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Abstract
We extend the 4-step analytical model of resonant enhancement of high harmonic generation to
the systems possessing resonant transitions of inner-shell electrons. Resonant enhancement is
explained by lasing without inversion in a three-level system of ground, excited and shifted
resonant states, which are coupled to the fundamental field and its high harmonics. The role of
inelastic scattering is studied by simulation of an excited state’s population dynamics. It is shown
that maximal gain is achieved when the energy shift between the excited state and resonant state
is close to the energy of the fundamental photon. To prove the concept we demonstrate the
enhancement of harmonics in the In plasma using different pumps.

Keywords: high harmonic generation, laser–plasma, resonant high harmonic generation, laser
ablation, MCTDHF, ultrashort pulses

(Some figures may appear in colour only in the online journal)

1. Introduction

High harmonic generation (HHG) in the plasma media produced
on the surface of solid targets by laser ablation has been an
important part of studies in laser physics over the last 20 years
due to the potential applications of short-wavelength coherent
radiation in laser holography, lithography, medicine and atto-
physics [1]. The only limiting factor of strong-field HHG is its
low conversion efficiency to harmonics. There are several ways
to increase conversion efficiency (resonance-induced growth of
harmonic yield, application of nanoparticles and clusters as the
nonlinear media, use of quasi-phase-matching concept, etc).
Among them, resonance-induced growth of a single harmonic is
one of the simplest and most successful methods [2, 3]. Since
the first observation of the phenomenon of resonant HHG in
indium (In) plasma [2], some plasma media [3, 4] were identi-
fied for the potential enhancement of the single harmonics due to
their spectral closeness to ionic transitions possessing strong
oscillator strengths.

Analogous attempts for noble gases were reported,
which, however, failed to experimentally demonstrate

resonant HHG, even in cases when such an enhancement was
expected [5–8]. This fact can be attributed to the availability
of a much wider range of target materials for plasma HHG
compared to a few commonly used gases, which increases the
possibility of the resonance of an ionic transition in plasma
media with a harmonic wavelength. However, despite the
broad range of spectral properties of various laser plasmas,
resonant HHG was reported only for a few strong spectral
lines in In, Cr, Mn, Sb and As. The resonant enhancement
factor varied between 2 and 80 for different laser plasmas.
The only difference between the HHG experiments with
noble gases and laser plasmas is the fact that laser plasmas are
usually singly charged at the moment of interaction with a
strong probe pulse, while the noble gases are not. This
motivated us to seek a model which ultimately benefits from a
sufficient degree of ionization of the media.

Although some possibilities of non-resonant HHG in the
intra-atomic dynamics of the electron have been theoretically
predicted [9], the experiments [2–4] have shown that the
return of the electron to the parent particle predicted by the
3-step model [10] is crucial to the existence of resonant HHG.
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As a result, the theories, which do not include the continuum
states [5, 11], cannot explain resonant HHG as a direct lasing
effect.

Many models describe the enhancement of the HHG
yield in the presence of strong intra-atomic resonance as a
consequence of the enhanced probability of the bound–bound
transition [6, 12–15] or multiphoton ionization [16] at con-
ditions of multiphoton resonance. Multiphoton resonant
transitions cannot ensure population inversion, so their impact
on resonant HHG originates from an increased ionization
probability. Multiphoton ionization can indeed take place
even when tunneling ionization is the dominant mechanism.
Although the stability of multiphoton resonance in a strong
laser field is questionable due to AC Stark shift, any growth of
ionization increases the HHG efficiency provided the phase
matching conditions are not modified greatly, so multiphoton
resonances during ionization should not be discarded from
consideration. But the assumption of ionization assisted by
multiphoton resonances as the only source of resonant HHG
enhancement, especially when combined with the single
active electron (SAE) approximation, always predicts the
enhancement of a group of harmonics which has not been
achieved in typical resonant HHG experiments (see for
example [4]).

A semi-classical 4-step model has been suggested [17],
which was able to describe most of the properties of resonant
HHG in SAE approximation. The additional fourth step in
this model is described by cross-section of electron transition
to autoionizing (AI) state. This model gives reasonably good
qualitative estimates of the efficiencies of resonant HHG for
different experimental conditions by substituting experimen-
tally measured decay widths of the resonant levels into a
SAE-based analytical formula to account for many-electron
effects. There are, however, some uncertainties within this
model because SAE approximation does not consider the real
structure and dynamics of the intra-atomic electronic struc-
ture. Namely, the electrons responsible for the resonant
transitions with high oscillator strength definitely belong to
the inner shells of the systems in which resonant HHG was
experimentally demonstrated. These electrons are in general
very unlikely to be ionized directly by tunneling. So the
corresponding excited states are not necessarily the AI states
of the atomic systems, even if the energy of the resonant
transition is close to the ionization energies of the atoms. One
should also take into consideration the dressing of higher
Rydberg states, which may greatly modify the real AI states
of the system.

Another common drawback of all the models of resonant
HHG, which assume the population of certain resonant level,
is the unclear physical nature of the transition of electrons to
the ground state with corresponding emission of coherent
radiation at the frequency of a harmonic. If we consider these
transitions spontaneous due to the finite lifetime of the reso-
nant level or another laser-dressed state, then the coherence
and duration of the resonant radiation will differ greatly
compared to non-resonant harmonics. If the process is con-
sidered a stimulated emission then the absence of population
inversion will lead to a decrease of harmonics near the

resonance due to higher probabilities of stimulated absorption
even when the degeneracy of the resonantly populated state is
high, although the coherence problem of resonant harmonics
will be solved. Experimental confirmation of the existence of
the spontaneous part of resonant harmonics is an important
tool for verification of the proposed approaches. It is still
more favorable to consider depletion of the resonantly
populated level as a lasing without inversion (LWI) process,
which cancels the stimulated absorption cross-section due to
interference of two absorption channels in the presence of two
fields coupled to the corresponding transitions [18].

In this paper, we introduce the model of resonant HHG in
multi-electron systems. Throughout this paper we follow the
theory of resonant elastic scattering in the presence of an
energetically forbidden inelastic scattering channel in the
approximation of strong coupling of two scattering channels.
It will be shown that an inelastic scattering channel cannot be
completely closed and is extremely important for LWI pro-
cesses within resonant HHG. However, the nature of the
approach is similar to the model of channel closing, which has
been successfully applied to studies of anomalous above-
threshold ionization (ATI) spectra near ponderomotively
upshifted Rydberg states [19, 20]. We also experimentally
demonstrate the enhancement of different harmonic orders in
the In plasma using the 806, 1431 and 1521 nm pumps.

2. Theory

Considering the two-particle scattering problem, it is useful
for particle x (electron for HHG processes) and target A
(atomic or ionic core) to denote elastic scattering as

+  + ( )x A x A 1

and inelastic scattering where the target can be either excited
to a bound excited state or a continuum excited state or
ionized as

*+  + ( )x A x A’ . 2

In the approximation of infinitely heavy target A and
neglecting identity of electrons for simplicity, the full
Hamiltonian of the system ( Èx A) can be written as

= + + = +ˆ ˆ ˆ ˆ ˆ ( )H H K V H V , 3A 0

where


m
= - K̂

2

2
2 is the kinetic energy operator of the

particle, x=
ˆ ˆ ( )V V r, is operator of the interaction of the

particle with the target, ĤA is the Hamiltonian of the non-
interacting target satisfying the stationary Schrödinger
equation

x xF = F =ˆ ( ) ( ) ( )H E n; 0, 1, 2, ... 4A n n n

åx xF = F( ) ( )n is the expansion of target’s wavefunction in
the basis of eigenfunctions of a non-interacting target, which
forms a full set

*å
d

x x d x x

áF F ñ =

F F = -
¢ ¢∣

( ) ( ) ( ) ( )’ ’ . 5

n n nn

n n

2

J. Phys. B: At. Mol. Opt. Phys. 50 (2017) 185602 P V Redkin and R A Ganeev



Here x is a set of inner variables of the target. Note that
although the HHG process is non-stationary and highly non-
perturbative, the problem of scattering of electrons with a
given energy on the target can be solved perturbatively as it
contains no expression for the pump field. Note that eigen-
functions actually describe both the bound and continuous
states of the non-interacting target, and these eigenfunctions
in general do not describe any bound states for the interacting
target. The sum sign denotes the summation over the bound
state and integration over continuous states. The cross-section
of inelastic scattering which excites the target into state n is
then given by



s m
p

x x

W
=

´ á F F ñ

ñ ñ
   

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

∣ ( ) ( )∣ ˆ∣ ( ) ( ) ∣
( )
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p

p

k r V k r

d

d 2

exp i exp i .

6

n

n

0

f

i
2

2

i 0 f
2

In the case of n=0, expression (6) gives us the elastic
scattering cross-section. Here indices i and f denote initial
and final parameters of the scattered electron, =


ki

 =
  
/ /p k p,i f f , and according to the energy conservation

law

m m
+ = ( )

p
E

p

2 2
. 7n

f
2

i
2

Where En is the energy of resonant inter–atomic transition,
expression (6) is the correspondence between the inelastic
collision cross-section and the kinetic energy of the electron
accelerated by the laser pump field. The perturbation operator
V̂ is the operator of interaction of the incident electron with
the remaining electrons of the atom

å= = - +
-=

  
 ˆ ˆ ( )
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( )V V r r r

Ze

r

e

r r
; , ... . 8z

j

Z

j
1

2

1

2

Here

r is the radius-vector from the center of the atom to the

incident electron. The second term in this operator assumes
significant influence of electronic correlation on the process
of resonant HHG, as it has been shown by analysis of influ-
ence of precision of representation of electron–electron cor-
relation on resonant HHG in [21]. During the HHG process
one should also consider the time-dependent part

=
 ˆ ( ) ( )V t rE t , this part influences the scattering process only

via the AC Stark shift and does not describe the target–
particle interaction at all. Using (8), one can outline the total
scattering amplitude in the Born approximation as [22]
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Denoting the matrix element by atomic wavefunctions as
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and using the relation
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we get the final cross-section of elastic scattering in the pre-
sence of inelastic scattering and inelastic scattering corre-
spondingly as

s s
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Here
s
W

⎜ ⎟⎛
⎝

⎞
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d

d R

is Rutherford’s formula for the differential

cross-section of electrons on point unit charge,
( )F qe is the

electronic density form-factor and
( )F qn0 is the inelastic

electronic form-factor
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For purposes of resonant HHG, the inelastic electronic form-
factor can be simplified to

å= á ñ
=

  ( ) ∣ ∣ ( )F q iq n r 0 . 16n
j

Z

j0
1

In the case of a linearly polarized field, zero initial electron
velocity and when the magnetic part is not considered, the
accelerated electron is moving one-dimensionally in the
polarization direction of the field. So a change of r to z in this
case is acceptable as a very good approximation, if the z axis
is in the polarization direction of the electric field. In the case
of one-dimensional movement of the scattered electron near
the return to origin, which is a good approximation for single-
color HHG, 


r zj j and taking into account the expression for

the oscillator strength


å åe

= á ñ =∣ ∣ ( )f
m

n z f Z
2
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2

0

one can write the inelastic to elastic cross-section ratio in the
conditions of allowed inelastic cross-section
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Thus, there is a proportionality of excitation of the inner-shell
electron to a higher state by inelastic scattering to oscillator

3

J. Phys. B: At. Mol. Opt. Phys. 50 (2017) 185602 P V Redkin and R A Ganeev



strength of the considered transition. It can also be shown that
optically allowed transitions are excited most strongly in this
process

p p

=  D =
=  D =
= -

⎧
⎨⎪
⎩⎪

( )
L L L L
J J J J

1, ; 0,1;
1, ; 0,1 . 18

n

n

n

0 0

0 0

0

This restriction is much weaker than the restriction of single-
electron-only transitions D =  D = ℓ m1, 0, 1 and actu-
ally allows collective electronic excitations to a metastable
resonant state, which may be a collective excitation of inner-
shell electrons as well and is most likely responsible for
resonant HHG enhancement in C60 fullerene laser plasma
[23, 24]. However, the state ñ∣n should not be able to
experience Auger decay. Transitions responsible for resonant
HHG satisfy these conditions. As was pointed out in [16], the
excited state can in fact be the origin of emission of other
HHG electrons, which then contribute to the harmonics that
are close to the resonant one. However, this effect has not
been confirmed by experiments, so HHG where the origin
state of the accelerated electron is an excited state is not
considered important for resonant HHG in this article. The
relationship of the probability of spontaneous radiative decay
of excited state to coherent HHG photon generation prob-
ability, is determined by Einstein coefficients A21 and B21 and
the intensity of non-resonant harmonics as stimulating emis-
sion. Following [17], the excited state is populated by
inelastic scattering and depopulated via photoionization,
where the photoionization cross-section is close to ω (in au).
As a result, the resonance is in general sufficiently populated.

In the case of proper conditions for resonant HHG
enhancement by stimulated emission being achieved, either
by maintaining population inversion between the excited and
some other lower state or by phasing out stimulated absorp-
tion in the LWI process, the total emitted radiation is given by
relation

ò n r n=
n

n( ) ( )W q B d ; 1921

n
p

n
n n n

=
D

- + D
( )

( )
( )

/
q

1

2 4
. 20lorentz

0
2

lorentz
2

In the case of HHG in laser plasmas with relatively low
density, the collision of particles is not so frequent so we can
consider a variety of relaxation processes. Low-density laser
plasma has a concentration in the range of 1016–1018 cm−3,
while the concentration of air at normal conditions is close to
1018 cm−3. One can safely neglect the recombination of
accelerated electrons on non-parent ions at such conditions. In
addition, the laser–plasma interaction time is too short for the
Doppler effects to manifest. So n n pD » D = /A 2 .lorentz 0 21

Relation (19) also determines the applicability of relation (6)
in [17] due to proportionality to the width of the resonant
level. In addition, if resonant width G in [17] is assumed to be
nD ,lorentz both models would show a cubic dependence.

However, the difference is only visual as the resonant level
presented in [7] has a different meaning of resonance inelastic
cross-section only because the resonant growth of the elastic
cross-section is possible only in conditions where there is no

inelastic scattering. In addition, relation (19) has a very strong
dependence on the correlation between the spectral width of
the corresponding non-resonant harmonic and the transition.

So one should consider the elastic cross-section in the
presence of the inelastic cross-section channel closing

m
<

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )

p
E

2
. 21n

i
2

Separating the contribution of particle and target into the
wavefunction of the scattering system to a finite set of field-
free eigenfunctions gives

åx xY = F
 ( ) ( ) ( ) ( )r u r, , 22

n
n n

where the so-called channel functions satisfy

å- = -
¹

  ( ˆ ) ( ) ( ) ( ) ( )h E u r V r u r , 23n n
m n

nm m

and the operator of the target–particle interaction in the nth
channel is

m
= + +

ˆ ˆ ( ) ( )h
p

E V r
2

. 24n n nn

2

In the approximation of two bound channels (n=1,2)
under the condition leading to equation (19)

= +¥
  

( )∣ ( ) ( )u r f k k
r

e ’,
e

, 25r
kr

kr

1
i

i

u1 is the radial-dependent wavefunction of the free particle
which interacts with the target that is in the ground state,

xñ = F∣ ( )1 1 , and u2 interacts with the target that is in the
bound excited state, xñ = F∣ ( )2 .2 So, equation (25) describes
the process in which the target in its ground state is excited by
the flow of particles from infinity, which have momentum


k .1

In the case when the energy of the scattering system is close
to energy of the resonant transition, that is, to eigenenergy of
the discrete spectrum of the Hamiltonian ĥ2 (24), that is,
j j=l l lĥ E2 and »E E ,m the equation

y j j= +
-
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E E
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1

26

k
m

1 1, 1 12 0 0 21 1
1

can be solved with respect to u ,1 yielding an amplitude of
elastic scattering near resonance as



m
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where


( )f k k,pot is the amplitude of the potential scattering, m
is the electron mass and D is the decay rate
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r ¢( )k is the density of final states, Wd is elementary solid
angle, y + 

 ( )( ) r
k1, 1

is the exact solution of the problem of elastic

scattering in the case influence of all inelastic scattering
channels is neglected, ¢

 ˆ ( )G E r r, ,1 is Green’s function,
which describes movement of particle x in the channel 1
neglecting its connection to other channels, *=

( )V r V12 21

*ò x x x x= á ñ = F F
 ( ) ∣ ˆ∣ ( ) ˆ ( ) ( )r V V r1 2 , d ,1 2 j = =


∣e kr
k0

i
0 is

the bound state of the particle, -E Em is the difference
between the full energy E of the system and the energy Ei of
one of eigenstates of the discrete spectrum of Hamiltonian ĥ .1

¥
( )∣u r r2 is the exponentially decaying wave, which simply

means that for such kinetic energies of the incident particle,
the inelastic scattering can take place only virtually. yn is
determined by the discrete part of spectral representation of
the operator

òå
y y y y

r
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1

1, 1,

It should be noted that processes of excitation to elastic and
inelastic states do not interfere if states En and Em are not the
same states of the target’s Hamiltonian, because of the
channel-closing condition (21). Indeed, the electron can be
trapped in the elastic scattering state due to channel closing
(21) only if its kinetic energy is lower than the energy dif-
ference between the ground state and inelastic scattering state.
The kinetic energy of the electron at the instant of return to its
origin is determined only by the instant of ionization and the
time dependence of pump field. But according to the uncer-
tainty principle D Dt E , so assuming condition »E Em

for (26) one can never tell if the electron participates in elastic
or inelastic scattering when there is no state Em with energy
lower than En. Fortunately, Em can easily be produced by AC
Stark splitting of the considered resonant level of the unper-
turbed target. So the elastic scattering population can be
achieved when there is AC Stark shift in the system. In the
case the population of elastic scattering state L is nonzero
(e.g. due to laser dressing) LWI is possible if the transition
L  ñ∣n is permitted in the presence of the pump field which
is resonant to energy difference between them. Fulfillment of
these conditions can greatly increase the yield of resonant
HHG for higher frequency harmonics. The most important
consequence of equation (27) is that the resonant state can be

split in the presence of a laser field (figure 1), where the
efficient cross-section of the splitting is given by the Fano
equation. It has been stated in [25] that in laser-dressed states
the coherence may be nonzero, and thus LWI can be possible
even in conditions of no optical coherences. So, the obser-
vation of resonant HHG can be considered as the exper-
imental evidence of three-dimensional laser dressing of states.
However, the key feature of the presented model is the pos-
sibility of the population of bound states in the process of
HHG, and this feature had to be demonstrated by computer
simulation. Please note that existence of such excitation in
computer simulation is necessary, but not sufficient to prove
the presented model.

3. Calculations

Quantum mechanical simulation was performed to ensure that
the excited state can in fact be populated in HHG experiments
by inelastic scattering. The main part of any HHG simulation
is the solution of the time-dependent Schrödinger equation
(TDSE). The complexity of wavefunctions for systems with
more than two degrees of freedom was the reason to restrict
most of HHG simulations to SAE problems. Nowadays there
are only two ways to make a TDSE solution feasible for
multi-electron systems, which are based on time-dependent
density functional theory (TDDFT) and multiconfigurational
time-dependent Hartree–Fock (MCTDHF) approaches,
respectively. Although TDDFT calculations are much faster
for large problems, they are not very convenient in the
investigation of the nature of HHG because nothing can be
said about which electrons actually participate in the process.
Additionally, available TDDFT solution packages (Octopus
[26, 27], GPAW [28] ) are restricted to plane-wave basis
functions, which are reliable for most solid-state physics
problems, but not guaranteed to give a proper picture of
ionization. So from here and throughout the article we will be
using the MCTDHF approach, which not only gives a good
combination of exactness of the direct TDSE solution and the
speed of Hartree–Fock (HF) approximation, but also has the
support of the system’s splitting, not included in the HF
approach.

The MCTDHF approach treats the wavefunction of
multi-electronic system as

å å  jY =
k

k
k

= = =
k

( ) ( ) ( ) ( )( )Q Q t A t Q t, ..., , ... ... , , 30f
j

n

j

n

j j

f

j1
1 1 1f

f

f

1

1

1

where Q Q, ..., f1 are the coordinates of electrons, A ...j jf1
is the

antisymmetrized A-vector for all kn time-dependent expansion
functions f k

k

( )
j for every degree of freedom k. Setting kn = n1

describes the direct solution of TDSE and kn =1 simplifies
the wavefunction to ordinary time-dependent HF approx-
imation. For direct observations of collisional excitation of
core electrons we also reduce this representation to that of the
original MCTDHF approach, thus considering the A-vector as
nonsymmetrized and the particles distinguishable, which
modifies the electron–electron scattering cross-section only

Figure 1. Level splitting in a two-channel approximation in the
presence of resonance near channel-closing.
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quantitatively (due to exchange interaction). So this mod-
ification will not destroy the physical meaning of the observed
processes.

The equations of motion in the MCTDHF approach are
derived from the modified variational principle

dá Y - Y ñ = "( ) ( )∣ ( ) ( )t i
t

t t t
d

d
H 0 . 31MCHF MCHF

We also check the choice of basis functions to ensure that the
system actually supports the bound level structure and free
particle movement. For the solution of MCTDHF equations
of motion we use the Heidelberg MCTDH package [29–32],
which has good support for various basis functions in discrete
variable representation (DVR). For the description of the
angular motion of electrons and dependence of pseudopo-
tential on the orbital momentum of electrons, we use
Legendre type DVR (spherical harmonics in the laser polar-
ization plane):

c q q=
+ -

+- + ( ) ( )!
( )!

( ) ( )l l m

l m
P

2 1

2
cos . 32l m l

m
1

For longitude movement of the electron, a careful choice of
basis is required because ground state basis functions, which
can be obtained from molecular geometry programs, have a
good representation of ground-level structure and can give
very good ionization dynamics and cross-sections, but they do
not include support for a particle in free space. It has been
shown in [33] that pseudopotentials not only reduce the
computational effort, but also make plane-wave basis sets
more appropriate for the real systems, so the first evident
choice is the exponential DVR

c p= - -

-

-( ) (∣ ∣) ( ( )
(∣ ∣)) ( )

//x x x j x x

x x

exp 2i

. 33
j max 1 01

1 2
01
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We supposed that the discrete level structure can be better
represented by combining these exponential DVR and
Laguerre (hydrogen-like) basis functions

c = - - -( ) (∣ ∣) ( )! ! ( )
( )

/ //x x x x n n x1 exp 2 .

34
n

1 2
max 2 02

The pseudopotentials for In ionic backgrounds have been
generated by means of the OPIUM pseudopotential generator
[34] for neutral, singly and doubly ionized In. Resonant HHG
in In is attributed to the 4d105s2 1S

0→4d95s25p 1P1 trans-
ition in the In+ ion [2], so only the three-electron system is
sufficient for this simple case, if correct pseudopotentials are
chosen. However, when there are multiple excitations, the
potential changes non-adiabatically, so for example, in the
case of two-particle impact excitation the Hamiltonian will
have the form

=
⎛
⎝⎜

⎞
⎠⎟ˆ ( )H

H
H

H
H

, 3511

21

12

22

where H11 is the neutral potential, H21 and H12 are the
corresponding potentials for the 1st and the 2nd core electrons
removed and H22 is the potential of both core electrons being
excited. The states are electronically coupled to each other.

The resulting HHG spectrum was obtained by Fourier trans-
formation of the induced dipole.

As a driving pulse we used for all calculations the
Gaussian-shaped linearly polarized beam with FWHM of
35 fs and carrier frequency of 0.057 au (λ=800 nm), peak
intensity 5×1014W cm−2 and Gaussian-shaped envelope.
Utilization of angular degrees of freedom for a linearly
polarized pump may seem questionable, but for given pseu-
dopotentials there is support of scattering as well, that is,
change in orbital momentum of every particle may modify its
energy in such a way, that scattering will in fact be more
probable than direct fall in its place, which is achieved by
electronic coupling of the potential energy surfaces with fixed
orbital momentum to each other.

In figure 2 (dashed line), the absorption spectrum of a
given system (In ion, external electron removed, that is, H11

pseudopotential) is presented, which has been obtained by
adding an impulse to every electron in it and letting the
system propagate freely for a long time (35 fs) and taking the
spontaneous emission spectrum afterwards. It is seen that
there are some prominent absorption peaks in the area of the
13th harmonic, which can be predicted from time-indepen-
dent simulations. Then we performed propagation of the
system in a laser field and obtained the corresponding results
for spontaneous emission based estimate of HHG (figure 2,
solid line). The cutoff was observed for the 39th harmonic
and non-resonant harmonics had approximately the same
intensity in the plateau region. It is actually not surprising that
resonant HHG has been observed, although with the intensity
only 10–20 times higher than non-resonant harmonics, which
is less than that obtained from experimental studies [2–4].

To investigate the process further, we monitored the
movement of all particles in the system. Notice that even in
case that they were not treated as antisymmetric, but as dis-
tinguishable, even the particles not influenced by the laser
have in general been transferred to excited potential surfaces.
This evidently means that for some accelerated electron
energy, the system would have less energy when this energy

Figure 2. Absorption spectrum of a singly charged In ion (dashed
line, shifted by 2 units of relative intensity for better visibility) and
resonant HHG spectrum (solid line) of the full system.
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is exchanged during the inelastic collision, that is, collision
excitation is possible, and this excitation also happens
coherently due to short pump pulses.

To check if the population transfer indeed occurs due to
inelastic collision, and not some direct process or radiation-
less electron capture, we compared the possibility of the
second particle occupying the excited state (by analyzing the
indices of product functions from l=2 d-ground state to
l=1 p-state), with the maximum kinetic energy of the
accelerated particle at the instant of recombination derived
from semi-classical assumptions [1]. It is clearly seen that the
population of the excited state has time-dependent peaks
(figure 3) with maximums close to the instants when kinetic
energy at return time is in general very close to that of the
resonant 13th harmonic. In contrast, if resonant HHG would
originate from the accelerated particle itself (direct recombi-
nation or electron capture), these peaks for indistinguishable
particles would correspond to instants when the kinetic
energy at the instant of recombination is equal to the energy
of resonant harmonic minus ionization energy and for dis-
tinguishable particles there should have been no clear
dependence at all. It is seen that only the kinetic energy of the
accelerated particle is transferred for the excitation of another
one, so the collision excitation of inner electrons during
inelastic scattering is possibly the base of resonant HHG. The
population of the excited state also experiences some Rabi-
like oscillations, which can, in principle, show the possibility
LWI processes.

The population in figure 3 is normalized to 13 for better
visibility, and 13 corresponds to the maximum observed

occupation of excited state of approximately 17.5%, which
means that there is no population inversion during the HHG
process, so stimulated emission based enhancement is not
possible. We can deduce then that resonant HHG is also in
general a spontaneous emission.

4. Experiment

To compare the modeling of resonance enhancement with
experiment the following studies were carried out, which
demonstrated the enhancement of different harmonics in the
vicinity of the 4d105s2 1S

0→4d95s25p 1P1 transition in the
In(II) ion (19.92 eV, 62.24 nm). The gf value, the product of
the oscillator strength f of a transition and the statistical
weight g of the lower level, of this transition has been cal-
culated to be gf=1.11 [35], which is more than 12 times
larger than that of any other transition from the ground state
of In II. This transition is energetically close to the 13th
harmonic (hνH13=19.99 eV or λ=62 nm) of 806 nm
radiation, the 23rd harmonic (hνH23=19.93 eV or
λ=62.21 nm) of 1431 nm radiation and the 25th harmonic
(hνH25=20.38 eV or λ=60.84 nm) of 1521 nm radiation,
thereby allowing the resonance-induced enhancement of their
intensity provided the plasma conditions allow maximally
efficient harmonic generation.

The details of the experimental setup are described
elsewhere [36]. Briefly, the experimental setup consisted of a
Ti:sapphire laser, a traveling-wave optical parametric ampli-
fier (OPA) of white-light continuum and a HHG scheme

Figure 3. Time dependence of the electron return energy (black area) and the excited state population (blue line) for 35 fs pulses with
Gaussian envelope; peak intensity: 5×1014 W cm−2. The maximum excited state population reached 17.5% (upper blue line and shifted
upwards by 30 units for better visibility).
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using propagation of the amplified signal pulses from the
OPA through the extended laser-produced plasma (LPP). Part
of the amplified radiation with a pulse energy of 6 mJ was
separated from the whole beam and used as a heating pulse
for homogeneous plasma formation using a 200 mm focal
length cylindrical lens installed in front of the extended
(5 mm) In target placed in the vacuum chamber. We analyzed
the In plasma as the medium for harmonic generation using
the tunable and fixed sources of ultrashort pulses. The
remaining part of the amplified radiation (806 nm, 64 fs) was
delayed with regard to the heating pulse and propagated
through the LPP. Another pump of plasma were the signal
pulses from the OPA. The signal pulses from the OPA
allowed tuning along the 1200–1600 nm. As it was mentioned
above, we used the 1431 and 1521 nm pumps (70 fs). These
driving pulses were focused at a distance of ∼150 μm above
the target surface. The plasma and harmonic emissions were
analyzed using an extreme ultraviolet spectrometer.

Our experiments were carried out using both the single-
color (806 nm) and two-color (1431 nm+715.5 nm,
1521 nm+760.5 nm) pumps of the LPP. The reasons for
using the double-beam configuration to pump the extended
plasma is related to the small energy of the driving mid-
infrared (MIR) signal pulses (<1 mJ). The IH∝λ−5 rule (IH
is the harmonic intensity and λ is the driving field wavelength
[37]) led to a significant decrease of harmonic yield in the
case of longer-wavelength sources compared with the 806 nm
pump and did not allow the observation of strong harmonics
from the single-color MIR (1431 nm or 1521 nm) pulses.
Because of this we used the second-harmonic (H2) generation
of the signal pulse to apply the two-color pump scheme
(MIR+H2) for plasma HHG. A 0.5 mm-thick beta barium
borate crystal was installed inside the vacuum chamber on the
path of focused signal pulse. The conversion efficiency of
715.5 nm and 760.5 nm pulses was ∼15%. The two ortho-
gonally polarized pump pulses were sufficiently overlapped
both temporally and spatially in the extended plasma, which
led to a significant enhancement of odd harmonics, as well as
generation of even harmonics of similar intensity as the
odd ones.

The upper panel of figure 4 shows the plasma emission
spectrum of In plasma at the conditions of ablation, which do
not allow efficient HHG. The harmonics generated in the In
plasma when plasma emission was suppressed due to lower
fluence of heating pulses. The three bottom panels correspond
to the latter conditions. In the case of the 806 nm pump
(second panel from the top), the extremely strong 13th har-
monic (H13) dominated the whole spectrum of emission. This
harmonic was close to the 62.24 nm transition of In(II) shown
as the solid line. H13 was 15 to 40 times stronger than the
neighboring harmonics depending on the plasma formation
conditions.

The use of the two-color pump of MIR pulses (1431 nm+
715.5 nm, third panel from the top) also demonstrated the
enhancement of harmonics in the vicinity of the 62.24 nm
transition of the In ion. One can see the enhancement of
odd and even harmonics close to this wavelength. H23
exactly matched with the above resonance transition and

correspondingly showed the highest yield. In the case of
another two-color pump (1521 nm+760.5 nm, fourth panel
from the top) the optimal conditions of the most efficient con-
version were maintained for the H25.

Thus, the transition of In(II) significantly affected the har-
monic spectrum generating from the In LPP. Notice that the
application of most other targets did not lead to the enhancement
of specific harmonic but rather to the featureless homogeneous
harmonic distribution gradually decreasing up to the cut-off
region. These studies confirmed the earlier reported studies on
the significant influence of some ionic transitions on the har-
monic distribution, which were also observed in the case of Cr,
Mn, Sn and some other plasmas. The enhancement factors of
specific harmonics noticeably depended on the oscillator
strengths of the involved ionic transitions. Note that in some
cases the conditions for resonant recombination were fulfilled for

Figure 4. Plasma and harmonic emission spectra generating in the In
plasma. Upper panel: plasma emission at over-excitation of ablating
target. Second panel: single-color pump (806 nm) of optimally
formed In LPP. Third panel: two-color pump (1431 nm+715.5 nm)
of optimally formed In LPP. Fourth panel: two-color pump
(1521 nm+760.5 nm) of optimally formed In LPP. The two bottom
panels were magnified with the factor of 6× compared with the
second panel due to the notably smaller conversion efficiency in the
case of longer-wavelength pumps. Solid line corresponds to the InII
transition responsible for the enhancement of harmonics. Dotted
lines show the emission lines of In plasma observed in all these
cases.
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more than one harmonic provided two-color fields were used. So
there should not be a single resonance populated during HHG.
Any multiphoton-based resonant excitation cannot explain such
multiple resonant enhancement, while our approach for resonant
HHG excitation by inelastic scattering remains valid as inelastic
scattering channels of different spectral terms (here
4d105sx5py→4d95sx5py+1) can be populated by accelerated
electron with probability proportional to square of oscillator
strength. The radiation of harmonics is also the stimulated
emission as resonant HHG greatly decreased at conditions of
spectral detuning of MIR pulses from resonances. The lifetime
of the resonant state is also much greater than the duration of
both the main pulse and resulting harmonics considering a sig-
nificant spontaneous emission at the harmonic frequency of an
important process. It has been shown both theoretically and
experimentally for In [35], Sn [38], Sb [39], Cr [40] that elec-
tronic transitions from the inner d-subshell to outer p-subshell
(that corresponds to the subshell where the first detached elec-
tron originally resided) of species with different ionization
degrees lie close to each other. Control of degree of ionization of
laser plasma can thus be used to fine-tune the frequencies of
harmonics, which can be resonantly generated. The model
of multi-electron resonant recombination restricts the choice of
spectral transitions, which are promising to resonant HHG to
permit dipole transitions from the inner subshells to the lowest
unoccupied subshell.

Similar results which show resonant enhancement can be
obtained using some fixed model potential e.g. described in
[17]. However, the potential [17] has two major drawbacks,
one resulting from another (1) this is a fitting potential which
has no obvious physical explanation or direct relation to
certain spectral transition lines (2) it cannot be calculated
ab initio or derived from any theoretical assumption or
approximation for a given system, all four parameters can be
fitted only using the experimental data. So, in fact its preci-
sion is a result of fitting to an experiment. The theory pre-
sented in [17] is quite precise and describes many
experimentally observed features of resonant HHG in given
systems which makes it really valuable. But it has little
relation to the described potential barrier. In contrast, the
matrix transition element is a core part of our model. So the
resulting estimates of equation (6) in [17] can be even better
confirmation for our model than for that of the fixed potential.

One should be very careful when speaking of precise
coincidence of theoretical and experimental quantitative
results. There is a problem of reproducibility of probe beam—

experimental results are mostly averaged over shots, while in
theory and calculations the laser beams tend to be perfect
Gaussian beams. There is also a problem of phase matching
which relates to the concentration of laser-ablated plasma
particles. The concentration of laser plasma is in fact very
difficult to calculate. In addition, in most calculations the
ablation beam itself is also not exactly reproducible. Every
theory inflicts additional approximation errors. This all should
be considered when respecting precision of calculation as the
best proof for validity of theory. But the model potential in
[17] has the immense advantage of reducing a multi-electron
problem to a one-electron problem. So better binding of its

parameters to spectral properties of given systems can be
considered promising as well.

As for derivation of equation (6) in [17] one should note
that no relaxation-related process is actually included. In
contrast, the analytical model of equation (6) considers only
some of the population of a reaction channel, and even in [17]
this channel is viewed as an inelastic scattering channel. To
sum it up, our model is in fact supported by the calculations
given in [17], and some possible difference in modeling is not
too important.

5. Conclusions

In conclusion, the 4-step analytical model of resonant
enhancement of HHG was extended to real systems with
resonant transitions of inner-shell electrons. Resonant
enhancement was explained by LWI in a three-level system of
ground, excited and shifted resonant scattering states which
are coupled to the fundamental field and its high harmonics.
The role of inelastic scattering was studied by simulation of
the excited state’s population dynamics. It was shown that
maximal gain is achieved when the energy shift between the
excited state and resonant scattering state is close to the
energy of the photon of the fundamental field. The multi-
electron resonant recombination model assumes excitation of
inner electrons to resonant levels of the system by inelastic
cross-section. Calculations show that the resonant level is
populated in the HHG process by inelastic scattering. A
combination of populated excited state and resonant elastic
scattering state coupled to the main pump can lead to resonant
HHG enhancement by the LWI process. Resonant HHG can
be considered as experimental evidence of three-dimensional
laser dressing of states. We have demonstrated the enhance-
ment of harmonics in the In plasma using different pumps.
Particularly, the 13th, 23rd and 25th harmonics were notably
enhanced compared with the neighboring harmonics using the
806, 1431 and 1521 nm pumps.
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