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ABSTRACT
Incoherent beam combining (ICBC) is a promising technique that can increase the total power of the 
lasers without decreasing the beam quality. Fast steering mirror (FSM) can be used in ICBC system 
to overlap the laser beams as well as suppress the jitter of the platform and the tip-tilt component 
of the turbulence. In this paper, a method using FSMs for incoherent beam combining is proposed 
and the relationship between the emergent light and the control voltages is derived, then the 
stochastic parallel gradient descent algorithm is adopted to calculate the optimal control voltages 
applied to the FSMs. A series of simulations combining two laser beams are carried on under static 
and dynamic turbulence. In order to verify the feasibility of this scheme, the dynamic turbulence 
is simulated under the hypothesis of Taylor’s frozen turbulence. The results of simulations show 
that the turbulence would severely degrade the result of combining and the correction process 
would resist the influence and assure the evaluation function can reach the ideal situation at last. 
The model of the scheme used in this paper can be easily utilized for arbitrary amount of the lasers.
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1.  Introduction

Near-diffraction-limited beam quality is one of the most 
important characters of the laser in many fields such 
as national defence and industry. However, it has been 
proved that the output power and the beam quality are 
conflicted with each other, which means that it is impos-
sible to increase the output power of a single fibre laser 
without decreasing the beam quality. Beam combining is 
one of the techniques proposed to mitigate such contradic-
tion. Beam combining can be divided into coherent beam 
combing (CBC) and incoherent beam combining (ICBC); 
the primary difference between CBC and ICBC is whether 
there is an additional process for the precise phase locking 
of each laser. Owing to its advantages like compactness, 
robustness, high efficiency, lower maintenance and longer 
operating time compared to CBC, ICBC has received many 
attentions since it was proposed in the first place (1). A 
large number of methods for beam steering and combining 
have been proposed such as the adaptive fibre optics colli-
mators (2, 3), active segmented mirror (4), diffraction grat-
ings (5) and FSM (1). Among all of these methods, FSM is 
a promising instrument for beam overlapping and steering. 
The objective of ICBC technique is to achieve high output 
power, but almost all of the instruments mentioned above 
can’t work regularly in the high power situation except 
FSM, besides, FSM also has advantages like rapid response 

speed and large operating frequency that are suited in the 
situation of real-time correction (6).

A position sensitive device (PSD) usually works with 
FSM to provide feedback signals through detecting posi-
tion of light spot. However, a PSD is not available in 
the far-field applications, besides the light spots would 
be blurred and mixed due to atmospheric turbulence in 
which the tip-tilt component is more than 80% of the total 
aberrations according to the research of Noll (7). In this 
situation, the stochastic parallel gradient descent (SPGD) 
algorithm can be applied to calculate the proper control 
voltages of the FSMs for the correction process. SPGD 
algorithm, first used in beam correction by Vorontsov in 
1997, has achieved great success because it can quickly 
find an extremum value for a system by adjusting control 
variables automatically (8). Compared to other algorithm 
that can be used for such situation like the genetic algo-
rithm or the simulated annealing algorithm, the SPGD 
algorithm has proven to be much more efficient. In this 
paper, we propose a scheme in which feedback signals are 
acquired by detecting the distribution of the intensity in 
the target plane and then the SPGD algorithm is imple-
mented to optimize the control voltages of the FSMs, thus 
generating ideal positions of the FSMs that can overlap the 
light spots appropriately and correct the majority tip-tilt 
aberrations of the atmospheric turbulence.
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Let γ be the gain coefficient, when the value of γ is well set, 
the amplitude of the gradient can be expressed as δFδxi . 
Then the control variables can be updated along the direc-
tion of the gradient

 

where γ > 0 for the maximum of the function and γ < 0 for 
the minimum of the function, n is the iterative number. 
As the iterative number n increases, the maximum (or the 
minimum) of the function can be found at certain point 
(x1

n, x2
n,…,xN

n) .

2.2.  Model for ICBC using FSMs

The geographical distribution of two FSMs is showed in 
Figure 1. The radius of the FSM is assumed to be r and A, 
B, C, D represent the positions of four actuators of FSM1 
(E, F, G, H are positions of actuators of FSM2). The coor-
dinates of the eight actuators in the coordinate system 
showed in Figure 1. can be written as:

A (1.464r, 0); B (r, 0.464r); C (0.536r, 0); D (r, −0.464r)
E (−0.536r, 0); F (−r, 0.464r); G (−1.464r, 0);  

H (−r, −0.464r)
The mirror is assumed to be rigid, each FSM can be 

driven using only two voltages Vx and Vy. Let s0 repre-
sents the length change of the actuator change when 1 
unit voltage is applied. The change of the mirror in the x 
and y direction can be expressed as:

 

The total change in the mirror can be then expressed as 
the sum of zx and zy,

 

Considering one FSM, we set the coordinate system 
in the centre of the FSM, all of the control voltages are 
zero, the incident wavefront takes the form of Gauss beam, 
which is

 

The reflected wavefront can be written as
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To simplify the problem, we use two FSMs and two 
lasers for ICBC, but this model can be generalized for arbi-
trary lasers to be combined. The paper is organized as fol-
lows, Section 1 is the introduction to the background and 
the scheme used in our work; Section 2 is a brief review of 
the SPGD algorithm and the model we mentioned earlier; 
in Section 3, the simulation is carried on when there is no 
turbulence and static turbulence and the result is analysed; 
Section 4 brings out the simulation under dynamic tur-
bulence and the result is compared with the one we got in 
Section 3; in Section 5, the conclusion is made.

2.  Model using FSMs

2.1.  Brief review of SPGD algorithm

The SPGD algorithm is derived by proposing a parallel 
method to estimate gradient of the function to calculate 
the extremum based on conventional gradient descent 
algorithm. Assume that the function can be written as: 
F  =  F(x1,x2,…,xN), the maximum or the minimum can 
be reached when the variables change along the direc-
tion of the gradient. Unfortunately, not all functions 
have the analytical form, so the numerical method must 
be adopted to solve problems like that. The sequential 
perturbation technique and multidither technique are 
the common numerical methods, but the cost time of 
the traditional sequential perturbation technique and 
multidither technique would increase if the number 
of the control variables N increases (9, 10). Unlike the 
sequential perturbation and the multidither technique, 
SPGD algorithm generates a group of small perturbations {
�xj

}(
j = 1, 2, …N

)
 firstly, making sure every item of {

�xj

}(
j = 1, 2, …N

)
 has the same amplitude and ran-

dom signs with equal probability. Adding the perturba-
tions on the control variables and calculating the value 
of the function F� = F

(
x
1
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1
, x

2
+ �x

2
, … xN + �xN

)
 

in the next procedure. The variation between 
F′ and F(x1,x2,…,xN) can be expressed as 
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and then the gradient is written approximately
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Figure 1. Geographical distribution of two FSMs (A, B, C, D, E, F, G, 
H are the locations of eight actuators).
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The relationship between the control voltages and the tilt 
angles of the mirror θx and θy can be deduced from the 
geometry

 

 

In the coordinate system shown in Figure 2, when the 
mirror rotated at angle α around the x-axis, the reflected 
wavefront rotated 2α. When the mirror rotated at angle 
θ around the y-axis, the reflected wavefront rotated  √
2� (11).
The equation of the reflect wavefront under the cir-

cumstance when the mirror is deflected at angles θx and 
θy in the direction of x-axis and y-axis separately can be 
derived from former analysis

 

Conversion of the coordinates must be taken into con-
sideration when the coordinate system moves from (x, y, 
z) to (x1, y1, z1) as shown in Figure 2. The spin matrix is
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where φ = π/4 is the angle between z-axis and z1-axis. Then 
the reflected wavefront changes its form

 

 

We extend the model to situation where two FSMs are 
used, the reflected wavefront can be written separately as:

 

 

 

3.  Simulations without turbulence and under 
static turbulence

3.1.  Simulation without turbulence

The parameters used in simulation are listed in Table 1.
The feedback device used in this paper is assumed to 

be a conventional CCD. The CCD which located in the 
transmitter plane would acquire the image of the intensity 
distribution in the target plane. Then the merit function 
is analysed based on the image.

The intensity distribution in the target plane when the 
lasers propagate in the free space without turbulence is 
shown in Figure 3(a).

The distribution of light spots after correction is shown 
in Figure 3(b). It can be inferred from the two pictures 
easily that the power after correction is twice as stronger 
than the one before correction, besides, the light spot after 
correction can still maintain the near-diffraction limit 
beam quality. We adopt the image sharpness function as 
the evaluation function to appraise the correction process. 
The sharpness function is defined below
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Figure 2. The coordinate system set on the FSM (x, y, z) and the 
coordinate system of the propagation (x1, y1, z1).

Table 1. Parameters used in the simulations.

Parameter Value
Propagation distance: L 500 m
Wavelength: λ 532 nm
Beam waist: ω0 5 mm
Radius of the FSM: r 12.5 mm
Sampling number: N 512
Coherent length of atmosphere: r0 10 cm, 8 cm, 5 cm



4    G. Yang et al.

a circle with radius of R. PIB indicates the concentration 
degree of the energy. The definition of PIB is shown in 
Equation (18).
 

where I(r, θ) is the intensity distribution written in polar 
coordinates, R is the radius of the PIB.

The curve of PIB value against iterative number during 
the correction process is illustrated in Figure 5, r is the 
radius of the mirror. The radius of the light spot in the 
target plane is about 1.4r in the ideal situation according 
to the physical optics theory; the curves in Figure 5 have 
the same trend for different R. When R = 1.5r, PIB value is 
about 0.98 when stabilized. The SPGD algorithm achieves 
an excellent result for ICBC under the circumstance with-
out turbulence.

3.2.  Simulation with static turbulence

In a system that used in far-field situation, the atmospheric 
turbulence is the most severe problem. The simulation 
under static turbulence is performed using split-step beam 
propagation method in which the phase screens are gen-
erated through power spectrum method based on fast 
Fourier transform. The intensity distribution shown in 
Figure 6(a)–(c) is the consequence of initial Gauss beams 
that propagate through static atmospheric turbulence 
without correction. The coherent lengths of atmosphere 
in Figure 6(a)–(c) are 10, 8 and 5 cm separately. Smaller 
coherent length indicates stronger turbulence, the light 
spots in the target plane becomes more and more irregular 
as the coherent length decreases.

Figure 6(d)–(f) are the corresponding results of  
Figure 6(a)–(c) with correction. It can be inferred that 

(18)PIB =

2�∫
0

R∫
0

I(r, �)rdrd�

2�∫
0

∞∫
0

I(r, �)rdrd�

I(x, y) is the intensity distribution in the target plane. 
The relationship between the evaluation function J and 
the iterative number is shown in Figure 4. When the 
iterative number is under 100, the evaluation function 
increases rapidly as the iterative number increases and 
becomes stable subsequently. The power in the bucket 
(PIB) index, one of the most important parameters in 
high energy laser applications, is the total power inside 

Figure 3. (a): The light spots distribution in the target plane without correction process; (b): The light spots distribution in the target 
plane after correction process.

Figure 4.  Evaluation function J against iterative number during 
the correction process.

Figure 5. PIB value against iterative number with different R.
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coherent lengths r0 are different, the combining efficien-
cies are close to each other when the radiuses are the same. 
The reason for that is the turbulence doesn’t expand the 
beam too much except for a little flare surrounding the 
spot that has limited influence on the PIB value.

4.  Simulations under dynamic turbulence

The most important assumption used in the former sec-
tion is that the turbulence is stillness. However, as we all 
know, the turbulence is dynamic in real-time. It is impor-
tant to find a method to simulate the dynamic turbulence 
and validate the effectiveness of the proposed method 
under dynamic turbulence.

Taylor’s hypothesis of frozen turbulence is used here 
to simulate the dynamic turbulence (12). The hypothesis 
states that temporal variations in meteorological quanti-
ties at a point are produced by the mean wind speed flow 
and not by changes in the quantities themselves. Under 
the hypotheses, the wind speed is expressed as V and the 
phase that caused by turbulence at certain point r when 
the time is t + τ can be expressed by the phase at point 
r − Vτ at time t, the relationship can be written as

 

where p denotes the phase caused by turbulence. For 
the simulation of dynamic turbulence, the phase screens 
whose sizes are 4N × 4N are generated firstly, where N is 
the number of pixel at the incident plane. The wind speed 

(19)p(r, t + �) = p(r − V� , t)

this method is still able to achieve a good result even there 
exists static turbulence.

Figure 7 shows the evaluation function against iterative 
number under different coherent lengths of atmosphere r0. 
Compared with Figure 4, the curves have a little vibration 
due to the atmosphere after the iterative number reaches 
100, besides, the correction result under big coherent 
length (weak turbulence) is much better than the result 
under small coherent length (strong turbulence). The PIB 
value in Figure 8 indicates that the proposed method is 
feasible even the turbulence is strong. On comparing dif-
ferent curves in Figure 8, it can be seen that although the 

Figure 6. (a), (b), (c): The light spot distribution in target plane under different coherent lengths before correction. (a): 10 cm; (b): 8 cm; 
(c): 5 cm. (d), (e), (f ): The corresponding results after correction of (a), (b), (c).

Figure 7.  Evaluation function J against iterative number under 
different strengths of turbulence.
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are the intensity distributions without correction. The 
pattern of the distribution is dynamic and the light spots 
of two beams can hardly be extracted from each other. 
Even though the distribution in Figure 9(c) shows the 
light spots are merged already, the pattern cannot hold 
steady. Figure 10 shows the evaluation function and the 
PIB curve during the dynamic turbulence without cor-
rection. The evaluation function and PIB fluctuate as the 
phase screens move. We can infer from Figure 10 the 
process without correction is extremely unstable and it 
will become more difficult for system to correct. Figure 
9(d)–(f) show the change in distribution of intensity, 
from which we can see this method still works well for 
dynamic turbulence.

The evaluation function J and the PIB value against 
iterative number under correction process are shown in 
Figure 11. As the figure shows, the evaluation function 
and PIB value can achieve a good result after correction, 
although the entire process is vibrating due to the influ-
ence of dynamic turbulence and the mean values are 
acceptable.

The numerical results of the above simulations are 
shown in Tables 2 and 3. All the values are normalized, 
the coherent length of static and dynamic turbulence is 
10 cm. The evaluation function can reach the value of ideal 
situation when there is no turbulence or under static tur-
bulence, but the dynamic turbulence which has the same 
strength with static turbulence would degrade the result 

is assumed to be V, the aperture in the incident plane is D 
and the bandwidth of the system is f0. The shift of pixels 
in phase screens for each iteration can be calculated from 
the parameters given above

 

All the phase screens move at the same speed and direc-
tion. The simulation under dynamic turbulence is carried 
out using the method mentioned above. The intensity 
distribution is illustrated in Figure 9. Figures 9(a)–(c) 

(20)Vs =
N

D

V

f
0

r0=10cm

r0=8cmr0=5cm

Figure 8. PIB value against iterative number with the same radius 
R = 1.5r for different atmosphere turbulences.

Figure 9. (a), (b), (c): Light spots distribution in the target plane under dynamic turbulence at different time without correction; (d), (e), 
(f ): Light spots distribution in the target plane under dynamic turbulence at different time with correction.
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remains stable as long as the fluctuations are inside the 
circle. So it is proper to choose the PIB value as the index 
to assess the system exposed in the atmosphere.

5.  Conclusion

In this paper, a method for beam steering and correction 
of tip-tilt component using SPGD algorithm and FSMs 
for ICBC is proposed. This method is verified though 
simulation in free-space and with static turbulence. After 
correction, the maximum power in the target plane dou-
bles. The combining efficiency under different strengths of 
turbulence is also analysed. Also, the dynamic turbulence 
is simulated using Taylor’s hypothesis of frozen turbu-
lence, the results of evaluation function and PIB value 
are analysed which indicate that the scheme can achieve a 
promising result for incoherent beam combing under the 

of correction. Same conclusion is obtained from Table 3. 
The wind has a severe impact on ICBC, because the gra-
dient of the former situation calculated by the algorithm 
has already been changed by wind, the wind has already 
changed the gradient. According to the standard devia-
tions in Tables 2 and 3, PIB value has a smaller standard 
deviation than the sharpness function, which means that 
PIB value is more stable than the sharpness function that 
can be less influenced by the turbulence. This is because 
the second power of the intensity distribution presents the 
sharpness function, which would sharply fluctuate as the 
intensity distribution vibrates due to turbulence. However, 
the PIB which represents the total power inside a circle 

Vs=1
Vs=4

Vs=1
Vs=4

(a)

(b)

Figure 10.  (a): Evaluation function against iterative number 
without correction; (b): PIB value against iterative number 
without correction.

Fitting curve
Correction curve

Fitting curve
Correction curve

(a) (b)

Figure 11. (a): Evaluation function against iterative number with correction; (b): PIB value against iterative number with correction.

Table 2. The stabilized value of evaluation function and its stand-
ard deviation for different simulations.

Stabilized value of 
evaluation function

Standard 
deviation

Without turbulence 0.99 0.0054
Static turbulence 0.99 0.1134
Dynamic turbulence 0.93 5.7445

Table 3. The stabilized value of PIB and its standard deviation for 
different simulations.

Stabilized value of PIB Standard deviation
Without turbulence 0.9988 4.7731e-06
Static turbulence 0.9598 2.7546e-04
Dynamic turbulence 0.8052 0.0218
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dynamic turbulence. Finally, the reason why the dynamic 
turbulence would influence the correction process is dis-
cussed and the data obtained under different simulations 
are analysed and discussed.
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