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ABSTRACT

The circular-arch flexible structure is widely used in various fields, especially the support structure of
the optical mirrors. This paper aims to present a generalized formulation of the circular-arch flexible
structure and a continuous method to optimize this flexible structure considering the material selection
and geometry simultaneously. First, an analytical model based on the variational principle is derived
for calculating the radial and tangential stiffness of the flexible element, and then the generalized for-
mulation of the integral flexible structure is obtained by considering force equilibrium and compatible
deformation. Second, the structural optimization is implemented by combining the material selection
and geometrical parameters, where the continuous artificial variables are used to represent the selected
material. Finally, the experimental and numerical examples are given to verify the analytical formulation
and the optimization scheme. The experimental and FE simulation results of the flexible element and
the integral flexible structure indicate that the presented mechanical model is capable of capturing the
linear behavior. For the geometrical nonlinear deformation, there exist some errors. And the optimiza-
tion results demonstrate that the presented scheme is able to obtain the discrete material design and the

optimal geometry.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The circular-arch flexible structure presented in this paper is
composed by several identical shallow arches that act as the flexi-
ble elements. It can be seen as a special type of flexure hinge with
radial freedom. Flexible structures have been widely used in a large
number of fields with high precision requirements, such as optical
structure [ 1], gyroscopes [2], actuators and sensors [3], micro/nano
precision positioning stages [4,5], grippers and manipulators [6].
The wide-spread use of these precision flexible structures is due to
the advantages they offer: (i)achieving high precision and repeat-
ability since there is no friction, (ii)being easy to fabricate and
maintain, which results in its low production cost [7].

Despite these advantages mentioned above, the mechanical
model of the flexible structure is very complicated especially when
many of them work together [8]. Many mathematical models have
been developed to describe the mechanical behavior of the flexible
structure. Paros and Weisbord [2] introduced an analytical model
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for calculating the compliances of single-axis and two-axis circular
flexure hinges with constant cross-section in terms of deflections
and rotations produced through bending and axial loading in their
fundamental work. According to the theory of Paros and Weis-
bord [2], Smith et al. [9] introduced the approximate compliance
equations for symmetric elliptic flexure hinge. Wu and Zhou [10]
adopted the integration of linear differential equations of a beam to
derive the concise compliance equation for flexure hinge. Lobontiu
et al. [11] developed closed-form compliance equations for sym-
metric corner-filleted flexure hinges by using Castigliano’s second
theorem and made a comparison with the right circular flexure
hinges, the results of which were confirmed by the finite element
simulation and experiments. Lobontiu and Garcia [12] proposed a
new type of two-axis flexible structure and developed a generic for-
mulation in terms of the geometric curves defining the two notches.
Lobontiu and Garcia [13] have formulated a closed-form equation
for displacement and stiffness calculation of the planar compliant
mechanisms using the strain energy and Castigliano’s displacement
theorem, and studied the performance of amplifying compliant
mechanisms based on Lagrange’s multipliers and Kuhn-Tucker
conditions. Hopkins and Culpepper [14] [15] proposed freedom
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and constraint topologies(FACT) synthesis method for compliant
mechanism design, which utilizes a comprehensive library of geo-
metric shapes that allow designers to visualize the quantitative
relationships between all possible compliant mechanism design
concepts and all possible motions for any given design problem.
Hao[16] designed a class of single-axis translational flexure guiding
mechanism. The wire beams were used as the distributed com-
pliance module, which could avoid constraint stiffness decrease
over the primary motion. However, most of them mentioned above
mainly focus on the flexible structures with various shapes, and
the researchers prefer to use the finite element method to verify
the analytical model due to the limited experimental data avail-
able [12,17,18]. The circular-arch flexible structure, which is widely
used in optical equipments, has received less attention. The concept
of circular-arch flexible structure was first introduced by Yolder
[19] and was adopted and improved by several researchers [20-22].
Yolder takes advantage of the radial freedom of such flexible struc-
ture to design the lens mounting structures. This flexible structure
can be seen as the combination of discrete flexible elements, either
the straight beam or the curved one. However, few researches focus
on its analytical theory. Lim et al. [23], using Euler-Bernoulli theory
and Timoshenko theory, derived the bending solution of a curved
beam which can be seen as an element of this circular-arch flexible
structure. Ahuett-Garza et al. [24] explored the use of curved beams
as large displacement hinges in planar compliant mechanisms to
overcome the limited deformation range of conventional hinge,
and introduced the analytical expressions that predict deflections
under different types of loads.

Designing this circular-arch flexible structure includes select-
ing the best materials and determining the optimal geometrical
parameters. In order to obtain the optimal combination of geome-
try and material, the geometry optimization and material selection
should be considered simultaneously. As mentioned in the litera-
tures [25] [26], the material selection problem refers to the discrete
optimization problem that is not amenable to the gradient-based
algorithms, thus its solving efficiency is low. To avoid this, the
discrete material selection should be relaxed to the continuous
optimization problem. Hvejsel and Lund [25] and Hvejsel et al. [26]
presented two multi-material interpolation schemes to relax the
original discrete material selection problem, and then realized the
simultaneous topology and material design. Kennedy and Martins
[27] presented a relaxation technique for the layered composite
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structures with discrete layer ply-angles. The linear and nonlinear
constraints are introduced to force the continuous artificial vari-
ables to attain the values 0/1. Kennedy [28] proposed an efficient
gradient-based algorithm for the discrete thickness optimization
problems. The piecewise constraint penal functions are imposed
on the intermediate designs. Stegmann and Lund [29] proposed
the discrete material optimization methods for multi-material dis-
tribution and lamination sequence design problems.

This paper is organized as follows. In Section 2, the mechanical
model of the flexible element is derived using the variational prin-
ciple. Based on the element model, the generalized formulation of
the integral flexible structure is obtained. The implementation of
the flexible structure optimization considering the material selec-
tion and geometry simultaneously is presented in Section 3. The
experimental and numerical verification examples are described
in Section 4. Finally, the conclusions are discussed in Section 5.

2. Mechanical formulation

It is known that the mirror’s surface precision exerts great effect
on the performance of the optical system and is determined by
many factors, where the support structure is a key one [30]. The
mirror, especially for the large one, needs a complicated support
structure to hold it in the required surface precision and in the
proper position regardless of the thermal or mechanical stress of
the structure [31]. This indicates that the presence of mechanical
constraints limits the motion of the mirror. The ideal mechanical
constraints, including the lateral and axial constraints, should be
kinematic, as Fig. 1 shows. That is to say all six degrees of free-
dom(DOFs) (three translations and three rotations, dx, dy, dz, Rotx,
Roty, Rotz) would be independently constrained without any redun-
dancy [19]. In order to fully constrain the mirror’s motion, the
support structure should introduce six constraints. From Fig. 1, it
can be found that the axial support constrains three DOFs, dz, Rotx,
Roty, and the lateral support constrains two DOFs, dx, dy. The last
DOFs, Rotz, is constrained by the rotational constraint, which is not
shown in Fig. 1. Since it contacts with the other structural compo-
nent through the spherical surface(see Fig. 1b), the lateral support
would not introduce other constraints except dx and dy. Usually,
the mirror and its support structure have different thermal expan-
sion coefficients(CTEs), so the thermal stress between their contact
surface will be inevitable. Since the stiffness of the circular-arch
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Fig. 1. The mirror and its supports
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Fig. 2. The circular-arch flexible structure

flexible structure, which will be discussed in the following sec-
tion, is high enough when it acts as a whole part, and a certain
compliance exists in each flexible element, it may be the best can-
didate to offset the thermal stress caused by temperature variation.
When the drastic temperature variation occurs, the deformation
will mainly take place in the slender parts of this flexible structure.
The thermal stress mainly focuses on the vicinity of the connect-
ing points, so it will not result in large structure deformation or
stress. The circular-arch flexible structure of a particular case with
six arches is shown in Fig. 2. It can be tailored to various configura-
tions, such as different shapes of connecting point and number of
arches, to meet specific design requirements, as is shown in Fig. 3.
The integral stiffness of this flexible structure is affected by several
factors including the number of the arches or connecting points,

the geometry and material parameters, mounting angle, etc(see
Fig. 2). The stiffness and compliance of this flexible structure are
vital to the structure design and system performance. Therefore,
this section discusses the closed-form stiffness formulation for this
flexible structure. With the in-plane stiffness playing a major role
in the lateral support of the mirror, our main efforts focus on the
in-plane property rather than the out-of-plane stiffness. Firstly, the
variational principle is used to derive the stiffness of the flexible ele-
ment. Secondly, the generalized formulation of the integral flexible
structure is obtained based on the element model. The details are
described as follows.

2.1. The analytical model of the flexible element

From Fig. 2, itis easily found that this circular-arch flexible struc-
ture consists of several identical flexible parts symmetrical in the
rotational direction, and each part can be seen as an individual
flexible element, a curved beam, as is shown in Fig. 4. The interac-
tion load between the flexible element and the mirror is transfered
through the connecting point. Compared with that of the circular-
arch flexible structure, the elastic deformation of the mirror is tiny
enough, so the mirror can be seen as a rigid body when we derive
the stiffness of this flexible structure. Since the connecting point of
the flexible structure is mechanically connected(through the epoxy
resin bonding) to the mirror which experiences tiny deformation,
there is no relative rotation DOF at the bonding position between
the mirror and the connecting point of the flexible structure. Based
on the above conditions, the rotational constraint Rot, = 0 should be
added, at the bonding position, to the model of the flexible structure
when it is considered individually. In addition, the connecting point
can be assumed as a rigid body when its size, I x I, is reasonable,
therefore the external loads applied to the connecting point, which
can be decomposed as F; and F;, are equivalent to those applied to
point C(see Fig. 4). That means the original model Fig. 4(a) can be
simplified to the model shown in Fig. 4(b). The reasonable size of the
connecting point and the validity of the assumption are verified in
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Fig. 3. The flexible structures with different number of arches
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(a) Original
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Fig. 4. The flexible element

Section 4. From Fig. 4, the individual flexible element exhibits con-
stant curvature, adding significant complexity to the beam problem
by raising the order of the governing equation of the slender beam
from four to six. This flexible element is defined by the radius of
curvature of the middle surface R, the central angle 6, the thickness
t, and the constant out-of-plane width b, where the central angle 6
is determined by the arch number of this flexible structure, n.

Here, the flexible element(curved beam) is characterized by its
middle surface, which is defined by the polar coordinate s

s=Rp(-0<¢p=<0) (M

The in-plane normal strain is [32]

1
~1+71/R
where ris the thickness coordinate measured from middle surface.
Note that Euler’s beam theory is used here, and the Lamé parameter
1/(1+71/R) is neglected.
The middle surface normal strain €y and curvature changes kg
are [23][32]

(€0 +T1KQ) ~ €g + Tk

(2)

du w 1 du
0=+t =rlap ™" (3)
07742 "Rds  RZ' dg? " dg

where u and w are the displacements of the middle surface in radial
and tangential directions respectively.
Based on the virtual work principle, the in-plane governing

Substituting Eq. (6) into Eq. (5), and considering the property
that éu and dw are arbitrary in the interval (-6, 6), we have

EA du El d3u d*w
(== Y= 7
(d(p w) R3(dg03 d(p4) (7)
EA d*u dw. FEI d*u d3w
- (= - )= 8
(d(pz d(p)+ R3(d(p2 dy3 (®)

Integrating the Eqgs. (7) and (8), the displacements u and w can
be obtained, as

3

Ca1 Sil'l(/)+ Csq COs @ — %Cé]
+1(£+R3) (Cyq sin Cq1cos @) O<p<0
S'Ea T E (23 ¢—-Cn 9), =¢
w(g) = o
Cyp sing + Csy cos @ — EC',Q
1(R-i-R3)(C sin Cipcosp), O0<p<0
+§ A T /¢l tazsing — Lz cos @), s¢=
9
1,R R3 .
Cs1 cos @ — Csq smtp+—C31<p+2(EA E)(p(C21cosw+Cnsm(p)
%(%*%)(Q] sing —Ciicosp)+Ce1, —0<p<0
uw= . R3 1, R R3 .
Cazcos9 = Csasing + 7 G + 5 (g7 + 77 )0(Caz cos ¢ + Crz sing)

—_

equation for the flexible element(Shown in Fig. 4) during the elastic 3 a )(CZZ sing —Cizcos9) + G2, 0= <6
deformation can be derived. That is (10)
EA, du ddu El  du d’*w_déu d?sw
ST =06U+48V = / /mSERdAdgo 8[Frwo + Frug] = / [—(— +W)(— +6w) + R73(@ - TW)(@ ~ 4 )]d(p F-éwg — F:ug = (5)
where [T is the total potential energy, U is the strain energy, Vis the
external work done by the concentrated loads F; and F;, ug and wg
are the tangential and radial displacements at the loading point.
The integral will be evaluated part by part with the help of partial
integration with respect to ¢, and the §U can be rewritten as
EA du El d%u d*w EA d u dw EI d?u
8U = - — (== - —[5(=—= + 5 ———(Sd
/([R dg t w) R3(d<p3 d(p4] (R ( (d<p2 d¢3)]u)<ﬂ
EA du El d*u d*w EA d u dw El d*u d3w
—(=— — (== - = —[5(== + 5 au_ CWysuyd
+/( R Pl b ¢)+R3<d¢2 a5 P ©
EA , du El . du d*w EA  du El , du
+[R(d(p W)+R3(@_d7<,02)] +[7(Tp+ )+R3(%—W)]5 \0
W i_diw o B du_ dw |e_ﬂ(@_ﬂ)d5w _Edu_dw dw,
3 dg2  dg3 R3‘dg? dg3 0 R3'dp d¢? -0 R3‘dyp dg2’ dy °
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where Cj; are constants that relate to the loads F; and F;.

The unknown constants Cj; can be obtained by introducing the
boundary conditions. Considering Egs. (5) and (6) and the continu-
ous conditions concerning u and w, we have the following boundary
conditions

where the first two conditions are obtained directly, and the other
two conditions are obtained from the variation equation (5). Sub-
stituting the above 12 conditions into Egs. (9)(10), the unknown
constants Cj; can be derived.

Since the external loads are applied to the central point C(see
Fig. 4), the deformation of the loading point C may be of great
interest. Let ¢ =0, and the deformation of point C w(0), u(0) can
be obtained from Egs. (9)(10), as

w(0) = F/R(R? + p) (R? + p)O(6% + cos?0 — 1) + 4R?(sin @ — 0)(1 — cos H) (12)
2E1 (R? + p)(262 + O'sin 20) — 4R2sin’60
4(0) = FtR3 (R2 + p)0(6? + cos26 — 1) + 4R%(sin — 0)(1 — cos H)
= 2E (RZ + p)(B2 + cos20 — 1)
(13)
where p=I/A.

The Eqgs. (12)(13) show that at point C the radial load F: only
causes radial deformation and the tangential load F; only causes
tangential deformation. Let K and K; denote the stiffnesses of this
flexible element in radial and tangential directions respectively,
which can be obtained from Egs. (12)(13), as

Fo
W()_

K = W — EK¢(R, 0, b, t) (15)

where, K, K; are the stiffness coefficients unrelated to the material.

From Eqgs. (14) and (15), the radial and tangential stiffness of
the flexible element are directly related to the modulus E, width b,
thickness t, radius R, and the arch number n.

K = K+(R,0,b,t) (14)

2.2. The integral stiffness formulation of the circular-arch flexible
structure

Since the DOFs, dx and dy, of the inner ring of this circular-arch
flexible structure is constrained by the other structural component
through spherical surface(shown in Fig. 1), the inner ring can be
seen as fixed when we mainly consider the in-plane deformation.
From Fig. 2, the total external load imposed on this flexible structure
is assumed in the y direction. The force and displacement analysis
of the circular-arch flexible structure are shown in Fig. 5, where 8
is the initial mounting angle.

In Fig. 5(a), F1, Fa, - - -, Fy are used to denote the force imposed on
the connecting points Py, Py, - - -, Py respectively, Fy, Fy, Fix and Fy, are
the force components of F; in radial, tangential x-axis and y-axis
directions. The force component Fy, Fy(i=1, 2, - - -, n) are expressed
in terms of tangential and radial components as

2w

Fig = F cos(f + (i~ 1)27 )~ Fy sin(B + (i~ 1)) (16)

0))

u:O,w:O,d—w:O, at ¢=—0 and =40
dp

w(0-) = u(04),w(0-) = w(04), d(;L) = % =0

EI du 0 ) dw?(0-) du®(04)  dw3(04) _

RS [( dwg )_( déﬁ; - d<p3+ )]_FT—O

EA  du(0_- du(0 EI, du(0-) d?w(0_

7[(%%(07»—( ) 1 w(on) + gl - 20

u 2w

_(%_dd—g”)]_ﬂ:

Fy = ~Fe sin(B+ (i~ 1)2T)  Fy cos(f + (i~ ) (a7)

(11a)
(11b)

(11c)

(11d)

Then summing the force at all points, it follows

P Fu= Y (Recos(B (= 130 - Fysin(B+ (- )30
i=1 i=1 (18)

n n

=S (Fsin(p + (- 125 4 Fcos(p+ (- )2

(19)

Since we have assumed that the external load F is acted in the
y-axis direction, then

F=F,F=0 (20)

Let §; and J;; denote the displacement components of points
Pi(i=1, 2, n) in radial and tangential directions(see Fig. 5(b)),
then the dlsplacement components §;, can be expressed as

. . 2 . 2
Siy = =diesin(B + (i = 1)—=) = §yrcos(B + (i - 1)—) (21)

Since the arch of the flexible structure is equally spaced and
Fx =0, there will be no displacement in the x direction for each point
Pi(i=1, 2, ---, n). It follows that

2
8ix = —8ir cos(B + ( 171) )+ 8 sin(B + ( 171)—)_ (22)

When the elastic deformation of the mirror(Fig. 1) is compared
with that of this flexible structure, it is tiny enough and the mirror
can be seen as arigid body. Then the connecting points P;(i=1,2, - -,

n) must have the same displacements &y =4;,. From Egs. (21)(22),
we have

1
8y = —4; 23
Y "cos(,B+(i—])27”) (23)
According to Egs. (14) and (15), we have
Fip = Ki8ir, Fir = KiSye, (24)

From Eqs. (19)(23) and (24), we have
F= ay(1<tzsin2(ﬂ+ (i— 1)27”) +Kr2cosz(ﬂ+ (i— 1)27”))
i=1

i=1
(25)
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(a) The force decomposition

(b) The displacement decomposition

Fig. 5. The force and displacement analysis of the circular-arch flexible structure

For n>2, S sin*(B+(i—1)2%) and 3 cos®(B + (i — 1)2X) are
independent from the angle 8 and equal to n/2, then the integral
stiffness of the circular-arch flexible structure K can be expressed
as
n
T2

The Eq. (26) shows that the integral stiffness K is uniform in the
rotational directions, which is a particular useful characteristic.

K=o (Ki +Kr) (26)

3. The optimal design of the circular-arch flexible structure
considering continuous and discrete variables
simultaneously

The optimal design of this flexible structure entails choosing the
best material and determining the optimal geometrical parameters
and configuration. The previous studies mainly focus on assuming
a material before optimizing the geometry or selecting the best
material for an existing geometry of a structure. However, these
approaches do not guarantee the optimal combination of geome-
try and material. The best choice should be considering geometry
optimization and material selection simultaneously. Due to the
physical property of the material, the allowable material parame-
ters are restricted to a discrete set of values. The other parameters,
such as the thickness t and out-of-plane width b, are continu-
ous. Here, we should note that the central angle 6, determined
by the arch number n, is also a discrete variable. Considering the
complexity of the K; and K;, the various configurations of this flex-
ible structure are treated separately. For each configuration, the
optimal design is modeled as a linear or nonlinear mixed-integer
programming problem. However, this optimization problem is not
amenable to the gradient-based optimization method. Further-
more, the nonlinear mixed-integer programming problem is almost
inevitably computationally expensive. Here, an efficient gradient-
based technique is proposed to obtain the optimal solution for
this mixed-integer problem. Based on the proposed method, the
original mixed-integer problem can be relaxed into a continuous
problem. This section focuses on the description of this gradient
based technique.

3.1. The original mixed-integer optimization model

In the previous section, we have mentioned the mirror and
its support structure(see Fig. 1), where the surface precision
and optical axis position are important criteria to evaluate the

performance of the mirror’s support structure. The surface preci-
sion of the mirror is measured by Root Mean Square(RMS) error,
which is defined as the mean deviation between the deformed
shape and the desired shape. The RMS error is usually computed
using the finite element simulation and it is unlikely to be expressed
as an explicit function of the axial support, which is not considered
in this work, or the lateral support. The optical axis position is mea-
sured by the rigid body displacement of the mirror. The mirror has
two extreme working positions, the optical axis in horizontal and
zenith directions (see Fig. 6). Within the range of these two pos-
itions, the mirror will undergo elastic deformation and rigid body
displacement, resulting in the RMS error and optical axis deviation.
The lateral support, a circular-arch flexible structure, is bonded to
the central hole of the mirror using epoxy resin. Usually the ther-
mal expansion coefficients of this flexible structure and mirror are
different, and as a result, the thermal stress in their bonding area
would cause extra elastic deformation when there is temperature
difference. When the optical axis in horizontal direction, the mir-
ror will suffer the maximum rigid body displacement caused by its
gravity and by the flexibility of the circular-arch flexible structure.
Obviously, these two cases mentioned above are contradictory.
In terms of elastic deformation, the flexible structure should be
designed as flexible as possible so as to minimize the stress between
the flexible structure and the mirror caused by temperature vari-
ation. Accordingly, the mirror’s RMS error is minimized. For the
latter case, if the circular-arch flexible structure is flexible enough,
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Fig. 6. The two extreme working positions
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the rigid body displacement will be too large to meet the optical axis
position requirements. Therefore, the flexible structure should be
designed with less flexibility. In order to meet these two incompat-
ible cases, this flexible structure should be properly designed using
the optimization method.

Based on the above description, the best objective function
should both include the thermal stress and the rigid body displace-
ment at the same time. The following objective function is adopted
to realize this purpose. That is
H - ht G-gt
hU _ L +w2gU_gL

where w; and w; are the weighted factors; H= (o — oy )2K; denotes
the thermal stress between the flexible structure and the mirror,
o and «p, are the thermal expansion coefficients of the flexible
structure and the mirror; G = m denotes the rigid body dis-

placement; h! and hY are the minimum and maximum value of H,
and gt and gV are the minimum and maximum value of G, which
are used to normalize the objective function.

From Eqs. (14) and (15), the stiffness of the circular-arch flexible
structure is affected by its elastic modulus E, geometrical param-
eters,R, t, b, and the arch number n. The material parameter E is
limited to a set of discrete values, and a discrete variable &; is
introduced to represent the selection of a given candidate material

(0] = W (27)

£ = 1 ifmaterialiis selected (28)
! 0 ifnot

By using the discrete variable &;, the structural design consid-
ering the material selection and geometry can be expressed as a
nonlinear mixed-integer programming. That is

set n
minimize ®(&;,b,t) = w% +(1- w)%
m (29)
s.t. ;5" =1
& € {0,1},b € [by, byl, t € [t tu]
where H =" &Ei(e; — am)’Kr, G = 1 . & is the

n " EKe+Ko/2
binary variable that corresponds to the material; m is the number of
candidate materials, E; is the elastic modulus of ith candidate mate-
rial; the equality constraints are used to avoid multiple materials
being selected. If any variable attains 1, the remaining variables
must be 0 in order for the equality to hold.

The problem Eq. (29) is a nonlinear mixed integer programming
problem, where &; is the discrete variables, and the others are con-
tinuous. The number of possible designs increases rapidly as the
number of candidate materials increases. Evaluating all possible
designs becomes inconvenient or intractable. By using the contin-
uous variable x; € [0, 1] to replace the discrete variable &; € {0, 1},
the mixed integer problem Eq. (29) can be relaxed to a continuous
problem which can be solved using standard nonlinear program-
ming algorithms. The interpolation schemes that have gained a
large acceptance in the topology optimization community, are used
here to relax the original problem. They are known as SIMP scheme
(Solid Isotropic Material with Penalization) [33] and RAMP scheme
(Rational Approximation of Material Properties) [34].

3.2. Material interpolation schemes

Since the material parameters are restricted to a discrete set of
the candidate materials, considering the material parameter as a
continuous design variable is meaningless as the optimal material
may not exist. The material interpolation schemes should allow

intermediate material variables during the optimizing process, but
penalize intermediate variables so as to obtain distinct variables at
the same time and eventually satisfying the original binary require-
ments. The material interpolation is regarded as a heuristic method
that is viable as long as the final solution satisfies the binary con-
dition, and the intermediate results are merely the artifact that we
use to obtain the distinct results. The interpolation schemes popu-
larly used in structural topology optimization are multiphase SIMP
and Multiphase RAMP methods.

The SIMP scheme is a direct generalization scheme proposed for
the interpolation between void and solid. Stegmann and Lund [29]
has extended this scheme to multiple materials case. The expres-
sion of the SIMP interpolation scheme is

m
E= foEi, p>1 (30)
i=1

where p is penal factor that controls the contribution of each
material phase. For p>1 the intermediate material selections are
penalized.

The RAMP scheme was proposed as an alternative interpolation
scheme for the two-phase topology optimization [34] The idea of
this scheme is that a certain value of the penal factor yields a con-
cave cost function which increases the probability of obtaining a
distinct solution. The interpolation scheme is given by

m
_ Xi .
E‘Zl+q(lfxi)5” q=0 (31)
i=1

where the penal parameter q is similar to that of p in the SIMP
scheme.

Note that for m =2, the generalized scheme (30)(31) reduce to
the well known two-phase SIMP/RAMP scheme. For this particular
case, the penal effects for different penal factors is shown in Fig. 7.
From Fig. 7, the penal effect become obvious as the penal factors p,
g increase.

3.3. The relaxed continuous optimization model

With the design variables x;(i=1, 2, - - -, m) and the SIMP or RAMP
interpolation schemes, the optimization model (29) can be relaxed
to the continuous nonlinear models, and the functions H and G are
changed to

m
H=> *PE(; - am)'Ks (32)
i=1

1
= ——
ny L ExP(Kr + K;)/2

where the model (32)(33) refers to SIMP scheme, and the RAMP
based model is omited here.

Similar to the mixed-integer optimization model, the constraint
>"x;=1 is imposed on the continuous variables x;. The constraint
ZE,- =1 is sufficient to guarantee that only a single material is
selected in the discrete case. However, in the continuous case, that
constraint can not realize the same goal as in the discrete case, since
it forces the design variables to remain only on a plane intersecting
the coordinate axes at unity [27].

In the continuous case, to force the design toward a discrete
solution, an extra non-linear constraint is introduced, as

m
> =1 (34)
i=1

The constraint Eq. (34) restricts the design variables x; to a unit
sphere. Satisfying the constraint Eq. (34), Zx,-=l, and x; € [0, 1]

(33)
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Fig. 7. The material parameter E vs variable x; for the SIMP/RAMP scheme

ensure that only one material is active. For a particular case, m=3,
the relation between linear and non-linear constraints is shown in
Fig. 8, the upper limit on the design variables x; can be dropped
here.

Incorporating the non-linear constraint(34), the optimization
model Eq. (29) can be rewritten as

set n

minimize

H-ht

+(1-w)

G-gl

q)(X,', b, t) = a)hi

U_HL

gU_gL

m
inz =1
i=1
m
s.t. in =1
i=1

i=
b e [bl,bu],t (S [tl,tu]

(35)

xi>0

where the equality constraint in =1 ensures that the design vari-
ables x; fulfill the upper bound constraints, thus there is no need

X3
A
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Fig. 8. The linear and non-linear constraint

for an upper bound on the variables x;. Since the model (35) is the
continuous relaxation of (29), it is less constrained than (29). The
feasible set of (29) is a subset of the feasible set of (35) [26].

To improve the computational efficiency, the non-linear con-
straint is expressed as a penalty function with penal factor y. The
modified objective function can be written as

d(x;, b, t)+y(1 - inz) (36)
i=1

Since (> x; 2 > > 2, if the equality constraint ) x; =1 is satis-
fied exactly, the penalty function in Eq. (36) is always positive, i.e.
1->x2>0.

Here, the SQP(Sequential Quadratic Programming) methods
[35] is used to solve the optimization model (35). The flowchart
for the optimization is shown in Fig. 9. Each optimization iteration
starts from the previous solution. The small penal factor y allows
greater freedom to explore the design space. When y increases, the
design variables become difficult to change and finally converge
to a discrete solution. The optimization process is terminated once
the artificial design variables satisfy the discrete criterion. The opti-
mization begins with the initial penal factor y=0 and the initial
design variables x;=1/m(i=1, 2, - - -, m), which satisfies the equality
constraint Zx,- =1 exactly.

4. Verification

This section aims to verify the theoretical formulation of the
circular-arch flexible structure through experiments and finite
element simulation concerning the flexible element and the inte-
gral flexible structure and to confirm the continuous optimization
scheme through numerical simulation.

4.1. Model verification

At the beginning of Section 2, we have mentioned the model
simplification, the foundation of the subsequent sections. It is nec-
essary to first verify the effectiveness of this simplification shown in
Fig. 4. Due to the symmetrical property of the flexible element, this
simplification will not result in the radial stiffness error. The tan-
gential stiffness error is mainly caused by the rigid body assumption
of the connecting point and the shift of the loading point,
which is determined by the size of the connecting point, Ig x [},.
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Initial penal factor: y,
The discrete tolerance: £>0
Maximum iteration: iferyay

l

The candidate materials: [E), Ey, ..., Ey)
Thermal expansion coefficients: [ay, 0y, *,0,]
The initial design variables: x>0, by, £,

Solve the optimization problem
using SQP method:
(xi,bits) «—Solve the model (45)
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iter=iter+1

N
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End
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Figure 9 Flowchart of the optimization

Note: X=(x1,%2,.... Xm)i

Fig. 9. Flowchart of the optimization

Inappropriate design of the connecting point would lead to its
noticeable deformation, which can not be neglected in the ana-
lytical model of the flexible element. For this point, the nonlinear
FE simulations regarding the tangential stiffness of the flexible ele-
ment with various l; and [, combinations are implemented. The FE
models corresponding to the flexible element model Fig. 4(a) and its
simplified model Fig. 4(b) are established respectively, where the
geometrical and material parameters are the same with the spec-
imen 1# introduced in the following section. Then the tangential
stiffness corresponding to the different /; and I, combinations are
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Fig. 11. The experimental set-up for stiffness test

computed and compared with that of the simplified model. The
tangential stiffness and the errors are shown in Fig. 10.

From Fig. 10, we can see that when I; <3 and [, > 2, the tangen-
tial stiffness errors between the original model and its simplified
model are less than 1% and varies insignificantly as [, or [, changes,
which indicates that the simplified model Fig. 4(b) can be used to
represent the original model Fig. 4(a). As we know, this type of
structure is usually fabricated using high precision Electrical Dis-
charge Machining(EDM) lathe. Its machining accuracy can reach to
5um, so the size requirements of the flexible element can be easily
satisfied.

6%
5%
4%

3%

Error

2%

1%

0%
4

(b) simplification error

Fig. 10. The experimental set-up for stiffness test
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(a) specimen 1#

(b) specimen 2#

(c) finite element model

Fig. 12. The test specimens and FE model of the flexible element

4.2. The stiffness verification

The experimental study and FE simulation are discussed here.
First, the radial and tangential stiffness of the flexible element is
verified. The process is described as: imposing a force which varies
over areasonable interval on the finite element model and the spec-
imen of the flexible element and measuring the displacement of the
loading point; thus comparing the theoretical displacement with
the experimental and simulation results. Then, the stiffness of the
integral flexible structure is verified in a similar way.

The experimental set-up used to test the stiffnesses of the
flexible element and the integral flexible structure is shown in
Fig. 11. This experimental set-up consists of a load-cell, a 1-D trans-
lation stage for mounting the load-cell, a high-precision optical
grating displacement sensor and a PC computer loaded with LAB-
VIEW software as the data collector. The data, including force and
displacement data measured by the load-cell and displacement
sensor respectively, are collected by the computer through a serial
port(RS232). The homebuilt program based on LABVIEW is devel-
oped to collect the force and displacement data simultaneously and
automatically, which could minimize the reading errors.

The specimens and finite element model of the flexible ele-
ment and the integral flexible structure are shown in Fig. 12
and Fig. 13 respectively. The Titanium alloy material(TC4) with
excellent mechanical and fatigue properties is adopted here to
manufacture these specimens. The mechanical properties of TC4
are: the elastic modulus E=105GPa, the Poisson ration v=0.31
and the density p =4430kg-m~3. The geometric properties of these
specimens are listed in Table 1.

4.2.1. The element stiffness verification

First, the radial stiffness of the flexible element is verified
through FE simulation and experiments. For the flexible ele-
ment(specimens 1# and 2 #), a radial force F; is imposed on the
central point of the specimen and its finite element model, where
the variation interval of the radial force is (5N, 20N) for the spec-
imen 1# and (10N, 60N) for the specimen 2#. The linear and

Table 1
The geometric properties
Element Integral
1# 2# 3# A#
arch number - - 5 6
Width (mm) 8 8 5 5
Thick (mm) 0.75 1.5 0.5 0.5
Radius(mm) 146.25 146.25 48.75 48.75
o) 22.5 225 - -

Table 2
The stiffness for the flexible element

specimen theoretical tested linear FEA nonlinear FEA
1#-radial 55.89 47.00 55.99 45.55

2 #-radial 381.75 343.24 380.03 347.54

1 #-tangential 1355.7 - 13235 1206.2

2 #-tangential 9149.7 - 8872.2 8849.6

nonlinear analysis using ANSYS software are performed. Then, the
tangential stiffness of the flexible element is verified only through
FE simulation. A tangential force F; varying in (50N,150N) and
(100N,200N) is imposed on the finite element model of specimens
1# and 2 # respectively and the linear and nonlinear FE simulation
are carried out. The test and FE simulation results for the specimens
14#and 2 # are shownin Fig. 14 and Fig. 15. The radial and tangential
stiffness are listed in Table 2, where the tested and nonlinear stiff-
ness are obtained using the linear least square fit method. Here, we
should note that in order to simplify the experimental equipment,
only the radial stiffness is verified in this experiment.

Analyzing the results from Fig. 14 and Tab. 2, we can see that
for the radial stiffness the theoretical results agree with the lin-
ear FEA results very well and the test results agree well with the
nonlinear FEA results, which indicates that the theoretical model
presented in this work is capable to predict the linear deformation
but can not capture the geometrical nonlinear behavior of the flex-
ible element. The stiffness error for specimen 1# is less than the
specimen 2 #. Fig. 15 show that the tangential stiffness is far greater
than the radial stiffness and it does not exhibit obvious geometri-
cal nonlinear behavior under those load conditions. In addition, the
maximum tangential stiffness error between the theoretical and
linear or nonlinear simulation results is less than 4%.

4.2.2. The integral stiffness verification

For the integral flexible structure(specimens 3 # and 4 #), the
geometrical parameters are listed in Table 1. Since the geometrical
features are different for different directions, the load should be
imposed on different directions in order to obtain the correspond-
ing stiffness. Considering the symmetrical characteristics of this
flexible structure, the test directions are shown in Fig. 16, where
the specimen 3 # has five test directions and the specimen 4 # has
three test directions. With a concentrated force F imposed on the
edge of this flexible structure(see Fig. 11(b)), the variation interval
of the force is (10N, 160N) for the specimen 3 # and (50N, 250N) for
the specimen 4 #. In addition, the linear and nonlinear FE simula-
tion are performed, where the FE model and boundary condition are
identical with the experiments. The test and FE simulation results
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(a) specimen 3# (b) specimen 4#

(c) finite element model

Fig. 13. The test specimens and FE model of the integral flexible structure

for the specimens 3 # and 4 # are shown in Fig. 17 and their stiffness these directions are less than 2%, which agrees with the stiffness
are listed in Table 3. model (26). The errors between the theoretical and linear or non-

Fig. 17 show that the integral stiffness for the two specimens in linear simulation results are less than 4% for specimen 3 # and less
various test directions are basically identical and the errors within than 3% for specimen 4 #. Since the stiffness are big enough when
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Fig. 14. The test and simulation results for the radial stiffness of flexible element
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Table 3
The stiffness for the integral flexible structure

Table 4
The parameters of candidate materials

specimen theoretical tested linear FEA nonlinear FEA
3#-1 1810.2 1749.8 1768.3 1736.4
3#-11 1810.2 1734.6 1767.3 1736.3
3# -1 1810.2 1718.2 1742.9 1736.3
3# -1V 1810.2 17115 1741.6 1736.0
3#-V 1810.2 1711.5 1740.5 1735.2
441 5069.2 4381.8 5023.5 4939.7
4411 5069.2 4389.9 5090.3 5001.5
441l 5069.2 4319.8 5058.0 4969.9

the flexible structure acts as an integral part, the specimens 3 # &4 #
do not exhibit obvious geometrical nonlinear behavior under those
load conditions, which indicates that the presented stiffness model
can be used to predict the integral stiffness. However, the error
between test results and theoretical or FE simulation results are
evident, especially for specimen 4 #, which may be caused by the
manufacture error.

4.3. The verification of the continuous optimization algorithm

In this section, we present the simulation results for the con-
tinuous optimization method described above. The circular-arch

material E v P o

no (GPa) (kg/m3) (107%/K)
1(6061) 69 0.33 2700 24
2(LC4) 75 0.35 2850 243
3(Ti-6Al-4V) 105 0.31 4430 9
4(Ti-5A1-2.55n) 110 0.31 4480 9
5(Ti-8Al-1Mo) 120 0.32 4370 8.5
6(45) 210 0.29 7820 12
7(Invar) 145 0.25 8100 1.6
8(Zerodur) 73 0.21 2210 0.03

flexible structure is used as the lateral support of the mirror.
The model (35) is used to optimize the material and geometrical
parameters of the flexible structure, where the parameters of the
candidate materials are listed in Table 4 and the range of the geo-
metrical parameters are: R=60,1 <b <15,0.3 <t<0.8, units:(mm),
and the external force F=200N, the gravity of the mirror. The mir-
ror's material parameters are listed in the last line of Table 4. We
explore the influence of the weighted factors w; and w; on the
objective function ® and on function G and H, and compare the
optimal results from the model(35).
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Table 5
The optimal material number
wi=1 1 1
arch no wy=1 3 5
3 6 7 6 6 6
4 7 7 7 6 6
5 7 7 7 6 6
6 7 7 7 6 6
7 7 7 7 6 6
8 7 7 7 6 6
9 7 7 7 6 6
10 7 7 7 6 6

The objective function ® as well as function H and G for different
w1 and w, combinations are shown in Fig. 18. As the arch num-
ber n increases, the objective function ® and function H increase
whereas the function G decreases for all the @ ; combinations. This
indicates that the thermal stress imparting on the mirror increases
while the rigid body displacement decreases. In addition, the vari-
ation of w1 or w; have a greater impact on function H than G as the
arch number increases.

Foreach w1 and w, combination case, the optimal material num-
ber is listed in Table 5 and the optimal width and thickness are
shown in Fig. 19. Fig. 19 shows that when n < 6, the optimal results
vary greatly as wq or w, changes, while n> 6, the optimal results
reach almost the same value for each case. Moreover, Table 5 shows
the discrete optimal material for each case can be easily obtained
from this continuous optimization model, indicating that the linear
> x;=1 and nonlinear constraints lez =1 are adequate to force
the continuous variables to the distinct values. However, since the
stiffness expressions (14)(15) are nonlinear with respect to the geo-
metrical parameters, the optimal width b and thickness t shown in
Fig. 19 appear somewhat chaotic.

5. Conclusions

The circular-arch flexible structure has been investigated in this
paper. The analytical model of the flexible element is derived using
variational principle. The generalized formulation of the circular-
arch flexible structure and a continuous optimization method
are established. The artificial variables are introduced to relax
the discrete material selection problem. The optimization of the
circular-arch flexible structure is implemented by combining the
material selection and geometry.

The experiment and numerical simulation are given to ver-
ify the mechanical model of the circular-arch flexible structure
and the continuous optimization scheme presented in this paper.
The experimental and FE simulation results show that theoretical
stiffness of the flexible element and the integral flexible struc-
ture are capable of capturing their linear characteristics, and for
the geometrical nonlinear deformation, there exist some errors. In
addition, they also indicate that the stiffness of the circular-arch
flexible structure are identical in the rotational directions except
for some minor errors, which agree with the theoretical model.
The optimization results demonstrate that the presented optimiza-
tion scheme is able to realize the optimal design of this flexible
structure considering the discrete material selection and geome-
try simultaneously. The linear and nonlinear constraints and the
penal function of the optimization model are adequate to force the
artificial variable to approach the distinct design.
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