tk ¼ tk�1þ0:5k; kAN; ð59Þ

∂yi
∂n

¼ ∂yi
∂x1

;
∂yi
∂x2

;…;
∂yi
∂xm

� �T

¼ 0; 8 tZ0; xA∂Ω; i;m¼ 1;2; ð60Þ

yiðs; xÞ ¼ φiðs; xÞ; �1osr0; xAΩ; i¼ 1;2; ð61Þ
where the coefficients and functions are taken as

A¼ 1:2 0
0 1

� �
; B¼ 0:2 �0:3

�0:1 0:1

� �
; C ¼ 0:1 0:2

�0:15 0:12

� �
;

D¼ 0:3 �0:4
�0:13 0:2

� �
; Ek ¼

e11 e12
e21 e22

" #
¼ 1 1

1 1

� �
;

L¼
l1 0
0 l2

" #
¼ 1 0

0 1

� �
; Γk ¼

e0:025k 0
0 e0:025k

" #
; kAN;

E¼ 1 0
0 1

� �
; Dk ¼

d1 0
0 d2

" #

¼ �ð1þe0:0025kÞ 0
0 �ð1þe0:025kÞ

" #
; kAN;

kijðsÞ
� �

2�2 ¼
e� s e� s

e� s e� s

� �
; Dis ¼ 1; i;

s¼ 1;2; f iðxÞ ¼ 0:5ðjxþ1j � jx�1j Þ; i¼ 1;2; τ1ðtÞ ¼ τ2ðtÞ ¼ 0:5t:

Let T ¼ 1; α1 ¼ 0:01; α2 ¼ 0:1; jΩj ¼ 1; μðtÞ ¼ t. Then β1 ¼ 1; β2 ¼
2; β3 ¼ 0:25; q1 ¼ q2 ¼ 1. It is easy to verify that Assumptions 1–3
are satisfied, and by using the Matlab LMI toolbox, we obtain
P ¼ p1

0
0
p2

h i
¼ 1

0
0
1

� �
which satisfies that

X2
i ¼ 1

β1pi�2pi
X2
s ¼ 1

Dis

q2i

 !
þ
X2
j ¼ 1

pib
2
ji l

2
i

aj
�aipi

 ! 

þ 1�ρð Þ�1β�1
2 p2i c

2
ij þki

4
d2ijp

2
i þ l2i þβ3l

2
i

�
¼ �5:1081o0;

ð62Þ

EþDkð ÞTPðEþDkÞ�λkP EþDkð ÞTPEkΓk

ΓT
kE

T
kPðEþDkÞ ΓT

kE
T
kPEkΓk

" #
r0: ð63Þ

From Definition 1 and Theorem 1, the above discussed system is
globally asymptotically stable.
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Fig. 3. State trajectories of system (72)–(75) when u1ðt; x1Þ ¼ 2; u2ðt; x1Þ ¼ sin ðpi=4Þ; tmax ¼ 20.
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Example 2. If we let f iðξÞ ¼ hiðξÞ;Dis ¼ 0; dij ¼ 0, for i; j¼ 1;2; ξAR.
System (6) will be reduced to the following system:

dy1
dt

¼ �0:9y1ðtÞþ0:2h1ðy1ðtÞÞþ0:3h2ðy2ðtÞÞ
�0:1h1ðy1ðt�τ1ðtÞÞÞ�0:2h2ðy2ðt�τ2ðtÞÞÞ; ð64Þ

dy2
dt

¼ �0:86y1ðtÞþ0:2h1ðy1ðtÞÞþ0:1h2ðy2ðtÞÞ
þ0:1h1ðy1ðt�τ1ðtÞÞÞ�0:2h2ðy2ðt�τ2ðtÞÞÞ; ð65Þ

y1ðtþk Þ ¼ 0:5y1ðt�k Þ; ð66Þ

y2ðtþk Þ ¼ 0:64y2ðt�k Þ; ð67Þ

tk ¼ tk�1þk; kAN; t0 ¼ 0; ð68Þ

yiðsÞ ¼ φiðsÞ; �1osr0; i¼ 1;2;

yAΩ¼ f y1; y2
� �T j0oy1; y2o1g � R2: ð69Þ

Let μðtÞ ¼ t;hiðξÞ
¼ 1

2ðj ξþ1j � j ξ�1j Þ; τ1ðtÞ ¼ τ2ðtÞ ¼ 0:5t; T ¼ 1; α1 ¼ 0:01; α2 ¼ 0:1.
Then β1 ¼ 1; β2 ¼ 2; β3 ¼ 0:25; q1 ¼ q2 ¼ 1.

A¼ 0:9 0
0 0:86

� �
; B¼ 0:2 0:3

0:2 0:1

� �
; C ¼ �0:1 �0:2

0:1 �0:2

� �
;

D¼ 0 0
0 0

� �
; E¼ 1 0

0 1

� �
; Ek ¼

e11 e12
e21 e22

" #
¼ 0 0

0 0

� �
;

Dk ¼
d1 0
0 d2

" #
¼ 0:5 0

0 0:64

� �
; kAN; L¼

l1 0
0 l2

" #
¼ 1 0

0 1

� �
:

Similar to Example 1, Assumptions 1–3 are satisfied. By using the
Matlab LMI toolbox, we obtain P ¼ p1

0
0
p2

h i
¼ 1

0
0
1

� �
which satisfies

that

X2
i ¼ 1

β1pi�2pi
X2
s ¼ 1

Dis

q2i

 !
þ
X2
j ¼ 1

pib
2
jil

2
i

aj
�aipi

 ! 

þ 1�ρð Þ�1β�1
2 p2i c

2
ij þki

4
d2ijp

2
i þ l2i þβ3l

2
i

�
¼ �4:2132o0;

ð70Þ

EþDkð ÞTPðEþDkÞ�λkP EþDkð ÞTPEkΓk

ΓT
kE

T
kPðEþDkÞ ΓT

kE
T
kPEkΓk

" #
r0: ð71Þ

Therefore, the conditions of Theorem 1 are satisfied, which means
that the above discussed system is globally asymptotically stable.
The state responses of the system simulation discussed in Example
2 are shown in Figs. 1 and 2.

In fact, this model is also discussed in [34] where the stability
criteria depend on the upper bound of time delays. Hence,
theorems in [34] are not applicable to ascertain the stability of
the model in Example 2. This point implies that our results are
more general and universal.
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Fig. 4. State trajectories of system (72)–(75) when u1ðt; x1Þ ¼ 2; u2ðt; x1Þ ¼ sin ðpiÞ; tmax ¼ 10.
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Example 3. Consider the following impulsive delayed reaction–
diffusion cellular neural network:

∂ðuiðt; xÞÞ
∂t

¼
Xm
s ¼ 1

∂
∂xs

Dis
∂uiðt; xÞ
∂xs

� �
�aiuiðt; xÞþ

Xn
j ¼ 1

bij ~f jðujðt; xÞÞ

þ
Xn
j ¼ 1

cij ~f jðujðt�τjðtÞ; xÞÞ; t40; tatk; xAΩ;

i¼ 1;2;…;n; k¼ 1;2;…; ð72Þ

uiðtkþ0; xÞ ¼ uiðtk; xÞþ1:343uiðtk; xÞ; xAΩ;

i¼ 1;2;…;n; k¼ 1;2;…; ð73Þ

∂ui

∂n
¼ ∂ui

∂x1
;
∂ui

∂x2
;
∂ui

∂x3
;
∂ui

∂x4

� �T

¼ 0;

8 tZ0; x1; x2; x3; x4A∂Ω; i¼ 1;2;…;n; ð74Þ

uiðs; xÞ ¼ φiðs; xÞ; �1osr0; xAΩ; i¼ 1;2;…;n: ð75Þ
Let n¼ 2; m¼ 4; τðtÞ ¼ 0:95t; tAð0; tmaxÞ, Ω¼ f x1;…; x4ð ÞT
jΣ4

i ¼ 1x
2
i o4g, ai ¼ 6:5; α1 ¼ 36; α2 ¼ 40, tk�tk�1 ¼ 0:05k, ~f jðujÞ ¼

1
4ðjujþ1j � jujþ1j Þ, μðtÞ ¼ emt ; m40, ρ¼ 0:95; qi ¼ 2, li ¼
0:5; di ¼ 1:343, eij ¼ 0; dij ¼ 0; i; j¼ 1;2,

ðDisÞ2�4 ¼
1:2 2:3 2:5 3:1
1:8 3:2 2:7 3:4

� �
; ðbijÞ2�2 ¼

�0:23 1:3
�0:1 3

� �
;

ðcijÞ2�2 ¼
�0:1 �0:2
0:1 �0:3

� �
:

Then, β1Zm; β3Z1; β2re� tmaxm. Obviously, Assumptions 1–3 are
satisfied. By using the Matlab LMI toolbox, matrix P ¼ 2

�1:3
1:3
4

� �
which satisfies (13)–(14) can be obtained easily. Then, according to
Corollary 1 the above discussed system is globally exponentially
stable.

But we note that

τ_ðtÞ ¼ 0:95o1�ð1=hÞ ðh40Þ; ρ¼ n max
i ¼ 1;⋯;n

ðl2i Þ ¼
1
2
;

λ¼ max
i ¼ 1;…;n

�χ�2aiþ
Xn
j ¼ 1

ðb2ijþc2ijÞ
0
@

1
Aþρ¼ �7:4698:

Since h420, λ¼ �7:46984�104�hρ. The conditions of Theo-
rem 3 in [41] are not satisfied, which implies that our proposed
method in this paper weaken some conservatism of the existing
results in [41]. Considering uðt; x1Þ;uðt; x2Þ;uðt; x3Þ, and uðt; x4Þ have
similar state trajectories, here, we only take uðt; x1Þ as an example
to show the superiority of the proposed method more clearly. The
corresponding numerical simulations of the system discussed in
Example 3 have been described in Figs. 3 and 4 under different
initial conditions and parameters.

6. Conclusions

In this paper, a new model that is more general than those
investigated in the previous literature has been outlined first.
Then, by establishing a novel Lyapunov–Krasovskii functional and
using some initial conditions, two concise sufficient conditions
guaranteeing the global μ-stability of impulsive neural networks
with reaction–diffusion terms and both unbounded time-varying
delays and bounded continuously distributed time delays have
been obtained, which unifies the exponential stability, power
stability, log-stability, log–log stability, etc. Moreover, the new
and simple LMI-based stability criteria have involved the reaction–
diffusion terms and the regional feature, which weakens some
conservatism of the existing results in previous literature. How-
ever, they are independent of boundaries of variable time delays.
On the other hand, our method can also be used to investigate the
stability for neural networks with bounded delays, either constant

or time-varying. Finally, several corollaries and three concrete
numerical examples have been given to verify the feasibility and
superiority of our results. The results have generalized and
improved the existing ones. In the future, we will try to search
for sufficient conditions for the global stability of the neural
systems under parameter uncertainties or stochastic perturbations
and apply these obtained results to other problems such as
combinatorial optimization.
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