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1.  Introduction

QCLs are semiconductor lasers that achieve lasing emission 
by the intersubband transitions of multiple quantum wells 
[1]. Normally, the spectral coverage of QCLs has been lim-
ited to the wavelength region of infrared and terahertz [2–11]. 
Historically, there have been many attempts of trying to make 
them work at the higher frequency region, but at most, they 
can emit mid-infrared lights. In 1998, Faist et al achieved the 
QCL lasing at about 3.4 μm, based on the strain-compensated 
InGaAs/AlInAs structure [12]. Eight years later, the QCLs  
emitting near 3.1–3.3 μm were demonstrated by Devenson  
et al based on the InAs/AlSb system [13]. In 2007, the InGaAs-
based QCLs emitting at 3.05 μm [14, 15] and the InAs-based 
ones emitting at 2.95 μm [3] and 2.75 μm [4] were reported. 
In 2010, Cathabard et al demonstrated the InAs-based QCLs 
operating at 2.63–2.65 μm that is the shortest wavelength 
reported so far on QCLs [2].

In fact, the limitation of the spectral range of QCLs 
is intrinsic, since all QCLs, by now, have been built on the 
one-dimensional confined quantum well heterostructures. As 

illustrated in figure 1, the lasing emission of QCLs is deter-
mined by the energy separation (�E21) between the first (E1) 
and the second exited state (E2). Whereas, the population 
inversion is typically realized via the resonant longitudinal 
optical (LO) phonon emission from the first exited state (E1) 
to the ground state (E0). The energy difference �E10 (=E1–E0) 
between them is fixed to the energies of LO-phonons which are 
normally tens of meVs in semiconductors. Given the fact that 
�E21 scales almost linearly with �E10, it is difficult to increase 
�E21 above the mid-infrared region while still keep �E21 within 
tens of meVs. Nevertheless, such a dilemma can be overcome, 
if we confine those electrons for lasing in another dimension 
and thereby produce more energy levels with tunable separa-
tions. In that case the optical transition can be selected more 
freely for lasing than the one-dimensional confined QCLs. In 
2003, Keck et al suggested a quantum cascade emitter struc-
ture that is based on electronic transitions in an artificial band 
structure of coupled quantum wires [16]. They also pointed out 
that the quantum wire structure analyzed could not be superior 
over the layered systems due to the existence of a large number 
of subbands in the active region of the emitter.
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In this work, we will examine the alignment of electronic 
subbands and their transition rates in coupled two-dimensional 
confined quantum wells, and discuss the possibility of using 
the two-dimensional confined quantum cascade laser scheme 
to extend the spectral range down to shorter wavelengths. 
Here, the ZnO/MgO system was selected since the large band 
offset between ZnO and MgO [17–20] is sufficient to acco-
modate higher energies of intersubband transitions. Besides,  
the energy of the LO-phonon in ZnO is about 72 meV [21–23]  
which is much larger than the room-temperature thermal 
energy of 26 meV. That means the LO-phonon energy is high 
enough to prevent the turbulence of the QCLs’ performance 
caused by the thermally activated backfilling [24–29].

2.  Calculational details

The Schrödinger equations  based on the effective mass 
approximation were solved with the finite element method 
(FEM). The electron effective mass of 0.24 m0 [30] for ZnO 
and 0.35 m0 [31] for MgO were used, and the band-offset 
value between the conduction band minimums of ZnO and 
MgO was taken as 3.59 eV following the result of x-ray pho-
toelectron spectroscopy [17].

3.  Results and discussion

Figure 2(a) presents the calculated electron energy levels and 
wave functions in a one-dimensional confined ZnO/MgO 
quantum well. The thickness of the ZnO well layer is 3 nm 
along the x direction. In such a quantum well, there are five 
bound states with energies of 0.13 eV, 0.51 eV, 1.14 eV, 2.02 eV 
and 3.08 eV corresponding to quantum numbers n  =  1, 2, 3, 4 
and 5, respectively. If combined with another confinement in y 
direction, the ZnO/MgO quantum well will have more bound 
states. The energy levels in the two-dimensional case are 
decided by the quantum numbers nx and ny [32]. According 
to their different characters, these bound states can be arti-
ficially divided into three distinct types: type-1 ( ⩾n 1x  and 
ny  =  1), type-2 (nx  =  1 and ny  >  1) and type-3 (nx  >  1 and 
ny  >  1). Based on our calculations, we find that the energy 
seperations of type-1 and type-2 states are mainly decided 
by the well widths in the x and y directions, respectively. As 

for type-3 states, the energy separations are decided by the 
well width in both x and y directions. It indicates that if the 
quantum cascade direction is along the x direction, the energy 
difference between a type-1 state and a type-2 state can be 
modulated close to the LO-phonon energy by controlling the 
width of the quantum well in the y direction. For example, 

Figure 1.  Schematic illustration of the photon emission process of 
a conventional three-level scheme QCL.

Figure 2.  (a) Scheme of electron energy levels (red line) and wave 
functions(pink, green, dark green, blue and brown lines) in a one-
dimensional ZnO/MgO quantum well(confined along x direction). 
The black line represents the conduction band profile of ZnO and 
MgO. (b) Scheme of electron levels in a two-dimensional ZnO/
MgO quantum well(confined along both x and y directions). The 
red, green and blue lines correspond respectively to the type-1, 
type-2 and type-3 states. The electron wave function of the lowest 
eight energy levels are demonstrated from low to high as follows: 
(c) ⟩|1, 1 , (d) ⟩|1, 2 , (e) ⟩|2, 1 , (f) ⟩|2, 2 , (g) ⟩|1, 3 , (h) ⟩|3, 1 . (i) ⟩|2, 3 , 
( j) ⟩|3, 2 . The small rectangles in the center of the graphs stand for 
the boundary between ZnO and MgO, with ZnO within and MgO 
outside.
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when the confinement along the y direction is 3.4 nm (whose 
energy levels and wave functions are shown respectively in  
figures  2(b)–( j)), the energy difference between ⟩|1, 2  and 

⟩|2, 1  in this two-dimensional confined quantum well is about 
74 meV, which approximates to the LO-phonon energy in 
ZnO. We also estimated the possibilities of optical trans
itions between the bound states in two-dimensional confined 
quantum wells. According to Fermi’s golden rule, the prob-
ability of an optical stimulated transition [33] is:

˜ ⟨ ⟩ ( ) ( )[ ( )]π
ψ ψ δ ω= | | | |⋅ − − ⋅ −ε ε ε ε

�
�P V f f

2
1ij i j f i i j� (1)

where εi and ε j are the energy of quantum states i and j, 
respectively, ω�  is the photon energy, and ( )εf  represents the 

Fermi distribution. Here, ε= ⋅
ω
→ →V peF

m

i

2 0
, where F and ε→ are 

respectively the electric field amplitude and unit vector of the 
light wave. e and →p are respectively the the electron charge 
and electron momentum. In the case of the two-dimensional 
quantum well as indicated by figure 2, the wave function of 
state i is given by:

( ) ( )ψ ϕ ϕ= → →r ri i iBl, Env,� (2)

( ) ( )ϕ φ= −→r
L

x y
1

e ,i
kz

iBl,
i� (3)

Here ( )ϕ →riBl,  is the Bloch function, ( )φ x y,i  is the envelope 
function of the ith subband of the xy-confined quantum well, 
and L is the sample thickness in the z direction. The intersub-
band optical matrix element is:

⟨ ⟩ψ ε ψ= | ⋅ |→ →P pij i j� (4)

〈 〉〈 〉 〈 〉〈 〉→ → → →ε ϕ ϕ ϕ ϕ ϕ ϕ ϕ ε ϕ≈ | | | + | | ⋅ |p pi j i j i j i jBl, Bl, Env, Env, Bl, Bl, Env, Env,

�

(5)

By definition the Bloch functions are identical for both sub-
bands e.g. ⟨ ⟩ϕ ϕ| = 1i jBl, Bl,  and ⟨ ⟩φ φ| | =→p 0i jBl, Bl, , the inter-
subband optical matrix element becomes:

⟨ ⟩ϕ ε ϕ= | ⋅ |→ →P pij i jEnv, Env,� (6)

( )[ ] ( )∫ φ φ= + +− ′→

L
r x y e p e p e p x y

1
d e , e ,kz

i x x y y z z
k z

j
3 i i� (7)

The ez term vanishes after integration, except if the initial and 
final states are identical(i  =  j and = ′k k ), thus the intersub-
band optical matrix element can be written as:

= +′ ′ ′P P e P eij ij x x ij y y, ,� (8)

⟨ ( ) ( )⟩ ⟨ ( ) ( )⟩φ φ φ φ= | | + | |x y p x y e x y p e x y e, , , , ,i x j x i y y j y� (9)

where ′Pij is a new defined intersubband optical matrix ele-
ment. With ′Pij, we can estimate the transition possibilities 
of bound states in the two-dimensional quantum wells, as 
shown in table  1. As a supplement, the dipole matrix ele-
ments ⟨ ( ) ( )⟩φ φ= | |→M x y r x y, ,ij i j  were also calculated. We 
find the selection rules for the intersubband optical trans
ition of the two-dimensional confined quantum well scheme: 
1. Optical transitions are forbidden to occur between type-1 
states and type-2 states; 2. There is a higher chance for the 
optical transition to occur between the same type states on 
condition that the sum of quantum numbers differences 

( ) ( )= − = + − +�n n n n n n nij i j ix iy jx jy  is odd(type-1 states 
or type-2 states) or even(type-3 states), in agreement with the 
selection rule for the intersubband optical transitions of one-
dimensional confined wells [34].

On the basis of the above optical transition rules, we 
designed a two-dimensional confined ZnO/MgO QCL with 
the well width x  =  3.8 nm and length y  =  4.1 nm as shown in 
figure 3(a). With a 123.0 KV cm−1 external electric field, the 
ground state ⟩|1, 1  electrons in well 1 will resonantly tunnel 
to state ⟩|3, 1  (labelled as E4) in well 2. We find the energy 
differences between the E4 level and any state in well 3 is 
lager than 120 meV, so that the electrons in state ⟩|3, 1  will 
not tunnel into any higher state in well 3. Moreover, due to 
the large band offset of ZnO/MgO, the electrons in state ⟩|3, 1  
are tightly confined in the quantum well evidenced by the 

Table 1.  New defined intersubband optical matrix element (in − −�nm 1 1) and dipole matrix elements (in nm).

Transition ′Pij x,  (Mij, x) ′Pij y,  (Mij, y) Transition ′Pij x,  (Mij, x) ′Pij y,  (Mij, y)

⟩ → ⟩| |3, 2 2, 3 0(0) 0(0) ⟩ → ⟩| |3, 1 2, 2 0(0) 0(0)

⟩ → ⟩| |3, 2 3, 1 0(0) −0.68(0.71) ⟩ → ⟩| |3, 1 2, 1 1.37(−0.69) 0(0)

⟩ → ⟩| |3, 2 1, 3 0(0) 0.001(0.003) ⟩ → ⟩| |3, 1 1, 2 0(0) 0(0)

⟩ → ⟩| |3, 2 2, 2 1.37(−0.69) 0(0) ⟩ → ⟩| |3, 1 1, 1 0(0) 0(0)

⟩ → ⟩| |3, 2 2, 1 0(0) 0(0) ⟩ → ⟩| |1, 3 2, 2 0(0) 0(0)

⟩ → ⟩| |3, 2 1, 2 0(0) 0(0) ⟩ → ⟩| |1, 3 2, 1 −0.001(0.001) 0(0)

⟩ → ⟩| |3, 2 1, 1 0(0) 0.001(0.001) ⟩ → ⟩| |1, 3 1, 2 0(0) −1.23(0.76)

⟩ → ⟩| |2, 3 3, 1 −0.003(−0.003) 0(0) ⟩ → ⟩| |1, 3 1, 1 0(0) 0(0)

⟩ → ⟩| |2, 3 1, 3 0.76(−0.64) 0(0) ⟩ → ⟩| |2, 2 2, 1 0(0) −0.68(0.71)

⟩ → ⟩| |2, 3 2, 2 0(0) −1.23(0.77) ⟩ → ⟩| |2, 2 1, 2 0.76(−0.63) 0(0)

⟩ → ⟩| |2, 3 2, 1 0(0) 0(0) ⟩ → ⟩| |2, 2 1, 1 0(0) 0(0)

⟩ → ⟩| |2, 3 1, 2 0(0) 0(0) ⟩ → ⟩| |2, 1 1, 2 0(0) 0(0)

⟩ → ⟩| |2, 3 1, 1 0.001(0.001) 0(0) ⟩ → ⟩| |2, 1 1, 1 0.76(−0.63) 0(0)

⟩ → ⟩| |3, 1 1, 3 0(0) 0(0) ⟩ → ⟩| |1, 2 1, 1 0(0) −0.68(0.70)
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electron wave function distribution of E4 level (the second 
graph from the top in figure  3(a)). Then, electrons in state 

⟩|3, 1  will transit to state ⟩|2, 1  (labelled as E3) with photon 
emissions of ν =h 0.42 eV (≈2.95 μm). Afterwards, electrons 
in state ⟩|2, 1  will decay rapidly to state ⟩|1, 2  (labelled as E2) 

via the resonant LO-phonon emissions, since the energy dif-
ference between E3 and E2 is about 74 meV, fairly close to 
the LO-phonon energy in ZnO. On account that the electron–
phonon scattering is extremely fast, the lifetime of ⟩|2, 1  could 
be very short, hence a large population inversion will be 

Figure 3.  Schematic illustration of the photon emission process of the two-dimensional confined QCLs. (a) The topmost graph showed the  
relative optical transition energy levels in two-dimensional confined QCLs with the well widths x  =  3.8 nm and y  =  4.1 nm and 123.0 KV cm−1  
external electric field. The rest graphs are the electrons wave functions from top to bottom corresponding to E E E, ,4 3 2 and E1. (b) The 
relative optical transition energy levels and wave functions in two-dimensional confined QCLs with the well scale x  =  6 nm, y  =  4.7 nm and 
129.3 KV cm−1 external electric field, the electrons wave functions from top to bottom corresponding to ′ ′ ′ ′ ′E E E E E, , , ,6 5 4 3 2 and ′E1.

J. Phys.: Condens. Matter 28 (2016) 065302
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established between ⟩|3, 1  and ⟩|2, 1 . Afterwards the electrons 
in state ⟩|1, 2  will jump down to the lowest-energy ground 
state ⟩|1, 1  (labelled as E1). And then the cascade processes 
will continuously occur in each pumped period of the QCL. 
It is notable that the calculated optical matrix elements of the 
transition from ⟩|1, 2  to ⟩|1, 1  is about 0.43 ( )⋅ −�nm 1, which 
is smaller than that from ⟩|3, 1  to ⟩|2, 1 (about 0.73 ( )⋅ −�nm 1). 
This means the optical transition rate from ⟩|1, 2  to ⟩|1, 1  will 
be smaller than that from ⟩|3, 1  to ⟩|2, 1  at the beginning. As a 
result the electrons will accumulate in state ⟩|1, 2 . However, 
in our opinion the accumulation will not have a large influ-
ence on the population inversion. On one hand, according to 
equation (1) when the Fermi distribution of ⟩|1, 2  reaches to 
a certain extent the optical transition rate from ⟩|1, 2  to ⟩|1, 1  
will become larger than that from ⟩|3, 1  to ⟩|2, 1 , so that state 

⟩|1, 2  will not be completely filled. On the other hand, based on 
Bastard’s theory [35, 36], when the energy difference between 
the initial and final states is close to the LO-phonon energy, 
the electron–phonon scattering rate can be extremely large 
and does not depend much on the Fermi distribution of the 
initial and final states.

For producing shorter lasing wavelengths, we designed 
another two-dimensional confined QCL, as shown in 
figure  3(b). Its dimension is 6.0 nm in the x direction and 
4.7 nm in the y direction. The lasing mechanism of this QCL 
is similar to the previous one. The difference lies in that, 
with the external electric field applied as 129.3 KV cm−1,  
the electrons in the ground state in well 1 of this QCL will res-
onantly tunnel to a higher bound state— ⟩|5, 1  (labelled as ′E6)  
in well 2. Electrons in ⟩|5, 1  have possibilities to transit to 

⟩|4, 1 (labelled as ′E5) or ⟩|2, 1  (labelled as ′E3) with photon 
emissions of ν =h 0.322  eV(≈3.82 μm) and hν = 0.791  eV  
(≈1.57 μm), respectively. The energy difference between 

⟩|2, 1  and ⟩|1, 2  (labelled as ′E2) is about 70 meV. If the well 
width in the x direction is reduced to 5 nm, the energy of pho-
tons generated by transitions from ⟩|5, 1  to ⟩|2, 1  will increase 
to 1.10 eV(≈1.13 μm). Meanwhile, the well width along the 
y direction should be reduced to 3.7 nm to adjust the energy 
difference between ⟩|2, 1  and ⟩|1, 2  to match the LO-phonon 
energy in ZnO. At this time, the external electric field should 
be adjusted to 203.8 KV cm−1, making the ground state ⟩|1, 1  
in one well in full resonance with the upper state ⟩|5, 1  in its 
adjacent well. With the purpose of producing even shorter 
lasing wavelengths, we designed another two-dimensional 

confined QCL with the well dimension of 6.2 nm  ×  3.4 nm. 
With a higher external electric field of 252.0 KV cm−1, the 
ground state ⟩|1, 1  electrons in one well could be injected into 

⟩|7, 1  of the adjacent well. Theoretically, QCLs with shorter 
wavelengths around 734 nm could be realized (through the 
transition from ⟩|7, 1  to ⟩|2, 1 ). It is worth mentioning that the 
higher the optical transition level used, the lower the emission 
efficiency of the two dimensional confined QCL would be. 
That is because the electrons in the higher energy levels have 
more possibility to jump to the undesired states, such as ⟩|7, 1  
to the states of ⟩|6, 1  and ⟩|4, 1 .

While adding another dimensional confinement can not 
only expand the frequency range, but also increase the tun-
ability of QCLs, it would be meaningful to use these QCLs 
in gas detection. For such applications, it would be favorable 
to design a laser operating at the frequency resonant with an 
infrared absorption line of a gas to be detected. However, 
in practice, it is not easy to tune the frequency of QCLs to 
resonate with a very narrow molecular absorption line, while 
maintaining the energy difference between the first excited 
state and ground state equal to the LO-phonon energy to 
create the population inversion(even in the mid- or far infrared 
region). With more controlling freedoms, two-dimensional 
confined QCLs may be able to satisfy both conditions: popu-
lation inversion and resonance with the molecular absorption 
line in gas detection.

In practical experiments, we propose two ways to realize 
the two-dimensional confined QCLs. One way is to grow (or 
place) the uniform-sized ZnO nanowires on a MgO substrate 
in equal distance, then fill the intervals between those nanow-
ires and cover them with epitaxially grown MgO as shown 
in figure 4(a). However, nowadays, it still seems challenging 
to control the size of ZnO nanowires precisely according to 
the accuracy required by the two-dimensional confined QCLs. 
The other way is to grow ZnO and MgO thin films one on 
another to form a superlattice in the first place, then troughs 
are etched chemically or by electron beam on a ZnO/MgO 
superlattice as shown in figure  4(b). The quantum confine-
ment in the other direction is only determined by the distance 
between the troughs. For now, the etching precision would 
be another key problem of controlling such short distances 
between the troughs in the fabrication processes. But with the 
development of a processing technique, it would only be a 
matter of time for such two-dimensional confined QCLs to 

Figure 4.  Schematic illustration of two ways to realize two-dimensional confined QCLs: (a) specific-size ZnO nanowires are put on a MgO 
substrate, then filling the intervals between ZnO nanowires by MgO epitaxial growth. (b) etching troughs on a ZnO/MgO superlattice.
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be realized successfully with much shorter lasing wavelengths 
than before.

4.  Conclusion

In conclusion, we demonstrate theoretically that two-dimen-
sional confined QCLs can be used to extend the spectral range 
of QCLs to a much higher frequency region. Based on FEM 
calculation results, we show that the two-dimensional con-
fined ZnO/MgO QCLs can produce lasing with wavelengths 
at λ = 2.95 μm, 1.57 μm, 1.13 μm and 734 nm. The emission 
wavelength could be tuned by controlling the external electric 
field and well size. This strategy to design QCLs may pave a 
new way to fabricate semiconductor lasers in the near future.
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