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Abstract: The authors investigate the control problem for autonomous vehicle with both the uncertain kinematics and dynamics.
The authors propose a triple-step control scheme to realise the objective of the path following irrespective of the uncertain
kinematics and dynamics. The proposed control strategy has the desirable modularisation property that yields an explicit
expression without the expense of complicated control structure. The performance of the proposed controller is shown by
benchmark simulations.

1 Introduction
Mobility is a fundamental desire of mankind. Automobile
production greatly contributes to the quality of life and economic
success, but takes the price of resource consumption, noise and
exhaust pollution, traffic congestion and fatal traffic incidents as a
personal safety risk. Today, the focus of the mobility industry is
partly shifting towards emerging markets of advanced driver
assistance systems [1] and autonomous vehicles [2] for a reduction
of traffic accidents and an increase of mobile efficiency in terms of
energy, time and resources. The history of the autonomous vehicle
can be traced back to its first successful implementations in the
1980s by the pioneer institutions in autonomous vehicle, Carnegie
Mellon University [3]. In recent years, autonomous vehicles have
been a research trend in automotive field. Many notable
automotive companies have been conducting researches and
technology advances in producing smart autonomous vehicles [2].
For practical implementation, the overall autonomous system
should consist of three basic stages and modules which are sensing
and perception, planning and path following control.

The study on the motion control of vehicles with dynamic
parameter uncertainties has a rich achievement (see, e.g. the recent
results in [4–6]) and the employment of advanced control provides
vehicles with an ability of driving tasks under vehicle modelling
uncertainties. The recent advances in several control schemes occur
in autonomous vehicles [7–9] integrate information, sense and
control techniques to benefit the minimisation of risks, the
improvement of mobility and ease of drivers. The control schemes
against dynamic uncertainties, e.g. tyre stiffness and load inertia,
are characterised by the use of robust H∞ control [10–12], sliding
model control [13], non-linear control [14], active disturbance
rejection control [15] and model predictive control [16, 17]. The
prominent part of these control schemes should be the path
following control with adaptivity or robustness against model
uncertainties.

At the present stage, one may say that the control issues of
autonomous vehicles under model uncertainties are fully
addressed, as can be seen in the above-mentioned results; however,
it remains unclear about the performance of the non-linear vehicle
dynamics in the sense that some control issues regarding the
tracking accuracy and transient response are not adequately
studied. In addition, the issues concerning the application to path
following with a non-linear coordinated longitudinal and lateral
controller are seldom addressed, especially in the presence of
kinematic uncertainty. In fact, the performance of the rapidly

developing vision system for automotive applications, as stated in
[18–20], is not desirable when key parameters in the camera's
calibration drift with the change of vehicle's movements (such as
road gradient, suspension height, lateral oscillation). The uncertain
measurement on the vehicle longitudinal velocity was considered
by [21, 22] and then a gain-scheduling state estimation and/or fault
detection scheme was proposed based on the uncertain parameter-
varying model. One commonly adopted control approach is the
robust H∞ control [10] for the problem of path following, which
can regulate the controlled outputs robust against the uncertainties
of the tyre cornering stiffness and the road curvature. However, it
seems much more conservative than non-linear control, and the
gain selection is for the worst case.

It is well known that the performance of a strict-feedback non-
linear system is ensured by appropriately constructing the
controller of integrator back-stepping. For automotive vehicle
systems, this is almost not achievable except for the known
parameter case. In [14], a non-linear coordinated steering and
braking controller was applied for the emergency obstacle
avoidance of vision-based autonomous vehicles. Nevertheless, the
issue about model uncertainties is absent, and the design procedure
of the back-stepping controller may seem too complicated for
calibration engineers. From the viewpoint of application, the triple-
step non-linear control technique was recently developed in
automobile control systems [23–25]. The procedure from the
control-oriented model to the final implementation of a triple-step
controller mainly consists of three design steps: (a) steady-state
control, (b) reference variation-based feed-forward control, and (c)
tracking error feedback control. This standard idea helps
application engineers to select and calibrate a non-linear proportion
integration differentiation (PID) controller with the state-dependent
parameters. However, it is unclear how to ensure the performance
of the vehicle system under both the kinematic and dynamic
uncertainties. There is also some work addressing the disturbance
rejection problem in the triple-step control (TSC) framework [26]
for motors, yet the method cannot expand to the path following
problem of autonomous vehicles.

In this study, we propose a modified TSC approach to resolve
the path following problem of autonomous vehicles with both
uncertain kinematics and dynamics, and the proposed approach
addresses both the issue of the system performance and that of
engineering applications. A novel controller design scheme is
proposed, and it is shown to have the modularisation property, in
which the reference generator, adaptive update laws and triple-step
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controller are designed independently. The superior/desirable
properties of the proposed approach are summarised as follows:

• The design procedure is engineering-oriented, which helps
engineers to calibrate a non-linear PID controller with the state-
dependent parameters. In practice, this possibility of introducing
the modular design methodology of a control loop in the early
project phase is very important and valuable for application.
• The proposed controller with appropriate adaptive update laws
strengthens the closed-loop system, by which the existing TSC
scheme [23] is capable of handling both mulitple input multiple
output (MIMO) and model uncertainties, without the expense of
conservative gain selection.
• It realises the separation design of the kinematic and dynamic
loops such that the adaptive law has explicit physical features with
plug-and-play ability. The number of parameter estimates is equal
to the number of unknown parameters.

The paper is organised as follows. The modelling of path
following and vehicle dynamics is presented in Section 2. Section 3
presents the proposed control scheme. The stability, robustness and
tracking performance of the controller are verified. Then in Section
4, the results of the simulation tests performed to validate the path
following control performance are presented.

2 Autonomous vehicle modelling
2.1 Vehicle kinematics

Three coordinate systems are usually used to model the path
following kinematics of ground vehicles, i.e. the inertial fixed
reference coordinate, the path coordinate reference frame, and the
body-fixed reference frame.

The vehicle kinematics are shown Fig. 1, where ye denotes the
lateral offset from the preview vehicle centre of gravity P2 to the
straightforward point P3 on the desired path, and the symbol φe is
defined as the angular error between the actual heading angle φ and
the desired heading angle φd. Note that φe = φd − φ and φ̇ = Ωz
with Ωz being the yaw rate of vehicle. Furthermore, the
longitudinal and lateral velocities of vehicle are denoted as Vx and
Vy of point P1, respectively. σ > 0 denotes the path coordinate (arc-
length) of point P3 along the path from an initial position and KL
represents the curvature of the desired path at the point P3. 

By means of Serret–Frenet equation [27], the path following
kinematics of vehicle can be modelled as follows:

φ̇e = VxKL − Ωz,
ẏe = Vxsin φe − Vycos φe − DLΩz, (1)

where DL denotes a look-ahead distance. Note that the
measurement values of the lateral offset ye and the angular error φe
can be similar obtained from the vision-based servo system [28].
To facilitate the controller design, the above equation can be
rewritten as

φ̇e = KLVx − Ωz,
ẏe = Vxφe − Vy − DL, Ωz + d1

(2)

where d1 = Vx(sin φe − φe) + Vy(1 − cos φe).

2.2 Vehicle dynamics

A vehicle model is described as follows. By discounting vertical,
roll, and pitch motion, approximating the lateral tyre force as a
linear model with respect to the sideslip angle, and ignoring the
effect of suspension on the tyre axles, the model used for controller
design with three degrees of freedom can be described in terms of
dynamics on longitudinal velocity, lateral velocity and yaw rate,
e.g.

V̇ x = VyΩz + θ1Vx
2 + θ6u1 + d2,

V̇ y = θ2
Vy
Vx

− VxΩz + θ3
Ωz
Vx

+ θ7u2 + d3,

Ω̇z = θ4
Vy
Vx

+ θ5
Ωz
Vx

+ θ8u2 + d4,
(3)

where u = [u1, u2]T describes the driving and/or braking torque
u1 = Td and the controlled front wheel steering angle u2 = δf,
respectively. The lumped parameters in (3) are described as
θ1 = − Ca/M, θ2 = − (Cf + Cr)/M, θ3 = (Crlr | − Cflf)/M,
θ4 = (Crlr − Cflf)/Iz, θ5 = − (Cflf2 + Crlr2)/Iz, θ6 = 1/MRe, θ7 = Cf /M
and θ8 = Cflf /Iz, where M is the mass of the vehicle, Iz is the
vehicle yaw inertia, Ca is the aerodynamic drag term. lf and lr are
the distances of the front and rear axles from the centre of gravity
(CG), respectively. Cf and Cr are the cornering stiffness of the front
and rear tyres, respectively. d2, d3 and d4 denote the external
disturbances caused by un-modelled dynamics.

2.3 Model uncertainties

One source of dynamics uncertainties results from the change of
road conditions and vehicle states. The vehicle mass M may change
due to the payload change. According to [29], the moment of
inertia is proportional to the mass, thus the uncertain moment of
inertia should be considered.

Another kind of significant dynamics uncertainty derives from
vehicle tyres. Normally, the tyre-cornering stiffness is treated as a
known constant parameter to facilitate the controller design.
Nevertheless, it should be important to note that the tyre-cornering
stiffness can be affected by many factors such as the normal
vertical force, slip angle [6, 10]. For a trade-off between modelling
complexity and control flexibility, we are going to give the nominal
value of the tyre-cornering stiffness and deal with its uncertainty by
adaptive techniques.

Different from dynamics, the uncertainties in the vehicle
kinematics mainly come from the visual servo system. As
discussed in [18, 28], even though the camera parameters are
obtained precisely, the real preview distance DL may drift with the
change of extrinsic parameters. Taking an example illustrated in
Fig. 2, assume that the body-fixed reference frame and the camera-
fixed reference frame share the common origin and Y-axis, but
have different X-axis and Z-axis. Note that the nominal preview
distance DL0 is measured by the central line of the field of view
(the dotted line), i.e. DL0 = hcot α where α and h are the camera-
fixed angular and height, respectively. However, due to the overlap
of the uneven road, the measured preview distance turns to DL. In
general, there exist more knowledge on the dynamic calibration of
on-board camera parameters [18, 28]. From the control viewpoint,
a kinematics uncertainty in DL can be used to describe this problem
alternatively. 

3 TSC scheme
In this section, we investigate the triple-step controller design for
path following of autonomous vehicles given by (2) and (3). The
control objective is to ensure the robustly asymptotic convergence

Fig. 1  Schematic diagram of path following model
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of the longitudinal and lateral tracking errors, i.e. Vx − Vrx → 0 and
ye → 0 as the desired KL trajectory, d ∈ ℋ2 ∩ ℋ∞ and t → ∞,
where Vrx denotes the desired longitudinal velocity trajectory.

3.1 Reference generator

The main idea of the triple-step method can be demonstrated by
considering a class of single input single output systems in control
input and control output. However, the input–output formulation
may be unacceptable for a kind of MIMO case with different
orders, especially for the path following control, in which one faces
both the second-order lateral equation and the first-order
longitudinal equation. To solve this problem, we are going to
design a synthetic reference Vrs for MIMO triple-step non-linear
controller design.

Notice that the lateral goal of path following is to set ye to be
zero. So the first error e1 is defined from the lateral error as e1 = ye.
Considering the kinematics uncertainty, we choose the integral
Lyapunov function as

V1 = 1
2 e1

2 + k01 χ1
2 + 1

2κ0
D
~

L
2

(4)

with χ1 = ∫ e1dt, k01 > 0 and D
~

L = DL − D^
L, and the time derivative

of V1 can be easily calculated as

V̇1 = e1 Vxφe − Vy − D^
LΩz + d1 + k01 χ1

− 1
κ0

D
~

L κ0e1Ωz − D^̇
L

(5)

To eliminate D
~

L from V̇1, the update law is selected as

D^̇
L = κ0ProjDL e1Ωz , (6)

where Proja(b) is the parameter projection to the variable a such
that {b = bmax, b > 0} or {b = bmin, b < 0} → Proja(b) = 0, or
Proja(b) = b otherwise.

In (5), we denote the term Vs = Vxφe − D^
LΩz as the virtual

control variable, whose dynamics can be calculated as

V̇s = V̇ xφe + Vxφ̇e − D^
LΩ̇z − D^̇

LΩz

= VyΩz + θ1Vx
2 + θ6u1 + d2 φe + Vxφ̇e

−D^
L θ4

Vy
Vx

+ θ5
Ωz
Vx

+ θ8u2 + d4 − κ0e1Ωz
2

= ℱ2 + G2u1 + G3u2 + d5,

(7)

where

d5 = φed2 − D^
Ld4, G2 = θ6φe, G3 = − θ8D

^
L

ℱ2 = (VyΩz + θ1Vx
2)φe + Vxφ̇e − D^

L θ4Vy/Vx + θ5Ωz/Vx − κ0e1Ωz
2

Note that the condition for which e1 tends to zero is that
V̇1 = − k1e1

2 < 0 with k1 > 0. Thus, the desired reference Vrs can be
determined by

Vrs = − k1e1 − k01 χ1 + Vy (8)

Denote e3 = Vrs − Vs and the error dynamics of e1 is governed by

ė1 = Vs − Vy − D
~

LΩz + d1

= − k1e1 − k01 χ1 − e3 − D
~

LΩz + d1
(9)

It should be emphasised that Vrs in (8) and Vrx formulate the output
vector of the reference generator module to the following control
module.

3.2 Triple-step controller

The TSC law mainly consists of the following three design
procedures.

Step 1: steady-state control. Inspired by the look-up table-based
control law that is widely used in automotive engineering, the
alternative steady-state control is developed as us while retaining
the basic function of the conventional look-up tables. For a steady-
state control without disturbance, all the transient dynamics take
V̇ x = 0 and V̇s = 0, respectively, which leads to

0 = ℱ1 + G1u1 (10a)

0 = ℱ2 + G2u1 + G3u2 (10b)

with ℱ1 = VyΩz + θ1Vx
2 and G1 = θ6. Since θ are replaced by the

estimates θ
^
, the steady output-feedback control is obtained as

us =
us1

us2
= − G^

1 0
G^

2 G^
3

−1
ℱ^

1

ℱ^
2

(11)

where ℱ^
1 = ℱ1 |θ = θ^, ℱ^

2 = ℱ2 |θ = θ^, G^
1 = θ

^
6, G^

2 = θ
^

6φe and
G^

3 = − θ
^

8D
^

L.
Step 2: reference variation-based feed-forward control.

Retaining the steady-state control, we augment the control as
u = us + uf. Since it is necessary for a fast transient response, by
enforcing V̇ x = V̇ rx and V̇s = V̇ rs, the control uf is thus derived as

uf =
uf1

uf2
= G^

1 0
G^

2 G^
3

−1
V̇ rx

V̇ rs
(12)

Step 3: tracking error feedback control. Following steps 1 and
2, it is direct to impose the path following by completing the
control law

u = us + uf + ue (13)

with a feedback control law ue. Define the tracking errors as
e2 = Vrx − Vx and e3 = Vrs − Vs. To the objective of path following,
one can choose a non-linear Proportional–integral feedback control
as

ue =
ue1

ue2
= G^

1 0
G^

2 G^
3

−1
k2e2 + k02 χ2

−e1 + k3e3
(14)

with χ2 = ∫ e2 dt, k2, k3, k02 > 0. Then substituting the control law
(11), (12) and (14) in the dynamical model on e2 and e3 leads to

ė2

ė3
= ℰ1

ℰ2
+ ℱ~ 1

ℱ~ 2

+ G~ 1 0
G~ 2 G~ 3

u1

u2
(15)

where

ℰ1 = − k2e2 − k02 χ2 − d2

ℰ2 = − k3e3 + e1 − d5

Fig. 2  Schematic of visual servo system
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ℱ~ 1 = ℱ1 − ℱ^
1 = θ

~
1Vx

2

ℱ~ 2 = ℱ2 − ℱ^
2 = θ

~
1Vx

2φe − D^
Lθ

~
4(

Vy
Vx

) − D^
Lθ

~
5

G~ 1 = G1 − G^
1 = θ

~
6

G~ 2 = G2 − G^
2 = θ

~
6φe

G~ 3 = G3 − G^
3 = − θ

~
8D

^
L

with θ
~

i = θ − θ
^
.

To eliminate the above parameter errors, the dynamics update
laws are given as follows:

θ
^̇

1 = − κ1Projθ1 Vx
2 e2 + φee3

θ
^̇

4 = κ4Projθ4 D^
L

Vy
Vx

e3

θ
^̇

5 = κ5Projθ5 D^
L

Ωz
Vx

e3

θ
^̇

6 = − κ6Projθ6 u1 e2 + φee3

θ
^̇

8 = κ8Projθ8 D^
Lu2e3

(16)

3.3 Stability analysis

In the following theorem, the adaptive triple-step non-linear control
scheme is developed for the path following purpose when both the
kinematics item DL and the dynamics item θ exhibit uncertainties.
 
Theorem 1: Consider the system given by (2) and (3). Select the
TSC law (13) with the reference generator (8) as well as the
kinematics update law of (6) and the dynamics update law of (16).
Select ki satisfying the conditions:

ki = 1
2 λi + 1

γ2 , λi > 0, γ > 0, i = 1, 2, 3 (17)

Then the closed-loop system satisfies:

(a) For any initial value the following quadratic performance
criterion is achieved:

∫
0

∞
∥ e ∥Q

2 dt ≤ ∥ e(0) ∥Q
2 + ∥ θ

~(0) ∥K
2 + γ2∫

0

∞
∥ d ∥2 dt

(18)

with

K = diag([κ0, κ1, κ4, κ5, κ6, κ8]), J = {1, 4, 5, 6, 8}

Q = diag([λ1, λ2, λ3]), θT = [DL, θ1, θ4, θ5, θ6, θ8]

.
(b) If the disturbance is square-integrable and bounded, i.e.
d ∈ ℒ2[0, ∞) ∩ ℒ∞[0, ∞), then limt → ∞ e(t) = 0.

 
Proof: Choose the Lyapunov function candidate as

V = ∑
i = 1

3 1
2ei

2 + ∑
i = 1

2 k0i
2 χi

2 + 1
2κ0

D
~

L
2 + ∑

j ∈ J

1
2κ j

θ
~

j
2

(19)

Taking the time derivative of V along the error dynamics (15), (6)
and (16) and cancelling integral and unknown parameter terms, we
have

V̇ = e1 −k1e1 − k01 χ1 − e3 − D
~

LΩz + d1

+e2 −k2e2 − k02 χ2 − d2 + ℱ~ 1 + G~ 1u1

+e3 −k3e3 + e1 − d5 + ℱ~ 2 + G~ 2u1 + G~ 3u2

+k01e1 χ1 + k02e2 χ2 + D
~

Le1Ωz

−θ
~

1Vx
2 e2 + φee3 − θ

~
4D

^
L

Vy
Vx

e3

−θ
~

5D
^

L
Ωz
Vx

e3 − θ
~

6u1 e2 + φee3 − θ
~

8D
^

Lu2e3

= −e1 k1e1 + e3 + d1 − e2 k2e2 + d2

−e3 k3e3 − e1 + d5

= − 1
2eTQe − ∑

i = 1

2 1
2

1
γ ei + γdi

2

− 1
2

1
γ e3 + γd5

2

+ 1
2γ2 d1

2 + d2
2 + d5

2

≤ − 1
2eTQe + 1

2γ2dTd

(20)

Integrating the above inequality from t = 0 to ∞ leads to (18), and
if d ∈ ℒ2[0, ∞) ∩ ℒ∞[0, ∞), using the Barbalat's lemma, then the
performance of robustly asymptotically tracking holds. Thereby,
the proof is completed. □

By combining the reference generator (8) with the control law
in (13) and the update laws (6), (16), the adaptive triple-step
coordinated control scheme for path following of autonomous
vehicles can be realised as shown in Fig. 3. 

 
Remark 1: Except the steady-state control us concerning the

state-dependent steady compensation, the feedback control ue
embodies the proportional and integral items, while the feed-
forward control uf involves the derivative items ė1. Hence, the
derived TSC law is consistent with the form of PID control in
which the control gains are state-dependent. The obtained control
law presents a controller structure which is simple and intuitive. It

Fig. 3  Proposed adaptive TSC system for path following of autonomous vehicles
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is worth mentioning that the proposed control law not only inherits
the merits of the conventional triple-step non-linear method [23],
but also provides the adaptability and a quantified guideline for

tuning feedback parameter ki, which guarantees the H∞ tracking
offset for arbitrary bounded disturbances.

 
Remark 2: In the proposed scheme, the TSC for non-linear

systems can be generalised to integrator MIMO systems. Thanks to
the use of a reference generator, the issue of exploitation of the
terms for high-order non-linear systems is avoided in the triple-step
design procedure. Besides, the proposed adaptive controller
achieves separation by using a feedback of the virtual control
variable Vs with the estimate D^

L. Due to this, the adaptive update
law for dynamics parameters θ j is applicable without the real DL
and the number of parameter estimates is minimised to the number
of unknown parameters. It should be mentioned that the control
law in Theorem 1 can only guarantee the convergence of tracking
error, while the parameter convergence may be not available
because the persistent excitation does not often hold in the closed-
loop operation.

4 Benchmark simulations
The control performance is tested with two-lane change
manoeuvers and one J-turn manoeuver via benchmark simulation
using a high-fidelity full-vehicle model constructed in VeDYNA®

and Matlab/Simulink. Those vehicle longitudinal forces, tyre
lateral forces and aligning moments as the functions of the slip
angle and longitudinal slip ratio are generated by the UniTire
model, where tyre normal loads are calculated from the total mass
of tyre, wheel and vehicle acceleration. Representative model
parameters are shown in Table 1. 

To improve the validation of simulation, both measurement
noise and actuator dynamics are considered. First, the measured
yaw rate, lateral and longitudinal speeds are assumed to be
contaminated with noise (S/N = 10). Second, we assume that there
is the torque controller for each actuator and the ideal close-loop
system is simplified as Td = 1/(τs + 1)Tc, where τ = 0.01 is the
closed-loop response time, which is a control characteristic of the
controller, and Tc is drive torque command. Consequently, the
gains for the lane change simulation are selected as k1 = 20,
k01 = 50, k2 = 10, k02 = 10 and k3 = 15.

4.1 Single-lane change manoeuver

In the single-lane change manoeuver, the vehicle is made to
complete a large lane-change manoeuver with a desired
longitudinal load on a high adherence road with μ = 0.8. To
demonstrate the simultaneous longitudinal and lateral manoeuver
with kinematic uncertainty, the look-ahead distance, the reference
speed and the real look-ahead distance are presented in Fig. 4. The
initial lateral and velocity errors are set to 0.3 m and 3.6km/h,
respectively. 

Fig. 5 reveals the response result of the lateral error, it can be
seen that the maximum steady-state error of the proposed control
system is bounded to ±0.03 m, which occurs in the largest
curvature of −0.0029 m−1 and the largest look-ahead distance of 12 
m. Besides, the longitudinal speed error trajectory is shown in Fig.
6, it is clear that the response of the longitudinal velocity basically
coincided with the desired values. 

The results of the corresponding driving torque and front wheel
steering angle are shown in Fig. 7. From these trajectories, one can
see that the system inputs are maintained in reasonable regions.
The global trajectory of the path following is shown in Fig. 8. It is
found that the lane change manoeuver of path following is fulfilled
satisfactorily, and thus the good performance of the proposed
adaptive triple-step controller in the presence of uncertain
kinematics and dynamics can be verified. 

4.2 Quantitative analysis in other manoeuvers

In the following simulation cases, the vehicle is made to complete
a double-lane change manoeuver and a J-turn manoeuver,
respectively. The double-lane change test consists of an entry and
an exit lane with a length of 12 m and a side lane with a length of

Table 1 Vehicle parameters used in the simulation
Symbol Description Values (units)
M nominal vehicle mass 1360 kg
Iz nominal inertia moment of vehicle on yaw

rate
1993 kg m2

lf distance of CG from front axle 1.45 m
lr distance of CG from rear axle 1.06 m
Ca aerodynamic drag coefficient 0.5 N s2/m2

Re tyre effective rolling radius 0.33 m
Cf front cornering stiffness 151 kN/rad
Cr rear cornering stiffness 146 kN/rad
μ tyre–road friction coefficient 0.8
DL nominal look-ahead distance 10 m
 

Fig. 4  Reference path and DL
 

Fig. 5  Lateral errors
 

Fig. 6  Longitudinal speed errors
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11 m. The width of the entry and side lane is dependent on the
width of the vehicle, the width of the exit lane is constantly 3 m
wide. The velocity reference is increased gradually from 118 up to
125 km/h at 5 s, and then decreased linearly to 114 km/h. The
curvature for path following is calculated from the ratio between
the experiential yaw rate and the velocity reference. The J-turn
manoeuver considers a step curvature input with the amplitude
0.007 m−1 that is made rapidly to maximumly excite the dynamics
of the vehicle. The velocity reference is set as a sine signal with
bias 72 km/h, amplitude 11 km/h and frequency 0.25π rad/s. The
look-ahead distance changes from 10 to 5 m.

To quantitative analysis, the results are further compared with
the uncoordinated longitudinal and lateral control (ULLC) [9] and
the coordinated robust feedback control (CRFC) [10]. In assessing
the performance of these three schemes, two important criteria
should be considered, i.e. the maximum error absolute (PM) and the
satisfactorily accomplished missions (PS)

PM, i = sup
t ∈ [0, Ttotal]

|ei(t) | , PS, i = Tsat, i i = X, Y

with respect to the double-lane change and J-turn manoeuvers.
These two indices quantitatively state how efficient the

controller is. According to simulation tests, the total time period
Ttotal is 14 s. Tsat denotes the sum of the time period during which
the lateral tracking accuracy is within 0.02 m, and its longitudinal
tracking error is within 0.5 km/h. Tsat is very crucial and is to be
maximised so that the performance of tracking accuracy and
transient response can be evaluated. The larger Tsat is, the better
dynamics performance can be indicated. In addition, the larger PM, i
is, the worse performance caused by uncertainties and abrupt
distances is able to be evaluated during the path following control.

In the absence of initial state errors, the corresponding
performance of index PM and that of PS are shown in Figs. 9 and
10. The following remarks are found.

(1) Although ULLC in the double-lane change can achieve similar
values PM (as shown in Figs. 9a and c) as TSC by tuning the gains
of ULLC. The index value PS that was obtained from the ULLC is
smaller than that from TSC. As depicted in Fig. 10, both
performance indices of TSC are apparently better than those of
ULLC in the J-turn manoeuver. This is because, although ULLC is
able to handle vehicle non-linear dynamics and external
disturbances, it is actually an uncoordinated control scheme, in
which the coupled effects between the longitudinal and lateral
dynamics are neglected. Hence, the performance of ULLC would
be degraded. On the other hand, due to the integration of the triple-
step non-linear coordinated control scheme and the adaptive update
laws for both the uncertain kinematics and dynamics, TSC can
have a better stability, robustness and disturbance attenuation. As
shown in Figs. 9 and 10, the index values PS are more or less the
entire time period of manoeuvers. 
(2) Since CRFC is only able to solve the path following problem of
the autonomous vehicle subject to polyhedral hypothesis, the
longitudinal speed, the yaw rate and the path curvature should be
limited in the range. As a result, if there occurs some abnormal
conditions, e.g. emergency obstacle avoidance, such that the
hypothesis is invalid, CRFC may result in no feasible solution,
unexpected performance and even instability. Additionally, as
shown in Figs. 9 and 10, all values of indices PM and PS are much
weaker than those of TSC. Two reasons are explained as follows.
First, CRFC is a robust control scheme, hence, its controller has
certain conservativeness and only the worst case is considered.
Second, the information of feed-forward (reference generator) is
not made use of so that the performance of dynamic path tracking
is much weaker than that of the proposed TSC and ULLC. That can
be verified by the results in Figs. 9 and 10.
(3) In the presence of kinematics uncertainty, TSC has better
performance than both ULLC and CRFC. One of important reasons
is that TSC is able to handle the changed look-ahead distance,
whose essence is to control vehicles with unknown visual servo
parameters. One of the improvements to be achieved with TSC

Fig. 7  Powertrain torque and steering angle trajectories
 

Fig. 8  Global trajectory
 

Fig. 9  Indices PM and PS in the double-lane change manoeuver
 

Fig. 10  Indices PM and PS in the J-turn manoeuver
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design in this study is the reduction of the dynamic order of the
adaptive update law to its minimum. The minimum-order design is
advantageous not only for implementation, but also because it
guarantees the strongest achievable stability and convergence
properties.
(4) Due to the robustness for the uncertainties of actuator gains,
TSC can be easily extended to the issue of passive fault-tolerant
control that provides emergency steering and driving control
against those mild faults of in-wheel motors and/or active steering
system.

Based on the above comparisons and analysis, it is seen that the
proposed control approach provides better performance than the
controllers presented in [9, 10]. It also means that our proposed
control scheme can be appealing to realise the path following
control of autonomous vehicles with uncertain kinematics and
dynamics.

5 Conclusion
We have considered the control problem of path following for
autonomous vehicles subject to both the kinematic and dynamic
uncertainties. We have proposed a novel control scheme that
integrates a reference generator, a triple-step controller and on-line
updating laws. The performance is then shown to be conveniently
ensured in the sense of modularisation design, with essentially the
adaptive MIMO modification of the control law as in [23]. The
proposed control scheme introduces the concept of TSC with a
minimum number of parameter estimates can be considered as a
qualified (or perhaps superior) alternative to the existing path
following results.
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