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Abstract

The robust Cassie–Baxter mode of the wetting behaviour on a micro-textured solid surface, is a key topography element yielding
stable super-hydrophobicity. To meet this purpose, we propose an inverse computational design procedure for the discovery of
suitable periodic micro-textures, based on three different tilings of the plane. The symmetric tiles of the lattice are regular triangles,
quadrangles, and hexagons. The goal of the inverse design procedure is to achieve the robust Cassie–Baxter state, in which the
liquid/vapour interface is mathematically described using the Young–Laplace equation on the lattice, and a topology optimisation
approach is utilised to construct a variational problem for the inverse design procedure. Based on numerical calculations of the
constructed variational problem, underlying effects are revealed for several factors, including the Bond number, duty ratio, feature
size, and lattice constant. The effects of feature size and lattice constant provide approaches for compromisingly considering the
robustness of the Cassie–Baxter mode and manufacturability of the inversely designed micro-textures; the effect of the lattice
constant permits the scaling properties of the derived patterns, and this in turn provides an approach to avoid the elasto-capillary
instability driven collapse of the micro/nanostructures in the derived micro-textures. Further, a monolithic inverse design procedure
for the periodic micro-textures is proposed in the conclusions, with synthetically considering the manufacturability as well as
contact angle and surface-volume ratio of the liquid bulge held by the supported liquid/vapour interface.
c⃝ 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Wetting behaviour is an important aspect in surface chemistry, and the wettability of a solid surface can be
categorised into hydrophobicity, hydrophilicity, oleophobicity, oleophilicity, amphiphilicity, and amphiphobicity [1].
Recent achievements in the construction of artificial surfaces for special degrees of wettability are typically focused on
super-hydrophobicity, i.e., achieving a contact angle for water larger than 150◦ on a hydrophobic substrate [2]. Super-
hydrophobicity has a variety of practical applications, e.g., constructing smart devices for anti-drag and lubrication [3],
microfluidics [4], electrohydrodynamics [5], separation of oil and water [6,7], and self-cleaning coatings [8], to name
the most typical.

In the previous reports, two approaches have been commonly used to design artificial surfaces with super-
hydrophobicity, i.e., chemically modifying the surfaces using materials with low surface free energy, or creating
micro-textures on hydrophobic surfaces [9]. Materials with low surface free energy, e.g., vinyl alcohol [10,11],
alkylpyrrole [12], polystyrene [13], and edible materials [14] to name the most important, have been utilised to
fabricate an artificial surface. The micro-textures have been augmented by periodic circular posts, square posts, tapered
cones, dual-scale micro-structures, and spontaneous wrinkling, to form the artificial roughness [15–21]. Inspired by
super-hydrophobicity in nature, a variety of concepts including lotus leaves, water-strider legs, and textiles, and bio-
inspired micro-textures, have been discussed in [9,22–28], and have been utilised for liquid–solid adhesion [29]. The
theory, design, and applications for such bio-inspired micro-textures have been summarised in [30]. The function of the
micro-textures on a solid surface is to decrease the equivalent surface free energy by increasing the surface roughness,
because the wettability of the solid surface is commonly determined by its microscopical morphology and the surface
free energy of its material [1]. For a given substrate, the wetting behaviour is dominated by its micro-textures. Most
of the currently utilised morphologies of micro-textures for super-hydrophobic surfaces are either bio-inspired or
structured using posts with regular cross-sections. This paper introduces a novel and efficient mathematical-approach
to determine the reasonable micro-textures for super-hydrophobic surfaces, where the patterns of the micro-textures
are inversely designed based on numerical computation instead of bio-inspiration and physical intuition. The inverse
design procedure is implemented by a topology optimisation approach.

Topology optimisation is a full-parameter method used to inversely determine the geometrical configurations of
structures [31]. In contrast to designing devices by tuning a handful of structural parameters, this approach utilises
the full parameter space to design structures solely based on the user’s desired performance specification. Therefore,
it can inversely find both a reasonable shape and topology. Simultaneously, it is a more general computational design
method than shape optimisation, which usually improves the performance of a device by adjusting the structural
boundaries and maintaining the topology of the structure without change. On the other hand, topology optimisation
approach can ensure the manufacturability of a structure by controlling its feature size [32]. Currently, topology
optimisation has been applied to multiple physical problems, e.g. acoustics, electromagnetics, fluidic dynamics, optics,
thermodynamics, and multidisciplinary/interdisciplinary design problems of structures and materials [33–50]. It is
therefore a natural choice methodology for the current task.

On a solid surface with micro-textures, the surface roughness factor induced by the micro-textures should be
included in the evaluation of its wettability. For a flat surface, its wettability is determined by the surface free energy
of the solid as the Young mode sketched for a droplet in Fig. 1a [51]. For a rough surface with micro-textures, two
different wetting modes can exist, i.e., the Wenzel and Cassie–Baxter modes (Fig. 1b and c) [52,53]. In the Wenzel
mode (Fig. 1b), the liquid completely fills the micro-textures on the rough surface. The Young mode is correlated
with the surface roughness factor, where the hydrophobicity of the rough surface increases along with the increase
of the surface roughness. In the Cassie–Baxter mode, vapour pockets are trapped in the micro-textures (Fig. 1c), so
that the rough surface is equivalent to a composite surface of solid and vapour. The Young mode is correlated with
the chemical heterogeneity of the rough surface, and surface roughness also increases the hydrophobicity of the solid
surface.

For a rough surface, the wetting mode can change from the Cassie–Baxter case to the Wenzel case, when the
liquid is physically pressed [54,55]. In this mode transition process, the liquid fills the micro-textures on the rough
surface with a decrease in hydrophobicity. In the Cassie–Baxter mode, the vapour pockets result in the existence
of the liquid/vapour interface, which is supported by the micro-textures (Fig. 2). Under the effect of contact angle
hysteresis [56], the three-phase contact lines of the liquid/vapour interface can be anchored at the geometrically
singular corners formed by the top and side walls of the micro-textures. If the difference between the static pressure
inside and outside the liquid is large enough to make the contact angle between the liquid/vapour interface and side
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Fig. 1. Sketched modes of the wetting behaviour of a droplet on the flat and rough surfaces: (a) Young mode; (b) Wenzel mode; (c) Cassie–Baxter
mode.

Fig. 2. Sketched liquid/vapour interface supported by the micro-textures, where θ is the contact angle at the geometrically singular corners between
the top and side walls of the micro-textures, θA is the critical advancing value of the contact angle, and the duty ratio of the micro-textures is the
ratio of the top-wall area to the sum area of the top and bottom walls. A coordinate system is sketched with z representing the vertical coordinate
of the liquid/vapour interface and x Oy plane localised on the top wall of one unit cell of the micro-textures, where the origin O is at the top-centre
of the unit cell, x and y are respectively the abscissa and ordinate of the liquid/vapour interface.

wall of the micro-textures reach its critical advancing value, the liquid/vapour interface will burst and transition
will occur from the Cassie–Baxter mode to the Wenzel mode. As the contact angle evolves towards its critical
advancing value, the robustness of the Cassie–Baxter mode will be weakened; simultaneously, the liquid/vapour
interface supported by the micro-textures will become more convex, and the volume of the liquid bulge held by
the liquid/vapour interface will become larger. Therefore, reasonable micro-textures on a rough surface can keep the
Cassie–Baxter mode from transition, enhance the stability of super-hydrophobicity by reducing the convexity of the
liquid/vapour interface, and by keeping the contact angle aloof of its crucial advancing value.

Based on the above introduction, this paper focuses on the topology optimisation-based inverse design of micro-
textures for super-hydrophobicity in the Cassie–Baxter mode, where the design goal is to optimise the robustness
measurement of the Cassie–Baxter mode and this measurement is equivalently defined to be the convexity of
the liquid/vapour interface supported by the micro-textures. Such design goal is of more physical implication
than controlling the contact angle of a wetting behaviour in the Cassie–Baxter mode, because the microscopical
liquid/vapour interface plays the dominant role of determining the contact angle that is one macroscopical performance
of it supported by the micro-textures. In Section 2, the inverse design model and the corresponding analysis and
solution methods are introduced for periodic micro-textures with regular triangle, quadrangle, and hexagon lattices.
In Section 3, the patterns for the micro-textures are inversely designed and analysed under consideration of the effects
of various factors, including the surface tension of the liquid, and the duty ratio, feature size and lattice constant of
the micro-textures, where the duty ratio is the ratio of the top-wall area to the sum area of the top and bottom walls of
the micro-textures (Fig. 2). Further, the paper is concluded in Section 4, where a monolithic inverse design procedure
is proposed by including the synthetical consideration of the manufacturability of the micro-textures, contact angle of
the liquid, and surface-volume ratio of the liquid bulge held by the liquid/vapour interface.
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Fig. 3. Sketches for micro-textures with triangular, quadrangular, and hexagonal periodicity. x , y and z are the abscissa, ordinate, and vertical
coordinates of the liquid/vapour interface supported by one lattice of the periodic micro-textures; O is origin of the coordinate system and it
localises at the top-centre of the lattice; Ω is the irreducible triangle corresponding to a lattice; ΓN denotes a symmetry boundary of the irreducible
triangle.

2. Method

For a fixed static pressure difference, the suitability of micro-textures for super-hydrophobicity can be measured
by the robustness of the Cassie–Baxter mode. Therefore, the micro-textures on a solid surface are inversely designed
by optimising the robustness of the Cassie–Baxter mode.

2.1. Modelling

The roughness of a solid surface usually features some form of spacial periodicity [57]. Therefore, micro-textures
for super-hydrophobicity are modelled with spacial periodicity in the following. There are three types of lattices
(i.e. regular triangle, quadrangle and hexagon unit cells) that can fully cover the solid surface (Fig. 3). As demonstrated
in Fig. 3, each of the lattice cells can be reduced into a irreducible triangle, based on its symmetry. The patterns of
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Fig. 4. Dimensionless counterparts of the irreducible triangles corresponding to the regular triangle, quadrangle, and hexagonal lattices.

the micro-textures on the solid surface can therefore be inversely designed for each irreducible triangle; the periodic
micro-textures of a primitive cell is then formed by reflections along the symmetry axes, followed by an extruding
operation. Under equilibrium, the liquid/vapour interface supported by periodic micro-textures is a two-dimensional
(2D) manifold with constant Riemann curvature, which can be described by the Young–Laplace equation defined on
one of the irreducible triangles [58,59]:

∇x ·

(
σ

∇xz√
1 + |∇xz|2

)
= P0, in Ω ,

σ
∇xz√

1 + |∇xz|2
· n = 0, on ΓN ,

z = 0, at O,

(1)

where σ is the surface tension; P0 is the difference between the static pressure inside and outside the liquid; z is the
vertical coordinate of the point on the liquid/vapour interface; x = (x, y) is the abscissa and ordinate of a point on
the liquid/vapour interface; ∇x =

(
∂
∂x , ∂

∂y

)
is the gradient operation defined on the x Oy plane, with O representing

the coordinate origin; Ω is one of the irreducible triangles shown in Fig. 3; ΓN is a symmetry boundary, because
the periodicity of the micro-textures is achieved based on the symmetrising operation of the micro-textures in an
irreducible triangle; n is the outward unit normal on ∂Ω . To ensure uniqueness of the solution, the liquid/vapour
interface is fixed at the symmetry centre of the lattices, and the least constraint introduced for Eq. (1) defined on the
lattices shown in Fig. 3. The dimensionless counterpart of Eq. (1) is

∇ ·

(
Bo−1 ∇ z̄√

(L/z0)
2
+ |∇ z̄|2

)
= 1, in Ω̄ ,

Bo−1 ∇ z̄√
(L/z0)

2
+ |∇ z̄|2

· n = 0, on Γ̄N ,

z̄ = 0, at Ō,

(2)

where z̄ = z/z0 is the normalised vertical coordinate on the liquid/vapour interface, with z0 representing the magnitude
of z; L is the lattice constant of the spacial periodicity, and it is the centre-to-centre distance between two neighbouring
lattices; X = x/L = (X, Y ) is the dimensionless coordinate; Bo = (P0L) /σ is an equivalent form of the Bond
number

(
ρgL2

)
/σ used to evaluate the relative importance of gravity compared to a surface tension force with ρ

and g respectively representing the density of the liquid and acceleration of gravity [60]; Ω̄ , Γ̄N , Γ̄D and Ō are the
dimensionless counterparts of Ω , ΓN , ΓD and O , respectively (Fig. 4); ∇ =

(
∂

∂ X , ∂
∂Y

)
is the gradient operator defined

on Ω̄ .
Because a 2D manifold with constant Riemann curvature has uniform convexity, the volume of the liquid bulge

supported by the micro-textures in an irreducible triangle can be calculated to be z0L2
⏐⏐∫

Ω̄ z̄ dΩ̄
⏐⏐. The integrals
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Ω̄ z̄ dΩ̄

⏐⏐ and
(∫

Ω̄ z̄2 dΩ̄
) 1

2 can be regarded to be two different norms of z̄ ∈ H
(
Ω̄
)
, where H

(
Ω̄
)

is the first
order Hilbert functional space defined on Ω̄ . According to the equivalence of norms [61],

⏐⏐∫
Ω̄ z̄ dΩ̄

⏐⏐2 is equivalent

to
∫
Ω̄ z̄2 dΩ̄ , because two constants C1 and C2 (C2 ≥ C1 > 0) exist for the inequality C1

⏐⏐∫
Ω̄ z̄ dΩ̄

⏐⏐ ≤
(∫

Ω̄ z̄2 dΩ̄
) 1

2 ≤

C2
⏐⏐∫

Ω̄ z̄ dΩ̄
⏐⏐. Therefore, the well-posed integral

∫
Ω̄ z̄2 dΩ̄/

⏐⏐Ω̄ ⏐⏐ is utilised to equivalently measure the convexity of the
liquid/vapour interface, and hence it is defined to be the robustness measurement of the Cassie–Baxter mode, where⏐⏐Ω̄ ⏐⏐ represents the area of Ω̄ . Because a smaller robustness measurement corresponds to a more robust Cassie–Baxter
mode, the goal of inverse design is to find a micro-texture pattern corresponding to a minimum value of the robustness
measurement. For the liquid/vapour interface with uniform convexity, minimising the defined robustness-measurement∫
Ω̄ z̄2 dΩ̄/

⏐⏐Ω̄ ⏐⏐ is equivalent to reducing its convexity and the liquid-bulge volume yet maintaining the contact angle
aloof of its crucial advancing value, further ensuring the stability of the Cassie–Baxter state for the wetting behaviour
on a micro-textured solid surface.

A variational problem is now constructed based on the topology optimisation approach, in which a design variable
is defined on one of the irreducible triangles to represent the pattern of the micro-textures. This design variable is
used to interpolate the Bond number in Eq. (2). The constructed variational problem will be iteratively solved using
a numerical optimisation procedure. To ensure numerical stability, this paper smoothes the design variable using a
Helmholtz filter [62], furthermore, the smoothed design variable is projected by the threshold method [63,64]; the
projected design variable, nominated to be the physical density, replaces the design variable in implementing the
interpolation of the Bond number as

Bo−1
= Bo−1

l +
(
Bo−1

s − Bo−1
l

) q
(
1 − γp

)
q + γp

, (3)

where γp is the physical density, with 0 representing the micro-textures, and 1 the blankness thereof; Bol is the
Bond number at the liquid–vapour interface; Bos is the Bond number at the top wall of the micro-textures; q is a
parameter used to tune the convexity of the interpolation, and it is found to be 10−4 based on numerical experiments.
Theoretically, Bos should be zero to ensure the complete dominance of surface tension, which approximates a flat
liquid–solid interface; numerically, it is reasonably chosen to be the small finite value 10−5 Bol satisfying Bos ≪ Bol ,
to ensure the stability of the numerical implementation. Then, the variational problem is constructed to be

find 0 ≤ γ ≤ 1 to minimise
J
J0

with J =
1⏐⏐Ω̄ ⏐⏐
∫
Ω̄

z̄2 dΩ̄ , constrained by:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇ ·

(
Bo−1 ∇ z̄√

(L/z0)
2
+ |∇ z̄|2

)
= 1, in Ω̄ ,

Bo−1 ∇ z̄√
(L/z0)

2
+ |∇ z̄|2

· n = 0, on Γ̄N ,

z̄ = 0, at Ō,

(Young–Laplace equation)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∇ ·

(
r2

f ∇γ f
)
+ γ f = γ, in Ω̄ ,

r2
f ∇γ f · n = 0, on Γ̄N ,

γ f = 0, at Ō,

(Helmholtz filter)

γp =
tanh (βξ) + tanh

(
β
(
γ f − ξ

))
tanh (βξ) + tanh (β (1 − ξ))

, (Threshold projection)

| fd − f0| ≤ 10−3, with fd =
1⏐⏐Ω̄ ⏐⏐
∫
Ω̄

1 − γp dΩ̄ , (Duty-ratio constraint)

(4)

where a duty-ratio constraint is imposed on the micro-textures, with fd representing the duty ratio and f0 ∈ (0, 1)

the specified duty ratio with a permitted tolerance 10−3; J0 is the robustness-measurement value corresponding to
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the periodic triangle, quadrangle or hexagon posts with a specified duty ratio f0; γ is the design variable; γ f is the
filtered design variable; r f is the radius of the Helmholtz filter; β and ξ ∈ (0, 1) are the projection parameters with
values chosen based on numerical experiments [64]. Especially, r f can be used to control the feature size of the
micro-textures. By numerically solving the variational problem in Eq. (4), patterns of micro-textures can be inversely
designed in the irreducible triangles.

2.2. Analysing and solving

To solve the variational problem in Eq. (4), a gradient-based iterative procedure can be used, for which the gradient
of the robustness measurement and duty ratio can be determined by a Lagrangian multiplier-based adjoint method [65].
Based on the adjoint method, the gradient of the robustness measurement yields

δ J
J0

=
1
J0

∫
Ω̄

−γ f aδγ dΩ̄ , (5)

where δ J and δγ are respectively the first-order variationals of J and γ ; γ f a is the adjoint variable of the filtered
design variable γ f . The term γ f a in Eq. (5) is determined by sequentially solving the weak adjoint equations of the
Young–Laplace equation and the Helmholtz filter:

find z̄a ∈ H
(
Ω̄
)

with z̄a = 0 at Ō, satisfying:∫
Ω̄

2⏐⏐Ω̄ ⏐⏐ z̄ ˜̄za − Bo−1 ∇ z̄a · ∇ ˜̄za√
(L/z0)

2
+ |∇ z̄|2

+ Bo−1
(∇ z̄ · ∇ z̄a)

(
∇ z̄ · ∇ ˜̄za

)
(√

(L/z0)
2
+ |∇ z̄|2

)3 dΩ̄ = 0, ∀˜̄za ∈ H
(
Ω̄
)
,

(6)

find γ f a ∈ H
(
Ω̄
)

with γ f a = 0 at Ō, satisfying:∫
Ω̄

−r2
f ∇γ f a · ∇γ̃ f a + γ f a γ̃ f a −

∂ Bo−1

∂γp

∂γp

∂γ f

∇ z̄ · ∇ z̄a√
(L/z0)

2
+ |∇ z̄|2

γ̃ f a dΩ̄ = 0, ∀γ̃ f a ∈ H
(
Ω̄
)
,

(7)

where z̄a and γ f a are the adjoint variables of z̄ and γ f ; ˜̄za and γ̃ f a are the test functions of z̄a and γ f a , respectively.
The gradient of the duty ratio is determined by

δ fd =

∫
Ω̄

−γ f aδγ dΩ̄ , (8)

where δ fd is the first-order variational of the duty ratio fd ; γ f a is derived by solving the weak adjoint equation of the
Helmholtz filter:

find γ f a ∈ H
(
Ω̄
)

with γ f a = 0 at Ō, satisfying:∫
Ω̄

−
∂γp

∂γ f
γ̃ f a − r2

f ∇γ f a · ∇γ̃ f a + γ f a γ̃ f a dΩ̄ = 0, ∀γ̃ f a ∈ H
(
Ω̄
)
.

(9)

The iterative procedure used for solving Eq. (4) is listed in Fig. 5. The finite element method is utilised to solve the
relevant partial differential equations and corresponding adjoint equations, where a triangular element discretisation
with maximal element size 1/240 is used to discretise the dimensionless irreducible-triangles in Fig. 4. The finite
element solution is implemented within the commercial softpackage COMSOL Multiphysics (www.comsol.com).
The projection parameter β is doubled after every 30 iterations; the iterative loop is stopped when either the maximal
iteration number is reached, or the averaged variation of the design objective in a run of 5 iterations and the residual of
the duty-ratio constraint are simultaneously less than the specified tolerance 1 × 10−3; the design variable is updated
using the method of moving asymptotes [66].

3. Results and discussion

Based on the method introduced in Section 2, the micro-textures are investigated for the Cassie–Baxter mode
of super-hydrophobicity. By solving the variational problem in Eq. (4) with the parameters listed in Table 1, the

http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com
http://www.comsol.com


120 Y. Deng et al. / Comput. Methods Appl. Mech. Engrg. 341 (2018) 113–132

Fig. 5. Iterative procedure for solving the variational problem in Eq. (4), where i is the loop index, imax is the maximal iteration number, and mod
is the operator used to take the remainder.

Table 1
Parameters used for solving the variational problem in Eq. (4).

Bol f0 r f L

1 0.2 4/120 10 µm

micro-textures are derived for the three types of periodicity (Fig. 6), and they are generated by reflections, scalings,
and extrusions of the physical density represented patterns in the dimensionless irreducible-triangles, demonstrated
in Fig. 6. The derived micro-textures have quasi three-dimensional configurations, and they can be fabricated using
a lithography-like process [67]. In the scaling-down operation, the scaling factor is the desired lattice constant; in
the extruding operation, the extrusion height should be larger than the depth of the liquid/vapour interface, to avoid
a collapse of the Cassie–Baxter mode caused by the liquid/vapour interface touching the bottom walls of the micro-
textures, where the depth of the liquid/vapour interface can be calculated to be max∀X∈Ω̄ |z0 z̄|. Fig. 6 shows that the
trunks of the inversely designed patterns have �, × and A topologies.

The convergence histories for the numerical calculation of the variational problems are plotted in Fig. 7; snapshots
are included for the evolution of the physical density. From the monotonicity of the curves in Fig. 7, the robustness of
the iterative procedure can be confirmed.

To demonstrate the optimality of the derived patterns, and hence the improved performance of the corresponding
micro-textures, the normalised vertical coordinate distributions of the liquid/vapour interfaces supported by the micro-
textures shown in Fig. 8a, c and e, are compared with the ones supported by corresponding regular polygonal-posts
with the same duty ratio (Fig. 8b, d and f); the robustness-measurement values corresponding to the liquid/vapour
interfaces shown in Fig. 8 are listed in Table 2. The comparison shows that the inversely designed micro-
textures can achieve flatter liquid/vapour interfaces, and the computed robustness measurements are improved from
10−1 to 10−5.

For the cells in Fig. 3, the quality of the inversely designed micro-textures are influenced by the Bond number, duty
ratio, feature size and lattice constant. The effects of these factors are investigated as follows.
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Fig. 6. Inversely designed patterns for the three periodic micro-textures.

3.1. Effect of bond number

In Cassie–Baxter super-hydrophobicity, the convexity of the liquid/vapour interface strongly depends on the surface
tension of the liquid and imposed physical pressure. To investigate this, micro-textures are inversely designed by
choosing the Bond numbers Bol ∈ {1/5, 1/4, 1/3, 1/2, 1}; the other parameters are kept as listed in Table 1. The
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Fig. 7. Convergent histories for the numerical calculation of the patterns in the dimensionless irreducible-triangles.

Fig. 8. (a), (c) and (e) are the normalised vertical coordinate distributions of the liquid/vapour interfaces supported by the micro-textures
corresponding to the patterns shown in Fig. 6. For comparison, the normalised vertical coordinate distributions are shown for the liquid/vapour
interfaces respectively supported by the regular triangle, quadrangle and hexagonal posts with a duty ratio of 0.2, i.e., with the same amount of
support material. The improvement in robustness is documented in Table 2.
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Table 2
Robustness-measurement values corresponding to the liquid/vapour interfaces shown in Fig. 8.

(a) Regular triangle (b) Regular quadrangle (c) Regular hexagon

J J J

Fig. 8a 8.0388 × 10−5 Fig. 8c 6.8213 × 10−5 Fig. 8e 6.3817 × 10−5

Fig. 8b 4.0530 × 10−1 Fig. 8d 2.1711 × 10−1 Fig. 8f 1.6897 × 10−1

Fig. 9. Inversely designed patterns in the three regular lattices, for different Bond numbers; (a)–(e) for the periodicity with regular-triangle lattice,
(f)–(j) for the periodicity with regular-quadrangle lattice, and (k)–(o) for the periodicity with regular-hexagon lattice.

derived patterns are shown in Fig. 9. The robustness-measurement values corresponding to the derived patterns are
plotted in Fig. 10.

From Fig. 9, it can be concluded that the �, × and A topologies are retained for the trunks of the inversely designed
patterns. Under the same physical pressure, larger Bond numbers correspond to lower values of surface tension; hence,
a liquid/vapour interface corresponding to a larger Bond number has a relatively weaker capability to sustain the liquid,
and is prone to larger deformation for achieving larger curvatures to balance the pressure difference between the two
sides of the interface. Therefore, the robustness-measurement values plotted in Fig. 10 increase nonlinearly along with
an increase in Bond number.

To further conform the optimality of the inversely designed patterns, the robustness-measurement values
corresponding to different Bond numbers are computed and listed in Table 3 for all the patterns in Fig. 9. From a cross
comparison of the values in every column of the sub-tables, one can confirm the improvement of the micro-textures
corresponding to the derived patterns.

3.2. Effect of duty ratio

For the periodic micro-textures, the apparent contact angle corresponding to the liquid/solid interface in the Cassie–
Baxter mode can be calculated by cos θC = −1 + f0 (cos θ + 1), where θC is the apparent contact angle on the
structured surface and θ is the equilibrium contact angle on the underlying flat surface [53]. Therefore, for a surface
with fixed hydrophobic-material, a smaller duty ratio of the micro-textures corresponds to larger apparent contact
angle, under the precondition that the wetting behaviour is in the Cassie–Baxter mode. The specified duty ratios
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Fig. 10. Robustness-measurement values plotted for the inversely designed patterns shown in Fig. 9.

Table 3
Robustness-measurement values computed for the patterns derived in Fig. 9, for different Bond numbers. Note that the optimal entries for a given
Bond number are noted in bold.

Bol = 1/5 Bol = 1/4 Bol = 1/3 Bol = 1/2 Bol = 1

(a) Regular triangle

Fig. 9a 4.8184 × 10−6 1.0331 × 10−5 1.6765 × 10−5 3.4294 × 10−5 1.2404 × 10−4

Fig. 9b 5.9105 × 10−6 6.8462 × 10−6 1.3823 × 10−5 2.8413 × 10−5 1.0346 × 10−4

Fig. 9c 5.4267 × 10−6 7.7459 × 10−6 1.1028 × 10−5 2.5600 × 10−5 9.2494 × 10−5

Fig. 9d 8.4543 × 10−6 1.2393 × 10−5 2.0645 × 10−5 2.2392 × 10−5 1.6249 × 10−4

Fig. 9e 7.2191 × 10−6 8.4856 × 10−6 1.2539 × 10−5 4.3465 × 10−5 8.0388 × 10−5

(b) Regular quadrangle

Fig. 9f 3.5241 × 10−6 6.1475 × 10−6 1.0225 × 10−5 2.1480 × 10−5 7.9985 × 10−5

Fig. 9g 3.8976 × 10−6 5.1813 × 10−6 9.2993 × 10−6 1.9317 × 10−5 7.1084 × 10−5

Fig. 9h 4.1979 × 10−6 5.6506 × 10−6 8.6525 × 10−6 3.5523 × 10−5 7.9601 × 10−5

Fig. 9i 1.3515 × 10−4 1.8248 × 10−5 1.6569 × 10−5 9.7673 × 10−6 6.5432 × 10−6

Fig. 9j 4.0846 × 10−6 6.0132 × 10−6 1.0057 × 10−5 2.1246 × 10−5 6.8213 × 10−5

(c) Regular hexagon

Fig. 9k 3.1445 × 10−6 4.9730 × 10−6 8.3960 × 10−6 1.7909 × 10−5 6.7708 × 10−5

Fig. 9l 3.3471 × 10−6 4.6760 × 10−6 8.9365 × 10−6 1.9191 × 10−5 7.3118 × 10−5

Fig. 9m 3.5174 × 10−6 5.2590 × 10−6 7.9010 × 10−6 1.6866 × 10−5 6.7054 × 10−5

Fig. 9n 3.6211 × 10−6 5.4047 × 10−6 9.1680 × 10−6 1.7600 × 10−5 7.4765 × 10−5

Fig. 9o 3.2105 × 10−6 4.8083 × 10−6 8.1837 × 10−6 1.9654 × 10−5 6.3817 × 10−5

f0 ∈ {0.1, 0.15, 0.2, 0.25, 0.3} are investigated, with all other parameters listed in Table 1. After solving the variational
problem in Eq. (4), the patterns are derived as shown in Fig. 11, and the corresponding robustness-measurement values
are plotted in Fig. 12.

Fig. 11 shows that the �, × and A topologies are again maintained for the trunks of the inversely designed patterns
for all lattices and duty ratios; however, the trunks become thicker and the branches around the trunks increase along
with an increase in the duty ratio. For the patterns with low duty ratio, the micro-textures have a relatively weak
capability to support the liquid/vapour interface. However, once the static pressure in the liquid is low enough, or
the surface tension of the liquid is large enough, the stability of super-hydrophobicity can be enhanced towards a
large apparent contact angle. On the other hand, the designer can improve the robustness of the Cassie–Baxter mode
by specifying a relatively large duty ratio, because the inverse design procedure can ensure a minimal liquid-bulge
volume held by the liquid/vapour interface. Because a lower duty ratio corresponds to larger deformation of the
liquid/vapour interface, the robustness-measurement values decrease non-linearly along with the increase of the duty
ratio, as plotted in Fig. 10.
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Fig. 11. Inversely designed patterns in the three regular lattices, for different duty ratios; (a)–(e) for the periodicity with regular-triangle lattice,
(f)–(j) for the periodicity with regular-quadrangle lattice, and (k)–(o) for the periodicity with regular-hexagon lattice.

Fig. 12. Robustness-measurement values plotted for the inversely designed patterns shown in Fig. 11.

3.3. Effect of feature size

Manufacturability is one important evaluating factor for the quasi-3D micro-textures, and directly depends on the
feature size of the derived pattern. Feature size is the smallest structure-size that can be tolerated by a fabrication
process. The feature size of the pattern can be directly controlled by the radius of the Helmholtz filter in Eq. (4). The
effect of the feature size is investigated by setting the filter radius respectively to be several different dimensionless
values r f ∈ {1/120, 2/120, 4/120, 8/120, 16/120}, and the other parameters as listed in Table 1. Corresponding to
the filter radii, the patterns for the three dimensionless lattices are derived as shown in Fig. 13, and the corresponding
robustness-measurement values are plotted in Fig. 14.

From the patterns derived in Fig. 13 and the robustness-measurement values plotted in Fig. 14, it can be concluded
that the �, × and A topologies are similarly retained in the patterns with different feature sizes for all lattices; more
branches of the patterns and more sophisticated morphology correspond to lower objective value and hence higher
robustness of the Cassie–Baxter mode; when the filter radius is enlarged, the branches in the derived patterns become
thicker, the number of branches are reduced, and the robustness of the Cassie–Baxter mode decreases exponentially
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Fig. 13. Inversely designed patterns in the three regular lattices, for different feature sizes; (a)–(e) for the periodicity with regular-triangle lattice,
(f)–(j) for the periodicity with regular-quadrangle lattice, and (k)–(o) for the periodicity with regular-hexagon lattice.

Fig. 14. Robustness-measurement values plotted for the inversely designed patterns shown in Fig. 13.

as a function of feature size. In practice, the designers can find a compromise between the manufacturability of the
inversely designed micro-textures and the robustness of the Cassie–Baxter mode, by choosing a reasonable filter
radius.

3.4. Effect of lattice constant

To investigate the effect of the lattice constant on the robustness of the Cassie–Baxter mode, patterns are inversely
designed for the periodicity with lattice constants L ∈ {5, 10, 50, 100, 250, 500} (µm), where the other parameters
are kept as listed in Table 1. The patterns are derived as shown in Figs. 15–17. And the corresponding robustness-
measurement values are plotted in Fig. 18.

In Figs. 15–17, both the topology and shape are exactly retained in the inversely designed patterns for all periodicity
and across all chosen lattice constants. In Fig. 18, the robustness-measurement values increase with a power law
as a function of the lattice constant; a smaller lattice constant corresponds to a flatter liquid/vapour interface and
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Fig. 15. Inversely designed patterns with different lattice constants in the regular-triangle lattices.

Fig. 16. Inversely designed patterns with different lattice constants in the regular-quadrangle lattices.

Fig. 17. Inversely designed patterns with different lattice constants in the regular-hexagon lattices.

more robust Cassie–Baxter mode. From Figs. 15–17, it is concluded that the inversely designed patterns can be
scaled without losing their optimality in a reasonable lattice-constant range, in which the continuum hypothesis of
the fluid (e.g. water) is ensured by mathematically describing the liquid/vapour interface to be a 2D manifold and
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Fig. 18. Robustness-measurement values plotted for the inversely designed patterns shown in Figs. 15–17.

the dominant role of the surface tension guarantees the existence of the Cassie–Baxter mode for the corresponding
wetting behaviour. This scaling property can be further confirmed by computing inversely designed patterns with
other values of the Bond number, duty ratio, and feature size. The reason for the scaling property is that the solution
of the Young–Laplace equation (1) can be scaled as:

z′ (lsx) = ls z (x) , for ∀x ∈ Ω , ∀lsx ∈ Ω ′, (10)

where ls is the scaling factor; z′ is the liquid/vapour interface on the scaled domain Ω ′
=
{
x′

|x′
= lsx, ∀x ∈ Ω

}
.

Based on the scaling property, it is favourable for the designer to compromise the robustness of the Cassie–Baxter
mode and manufacturability of the corresponding micro-textures by choosing a reasonable lattice constant for the
spacial periodicity.

The scaling property of inversely designed patterns also permits an approach to avoid that the elasto-capillary
instability causes a collapse of the micro/nanostructures in the corresponding micro-textures. This instability has
been widely observed [68–70]. In such phenomena, the capillary force decreases slowly, and this effect becomes
dominant as the structure size is reduced [71]. Elastic micro/nanostructures can then be deformed by the common
action of the capillary force and the liquid pressure, for periodic micro-textures with a small lattice constant. Based
on reasonable scale-up of the inversely designed patterns and their cross-sectional aspect ratio, the pattern’s stiffness
can be enhanced; in this way, a collapse due to elasto-capillary interactions can be avoided.

Contact angle hysteresis is one important phenomenon of wetting of liquid droplets in micro-scales [56]. When
the unit cell of the micro-textures is embedded periodically in an array, an increase in the equilibrium contact angle
is accompanied by an attenuation effect for perturbations to the contact angle, where the solid surface is micro-
textured by the unit-cell array with a fixed repeat size and the corresponding wetting behaviour is in the Cassie–Baxter
state [17]. This attenuation effect increases along with the decrease in the ratio of the lattice constant L to repeat-array
size Lr ; and the micro-textured surface become “slippy”, because the attenuation effect can weaken the contact angle
hysteresis [17]. Therefore, the optimised micro-textures with relatively smaller length scale can weaken the contact
angle hysteresis, where the wetting behaviour is in the Cassie–Baxter mode.

4. Conclusions

This paper has investigated the inversely-designed periodic micro-textures, with the goal to achieve the robust
Cassie–Baxter mode of super-hydrophobicity, by the topology optimisation approach. The three different tiling
periodicity of regular polygons that can fully cover a plane has been considered. The derived results reveal that
the patterns always features with a trunk-like topology. And the trunk originates at the centre of the unit cell along the
longest edge of the irreducible triangle, yielding the ultimate patterns with �, × and A topologies.

We have studied the effects of the Bond number, duty ratio, feature size, and lattice constant on the formation of
micro-textures. Based on a comparison of the derived patterns corresponding to different Bond numbers, the consistent
optimality of the inverse design method has been confirmed. The effects of feature size and lattice constant have been
shown to provide approaches for compromising the robustness of the Cassie–Baxter mode and manufacturability of
the micro-textures. The effect of lattice constant permits scaling the derived patterns, and the scaling property provides



Y. Deng et al. / Comput. Methods Appl. Mech. Engrg. 341 (2018) 113–132 129

an approach to avoid the collapse of micro/nanostructures caused by the elasto-capillary instability of structural
deformation of the micro-textures.

From these studies, a monolithic inverse design procedure for the micro-textures on a solid surface can be proposed,
by synthetically considering the manufacturability of the micro-textures, contact angle of the liquid, and surface-
volume ratio of the liquid bulge:

1. Perform the inverse design of a pattern with specified duty ratio, feature size and lattice constant, for a liquid
with known Bond number, where the lattice constant should be chosen to be small enough to ensure a dominant
role of the surface tension.

2. Extract the geometry Ωe corresponding to blankness of the derived pattern, and compute the liquid/vapour
interface z supported by the micro-textures from the extracted geometry. A posteriori evaluation of the extracted
geometry is implemented based on the following requirements: the maximal value of the contact angle at the
boundary of the extracted geometry is not larger than its crucial advancing value at the side wall of the desired
micro-textures, and the surface tension plays a dominant role, with the surface-to-volume ratio of the liquid
bulge supported by the micro-textures being much larger than 1, i.e.

max
∀x∈∂Ωe

θ (x) ≤ θA,

S0

V0
≫ 1,

(11)

where θ (x), demonstrated in Fig. 2, is the contact angle at the boundary of the extracted geometry; θA is the
crucial advancing value of the contact angle, which can be determined from experimental measurements; S0
and V0 are the area and volume of the liquid bulge. The contact angle θ (x), area S0, and volume V0 can be
calculated to be:

θ (x) = cos−1
(

∇z
|∇z|

· ne

)
, ∀x ∈ ∂Ωe,

S0 =

∫
Ωe

√
1 + (∇z)2 dΩe,

V0 =

⏐⏐⏐⏐∫
Ωe

z dΩe

⏐⏐⏐⏐ ,
(12)

where ne is the unit normal vector at the boundary of the extracted geometry, pointing from the solid into
the blankness. If the calculated contact angle and surface-volume ratio do not satisfy the relations in Eq. (11),
the pattern should be re-designed by choosing a larger duty ratio or a smaller feature size; else, the extracted
geometry can be retained for generating the periodic micro-textures.

3. Scale the extracted geometry using a reasonable scaling factor ls , with maintaining the dominant role of the
surface tension. Based on the scaling property in Eq. (10), the surface-volume ratio of the liquid bulge supported
by the micro-textures, with the scaled and original geometries, satisfies

Ss

Vs
=

l2
s S0

l3
s V0

=
1
ls

S0

V0
≫ 1, (13)

where Ss = l2
s S0 and Vs = l3

s V0 are the area and volume of the liquid bulge supported by the micro-textures
with the scaled geometry. Therefore, the chosen scaling factor should satisfy

ls ≪
S0

V0
. (14)

Under the precondition in Eq. (14), the extracted geometry is scaled up towards achieving improved
manufacturability by choosing a scaling factor to be ls > 1; else, it is scaled down to pursue a more robust
Cassie–Baxter state.

4. Perform symmetry and extruding operations of the scaled geometry and establish the periodic micro-textures,
whereby the extrusion distance should be larger than the depth of the supported liquid/vapour interface, i.e.

de > ls max
∀x∈Ωe

|z| , (15)

where de is the extrusion distance.
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The derived micro-textures lend themselves to well-established micro and nano manufacturing processes, such as
photo-polymer lithography, direct laser writing lithography, as well as nano-imprint lithography in order to achieve
either a final surface or an initial tool geometry. Subsequent processing can be achieved for example by replication,
such as hot embossing, soft lithography, or injection moulding.

Our design approach and the derived micro-textures can be used for applications requiring capillary-driven
adsorption. The method can also be extended to inversely design micro-textures with dual scales or hierarchical
configurations, including the consideration of the stiffness of the micro-structures, so as to further control the
behaviour-stability. These topics will be investigated in our future work.
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