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Grating-based interferometers play important roles in precision displacement measurements. Gratings are the
core components of grating-based interferometers, and grating surface errors and line errors seriously affect
measurement accuracy, especially in systems with Littrow configurations. A fast, accurate method to calculate
displacement errors caused by grating surface errors and line errors in a grating-based interferometer with a
Littrow configuration is proposed. Displacement errors are calculated using the diffracted wavefronts at the
�1st orders of the grating. Experimental comparison of the displacements of a grating-based interferometer
and a laser interferometer verifies the correctness of the proposed method. The differences between the calculated
and measured displacement error results are within 40 nm. The method is accurate, fast, and low cost and is highly
significant for system error compensation and improvement of the measurement accuracy of grating-based
interferometers. © 2019 Optical Society of America

https://doi.org/10.1364/AO.58.003193

1. INTRODUCTION

Precision displacement measurement technology plays highly
important roles in numerous fields [1–5]. The grating-based
interferometer (GI) [6–10], which uses the grating period as
its measurement datum, is less strongly affected by the environ-
ment than the laser interferometer (LI), which uses the wave-
length as its datum [11,12]. The GI, thus, has very wide
application prospects.

In the GI, there are two main ways in which the laser beam
can be incident on the grating: vertical incidence and oblique
incidence. Based on the auto-collimation principle, the method
in which the beam is incident on the grating at the Littrow
angle is widely used in oblique incidence applications. There
are several examples of GIs that have been designed using
Littrow configurations [13–17]. When compared with vertical
incidence, this method offers many advantages. It can improve
the laser energy utilization; gratings with higher line densities
can be used for the same wavelength, which gives these GIs
higher resolution; and the distance between the reading head
and the grating is not strictly controlled, which makes
installation simpler. However, this method also has some short-
comings. When the two beam spots coincide on the grating,
zero-order diffraction light will return to the receiver along with
the measurement beam, which has a serious effect on measure-
ment signal collection. In a heterodyne GI with a Littrow

configuration, imperfect optical elements and the grating
polarization characteristics can also cause zero-order diffraction
light to enter the receiver. The system then cannot distinguish
the measurement signals and thus cannot measure the displace-
ment. Therefore, it is necessary to adjust the distance between
the grating and the reading head to ensure that the two beam
spots on the grating are separated by a specific distance; this is
the simplest and most effective way to prevent zero-order
diffraction light from entering the receiver. However, because
of the limitations of grating manufacturing technology, gratings
are not perfect, and surface errors and line errors are present in
gratings. The grating surface error is the out-of-flatness error of
the grating and is mainly determined by the grating substrate.
Grating line errors are caused by pitch deviations in the grating.
These pitch deviations are mainly caused during grating fabri-
cation. The out-of-flatness errors and pitch deviations of the
grating will then make the diffraction wavefront imperfect.
Because of the different positions of the two spots on the gra-
ting, any additional optical path difference caused by an imper-
fect grating becomes a displacement measurement error. With
the ongoing improvements in measurement range, precision,
and resolution of the GI, this effect cannot be ignored.

The displacement error that is caused by a grating surface
error and/or line error can be calibrated using a LI in a vacuum
[18]. By comparing measured data from two systems, the
grating accuracy can be calibrated precisely. However, the cost
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of this method is high, and the system required is complex.
A scanning probe microscope [19,20] can be used to image very
small areas of the error region, but it is highly impractical to use
this method to detect the surface and line conditions over the
entire grating because of the microscope’s slow scanning speed
and small observation range. Grating errors can be reflected
directly onto the diffraction wavefront, such that the diffraction
wavefront error is mainly composed of the grating surface error
and line errors [21–23]. Gao et al. proposed a method to evalu-
ate the surface errors and line errors of gratings based on dif-
fraction wavefronts obtained using a Fizeau interferometer
[24]. They also verified their method experimentally using a
three-dimensional (3D) GI. However, the laser beam was ver-
tically incident on the grating in the 3D GI, and the surface
error, thus, only affects the displacement perpendicular to
the grating plane, while the line error only affects the displace-
ment parallel to the grating plane. This does not apply to a GI
in the Littrow configuration. Further in-depth analysis of the
relationship between the grating error and the displacement
error is thus required.

In this paper, we propose a fast and accurate method to cal-
culate the displacement error caused by the grating surface error
and line errors in a GI using the Littrow configuration and pro-
pose a theoretical model to perform error analysis. The correct-
ness of the method is verified experimentally. This method is of
major significance for compensation of system errors and en-
hancement of the measurement accuracy of GIs.

2. PRINCIPLE

As shown in Fig. 1, the intensity signal received by the GI is
given by

I ∝ cos�ϕv � ϕge � ϕe�, (1)

where I is the interference field intensity, ϕv is the phase change
caused by the grating motion based on the Doppler principle,
and ϕge is the phase change caused by the grating errors. ϕe is
the phase change caused by other aspects, such as linear stage
errors and changes in the surrounding environment.

The relationship between the phase change and the displace-
ment caused by the grating motion is

ϕv � ϕge � ϕe �
4πm
d

�l � l ge � l e�, (2)

where m � 0, 1, 2, 3…, l is the grating displacement, l ge is the
displacement error caused by the grating surface error and line
errors, l e is the displacement error caused by the other condi-
tions, and d is the grating period.

Figures 2 and 3 show schematic diagrams of the optical path
changes induced by a surface error and a line error, respectively.
The beam is incident on the grating at the Littrow angle in each
case. The grating groove direction is parallel to the Z axis. As
shown in Fig. 2, when there is a depth difference h�xp, zpi� be-
tween the real surface and the ideal surface at any point i on the
pth line of the grating, the optical path difference δh between
the ideal light beam and the real light beam at this point is

δh � 2h�xp, zpi� cos θm, (3)

where θm is the angle of incidence.
As shown in Fig. 3, when there is a line error but no surface

error in the grating, the distance between the actual position
and the ideal position at any point i on the pth line of the gra-
ting is w�xp, zpi�. The optical path difference δl between the
ideal light beam and the real light beam at this point is

δl � 2w�xp, zpi� sin θm: (4)

By combining the above with the grating equation
2d sin θm � mλ, Eq. (4) can be changed to read

Fig. 1. Schematic diagram of GI in Littrow configuration.
Incoming beams are incident on the grating at the Littrow angle,
and the diffracted beams return along the original path and interfere.
When the grating moves at a speed v, the interference field I will
change.

Fig. 2. Optical path changes induced by surface error.

Fig. 3. Optical path changes induced by line error.
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δl � w�xp, zpi�
mλ
d

, (5)

where m is the diffraction order, with m � 0, 1, 2, 3…, and λ is
the wavelength.

Using the matricesH andW to represent the grating surface
error and the line error, respectively, we can obtain the follow-
ing mathematical expression for the diffraction wavefronts of
the �mth orders:

Δ��m� � 2H cos θm �W
mλ
d

, (6)

where Δ��m� denotes the diffraction wavefronts of the �mth
orders.

Because the Littrow structure is used, the positions of the
two beam spots on the grating in the GI are different, and
the two diffraction wavefronts are thus produced at different
grating positions. The phase error ϕge can be expressed as

ϕge �
2π

λ 0
�Δ1��n� − Δ2�−n��, (7)

where λ 0 is the wavelength used in the GI, �n are the diffrac-
tion orders, where n � 0, 1, 2, 3…, and Δ1��n� and Δ2�−n�
are the diffractive wavefronts of the two beams, which can be
calculated using�

Δ1��n� � 2H1 cos θn �W1nλ 0∕d
Δ2�−n� � 2H2 cos θn −W2nλ 0∕d

, (8)

where θn is the Littrow angle, and H1 and W1 are the surface
error and the line error of the grating that are covered by the
first spot. H2 andW2 are the surface error and the line error of
the grating that are covered by the second spot. H1, H2, W1,
and W2 can all be extracted from the overall surface error and
line error that can be obtained from Eq. (6).

It can be determined from Eqs. (2) and (7) that when the
grating moves, the relationship between the diffraction wave-
front and the displacement error is

lge � �Δ1��n� − Δ2�−n��
d

2nλ 0
, (9)

and by combining Eqs. (8) and (9) with the grating equation
2d sin θn � nλ 0, we then obtain

lge �
1

2 tan θn
�H1 −H2� �

1

2
�W1 �W2�: (10)

Equation (10) shows that the surface error and the line error
of the grating both affect the displacement. When the two
spots overlap completely, i.e., when H1 � H2 � H and
W1 � W2 � W, Eq. (10) will then become lge � W. The
displacement error is thus caused solely by the line error.
This is consistent with a GI in which the beam is perpendicu-
larly incident on the grating.

Therefore, when calculating the displacement error caused
by the grating surface error and the line error in a GI in the
Littrow configuration, we must first obtain the diffraction
wavefronts of the symmetric orders using an interferometer.
We must then extract the wavefronts that are covered by
the two spots from the wavefronts that were obtained previ-
ously. If the wavelength of the interferometer differs from that
of the GI, we should calculate the surface error and the line

error of the grating using Eq. (6). We can then calculate the
displacement error using Eq. (10). When the wavelength of
the interferometer is the same as that of the GI, we do not need
to calculate the surface error or the line error. We can calculate
the displacement error directly using Eq. (9) and the diffracted
wavefronts. Use of the method described above means that we
do not require expensive experimental facilities or a complex
series of steps, which greatly reduces the cost and difficulty
of the operation and is helpful for error compensation.

3. EXPERIMENTAL

To verify that the proposed method is both correct and accu-
rate, we designed an experiment to compare the measured re-
sults with the calculated results in terms of the displacement
error. The experiment consisted of two main parts: (1) measure-
ment of the displacement error and (2) calculation of the dis-
placement error. First, we obtained the displacement difference
between the heterodyne GI with the Littrow configuration and
the dual-frequency LI via a comparison experiment. Then, we
calculated the displacement error using the diffraction wave-
fronts of the grating. Finally, we compared the results that were
obtained using these two methods.

In the first part of the experiment, we designed an experi-
ment to enable comparison of the displacement measurements
of the GI and the LI. The experimental setup is shown in Fig. 4.
The LI is located within the blue dotted line and includes a
plane mirror interferometer (10706B, Agilent), a mirror
(M3), and a receiver (R1). The GI with the Littrow configu-
ration is located within the white dashed line. This GI includes
an integrated module that contains a polarizing beam splitter
and two quarter-wave plates (PBS&QW), two mirrors (M4 and
M5), a reflection grating (a reproduction grating made in our
own laboratory) with dimensions of 50 mm × 25 mm × 6 mm
and a line density of 1800 lines/mm, and a receiver (R2). The
receivers R1 and R2 are both Agilent 10780F remote receivers.
The receivers’ lenses and polarizers are contained within small
assemblies that are connected to their electronic housings via
fiber optic cables. These fiber optic cables allow the receiver
modules to be mounted away from the measurement area, thus
removing a potential source of heat. The receivers convert the
Doppler-shifted laser light into electrical signals that can be

Fig. 4. Experimental setup for displacement measurements.
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processed by the rest of the system.M3 and the grating are fixed
on a precision linear stage (XML210-s, Newport). The surface
of M3 lies perpendicular to the grating surface. To reduce the
Abbe error, the positions of the beam spots on M3 and on the
grating lie in a straight line along the direction of motion.
A He–Ne laser (λ � 632.8 nm, beam spot diameter of 6 mm)
is used as the light source. When the precision linear stage
moves, both the LI and the GI can measure the displacement.
The in-house-made board can process the displacement signals
of the LI and GI simultaneously. We use LabVIEW software to
extract the displacement data from the two systems simultane-
ously and to calculate the measurement differences between the
two systems. In this experiment, we believe that the measure-
ments made by the LI are accurate, so any difference between
the displacement measurement results of the two systems can
be regarded as the GI displacement error. To ensure measure-
ment accuracy, the experimental equipment is set up on an air
floatation platform and is sealed to minimize the effects of the
surroundings.

The positions of the reading head and the grating are ad-
justed such that the centers of the two spots on the grating
are spaced 8 mm apart. The positions of the two spots that
are tangential to the edge of the grating are then set as the start
and end points of the motion. The range of the GI is thus
36 mm. We set the speed of the precision linear stage at
1 mm/s and its acceleration at 1 mm∕s2. To verify the correct-
ness of the theoretical model more forcefully, we adjust the dis-
tance between the reading head and the grating such that the
two incident beams are in two different states, called separated
incidence and crossed incidence, as illustrated in Figs. 5 and 6,
respectively. The sequences of the two spots are different, and
the effects of the surface error and the line error on the displace-
ment measurements should also be different, so we can obtain
two different sets of displacement error results.

Figures 7 and 8 show the displacements that were measured
using the LI and the GI. The figures show that both the GI and
the LI measured displacements of 36 mm and that the displace-
ment measurement curves of the two systems were closely
coincident. However, there are nanoscale differences between
the displacements that were measured by these two systems.
These differences may be caused by many factors, such as
grating surface errors, line errors, accuracy of the linear stage,
environmental variations, and electronic noise.

In the second part of the experiment, we use a Zygo inter-
ferometer at an operating wavelength of 632.8 nm with error
repeatability of λ∕10, 000 (2σ) to obtain the diffraction wave-
fronts of the �1 st orders, with results as shown in Fig. 9.

Fig. 5. Incident states of the two beams: separated incidence.

Fig. 6. Incident states of the two beams: crossed incidence.

Fig. 7. Displacements measured using the LI and the GI. The red
line represents the displacement measured by the GI with two incident
beams in the separated state. The blue line represents the displacement
measured by the LI.

Fig. 8. Displacements measured using the LI and the GI. The red
line represents the displacement measured by the GI with two incident
beams in the crossed state. The blue line represents the displacement
measured by the LI.
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We extract the parts that are covered by the two beam spots
from the diffraction wavefronts over the entire grating, which
are the parts indicated by the dotted lines in the figures. From
Fig. 9, we see that the peak-to-valley values of the �1st-order
diffraction wavefront curves are 535.21 and 485.45 nm.
Because the Zygo interferometer and the GI operate at the same
wavelength, the displacement error can be calculated directly
from the diffraction wavefronts.

Figure 10 shows the measured and calculated displacement
error results in the case of separated incidence. The calculated
displacement error is closely matched with the measured value.
The difference between them fluctuates around zero, and the
3σ value is 35.13 nm. The difference between the two results
could be caused by misalignment of the two mirrors in the GI,
the straightness of the linear stage, and changes in the sur-
rounding environment. In addition, the beam spots have spe-
cific sizes, and the grating surface roughness and line density
may vary within these beam spots. The phases caused by
the grating surface error and the line error should be the average
effects within the range of the beam spots. Therefore, the dis-
placement error will differ from that in the ideal case, but the
impact of this difference is small. This is because the beam spots

are small, and the grating surface error and the line error do not
mutate too greatly.

Figure 11 shows the measured and calculated results for the
grating displacement error in the case of crossed incidence. The
displacement error is different because of the different incident
states of the two beams. However, the calculated displacement
error results again coincide with the measured results. The dif-
ference between the two results is 37.80 nm (3σ). The possible
causes of this difference are the same as those in the
previous case.

4. DISCUSSION

In this section, we will discuss the effects of the accuracy of the
precision linear stage and the misalignment of the two mirrors
in the GI on the displacement error.

During the experiment, the grating is fixed on a precise lin-
ear stage. The pitch, roll, and yaw of this precise linear stage will
change the grating angle directly. The pitch and roll of the gra-
ting hardly change the optical path of the two interference
beams. However, the yaw of the grating changes the optical
path of the two beams, which then has a greater effect on
the displacement. Figure 12 shows a schematic diagram of
the grating with a yaw angle of α. The grating lies parallel
to the x axis, and the beams are ideally incident on points
A and B of the grating at the Littrow angle θ. When the grating

Fig. 9. Diffraction wavefronts of (a) the first order and (b) the −1st
order of the grating.

Fig. 10. Displacement errors of the grating with beam separated
incidence. The dark blue line is the displacement error that was calcu-
lated using the diffraction wavefronts of the�1st orders. The pink line
shows the displacement error obtained from the displacement
measurements when the GI is compared with the LI.

Fig. 11. Displacement errors of the grating with beam crossed in-
cidence. The dark blue line is the displacement error that was calcu-
lated using the diffraction wavefronts of the�1st orders. The pink line
shows the displacement error obtained from the displacement
measurements when the GI is compared with the LI.

Fig. 12. Schematic diagram of grating with yaw angle α.
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rotates around point O at an angle α, the points of incidence of
the two beams become points A 0 and B 0. Because α is small, we
can neglect the optical path changes caused by the changes in
the diffraction angles. It can be seen from Fig. 12 that the op-
tical paths of the two beams are increased by 2lAA 0 and 2l BB 0 .
According to their geometric relationship, the lengths of the
line segments AA 0 and BB 0 are given by

l AA 0 � lOA sin α

cos�θ� α� , (11)

l BB 0 � �lOA � l AB� sin α

cos�θ − α� , (12)

where lOA is the length of line segment OA, and lAB is the
length of line segment AB. The displacement measurement
error is given by

xerror �
d

4πm

�
2π

λ
2�l BB 0 − l AA 0 �

�
≈

lABα
sin 2θ

: (13)

Equation (13) indicates that the displacement measurement er-
ror caused by the yaw of the grating is related to the distance
between the two beam spots, the yaw angle, and the Littrow
angle. If the yaw angle is 2 μrad and the distance between
the two beam spots is 8 mm, then the error is approximately
17 nm. This error will affect the displacement measurement
accuracy significantly.

Ideally, the incident and diffraction beams coincide, and the
angle of incidence is equal to the diffraction angle. These angles
are then all equal to θ. When the mirrors in the GI are mis-
aligned, the angles of incidence and diffraction will change. By
differentiating both sides of the grating equation
d �sin θi � sin θq� � mλ, we obtain

cos θidθi � cos θqdθq � 0, (14)

where θi is the angle of incidence, and θq is the diffrac-
tion angle.

In the Littrow configuration, θi � θq. Therefore, Eq. (14)
can be written as

dθi � −dθq: (15)

The absolute value of the variation of the diffraction angle is the
same as that of the angle of incidence. When the angle of in-
cidence becomes θ − σ, the diffraction angle becomes θ� σ, as
shown in Fig. 13.

Without consideration of the errors, the displacement
measurement principle of the GI is given by

I ∼ cos

�
4πm

x
d

�
, (16)

where m is the diffraction order, x is the displacement, and d is
the period of the grating. It can be seen from Eq. (16) that the
angle does not affect the displacement measurement of the GI.
However, Eq. (6) indicates that the angle will affect the diffrac-
tion wavefront when there is a surface error in the grating,
which will then affect the accuracy of the displacement mea-
surement error caused by the grating surface error. When
the mirrors are misaligned, Eq. (3) becomes

δ 0h � h�xp, zpi��cos�θm − σ� � cos�θm � σ��
� 2h�xp, zpi� cos θm cos σ � δh cos σ: (17)

Equation (17) shows that when there is an error σ in the angle
of incidence, there will be a cosine error (cos σ) in the optical
path difference that is caused by the surface error. Equation (6)
then becomes

Δ 0��m� � H cos θm cos σ�m �W
mλ
d

, (18)

where σ�m are the diffraction angle errors of the �mth orders.
Equation (10) then becomes

lge �
1

2 tan θn
�H1 cos σ�n −H2 cos σ−n� �

1

2
�W1 �W2�:

(19)

Therefore, misalignment of the mirrors in the GI causes the
cosine errors to exist in the displacement errors caused by
the grating surface errors. Because of the limitations of the
beam spot sizes, the receivers and the other optical elements,
the angles σ�n are very small. Therefore, the cosine errors will
be small and can be neglected.

5. CONCLUSION

In conclusion, the surface error and the line error of the grating
will both affect the displacement measurement accuracy of a GI
with a Littrow configuration. The method proposed here can
calculate the displacement error that is caused by the surface
error and the line error quickly and accurately. Experiments
showed that the differences between the calculated and mea-
sured displacement errors were less than 40 nm, which verified
the correctness of the proposed method. Using this method, we
can obtain the error curve, which is helpful in compensating for
the errors and reducing the grating precision requirements.
Scientific developments mean that the measurement range
and precision requirements of GIs are constantly increasing.
Large-sized gratings will be used in GIs, and the effects of sur-
face errors and line errors in these gratings on the displacement
cannot be ignored. Therefore, the proposed method will play
an important role in error compensation. However, improve-
ment of the calculation precision and determination of a con-
venient method to compensate for the system error using the

Fig. 13. Schematic diagram of the changes in the angle of incidence
and the diffraction angle.
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displacement error curve that can be calculated using the
proposed method will require further study.
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