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Correction of wavefront rotation between
interferometer and shack-hartmann sensor
using bending modes
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Abstract

In some active optics system, the influence function, which is the surface deformation ability of an actuator, is
measured by directly detecting the mirror surface using an interferometer and the surface correction of the primary
mirror is done using the Shack-Hartmann (S-H) sensor. However, if the wavefronts of the interferometer and the S-H
sensor have an obvious rotation, a large error will be introduced to the correction force calculations. In this paper,
bending modes are used to detect this wavefront rotation. Bending modes are a series of orthonormal stiffness-
increasing modes calculated using the influence functions. Two methods, optimum search and top-line (a line
passes through the surface center and the top of surface deformation peaks) detection, are developed and tested
in simulation using the experimental data of a 620-mm active optics system. The detection errors of the two
methods are 0.286° and 0.085° in the simulation, respectively. The rotation detection method is then tested on this
620-mm system. The simulation and experimental results show that top-line detection is a suitable method for the
detection of wavefront rotation.
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Introduction
Measurements of influence functions, which help finding
the surface deformation ability of an actuator, consumes
large amount of time. For example, in the active optics
system of a 4 m SiC mirror in our lab, there are 54 actu-
ators; and it therefore needs at least 540 min for a loop
of influence function measurement (about 5 min for
each force application and surface detection and at least
twice of these for one actuator). Such measurement re-
quires a time-consuming stable detection condition, so
the mirror surface is planned to be directly detected by a
Zygo interferometer in a closed detection tower during
the influence function measurement to obtain a high
precision result. After this measurement, the mirror sur-
face is detected by the S-H sensor of the active optics
system. Then the problem left is that the wavefronts de-
tected by the interferometer and the S-H sensor may
have a rotation angle. If the angle is larger than 1.0°, it

will obviously hamper the correction ability of the active
optics system. Hence, wavefront rotations should be de-
tected and adjusted before active corrections. On the
other hand, it is also difficult to include additional com-
ponents in the system just for detecting such rotations.
Therefore, detections of wavefront rotations without
additional components are necessary for surface
corrections.
Bending modes are first used on the active optics sys-

tem of Starfire Optical Range Telescope (SORT), and
then successfully applied on other active optics systems
[1–5].They are a series of orthonormal modes created
via singular value decomposition (SVD) on the influence
matrix of the actuators. Mode stiffness is arranged in an
increasing order, and mode surfaces can be properly re-
built on the mirror of the active optics system. There-
fore, we apply the first order bending mode of the
system to detect wavefront rotations and the rotation
detections are tested on a 620-mm active optics experi-
mental system in our lab.
The primary mirror of the above-mentioned active op-

tics experimental system is a 620-mm thin meniscus
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mirror with a 170-mm hole in the center. It has 36 ac-
tive axial supports and 6 passive lateral supports and the
axial supports are arranged in three rings. The active
axial support is provided by mechanical force actuators,
as shown in Fig. 1. The system is detected in horizontal
state while the gravity is balanced by the lateral supports
and only surface corrections are performed by the active
axial supports.
The primary mirror surface is detected by an S-H

wavefront sensor that is shown in Fig. 2. It contains a
camera, a light source, a beamsplitter, a lenslet and
two collimation lenses. This sensor sends a spherical
lightwave to the primary mirror and collimates the
reflected light to the lenslet to acquire a dot image
and to calculate the wavefront. The lenslet has a
pitch of 300 μm and a focal length of 7 mm, which
results in a wide detection range to deal with the
large astigmatism of the primary mirror aberration in
the passive support state. The system has 272 sample
points that are fitted to 32 Zernike polynomials, ex-
cluding two tilts and defocus. Zernike polynomials are
useful in expressing wavefront data [6, 7].

Bending mode correction strategy
Influence function
The influence function, which is the surface deform-
ation ability of an actuator, is the basis of the bend-
ing mode correction. However, a one point-force can
only cause rigid movement. To avoid rigid move-
ment and create a surface deformation, the net force
and net moment should be balanced. This means
that.

Xn
i¼1

f i ¼ 0;
Xn
i¼1

f i � xi ¼ 0;
Xn
i¼1

f � yi ¼ 0; ð1Þ

where fi is the active force added on the ith actu-
ator, and fi ⋅ xi and fi ⋅ yi are x-axis and y-axis mo-
ment of the ith actuator, where xi and yi are the
coordinates of the actuator. This means that at least

three more actuators are needed to balance the net
force and net moment.
The balance force is distributed on all actuators

and minimized in RMS, and the net force is equally
distributed over all the actuators. The net moment is
distributed in proportion to the actuator coordinates,
referring to the Multiple Mirror Telescope [2]. For a
force vector Fi, which is f N on the ith actuator and
0 N on other actuators, the balance force vectors
are.

FN ¼ f =nð Þ�E
FX ¼ f � xið Þ� X=

Xn
i¼1

xi

 !

FY ¼ f � yið Þ� Y=
Xn
i¼1

yi

 !
;

ð2Þ

where X and Y are the vectors of coordinates x and y,
and FN, FX and FY are the balance force vectors for net
force and net moment of the x-axis and y-axis. If X and
Y satisfy.

Xn
i¼1

xi ¼ 0;
Xn
i¼1

yi ¼ 0;
Xn
i¼1

xi � yi ¼ 0; ð3Þ

then FN, FX, and FY are independent and the balanced
force of Fi is Fi − FN − FX − FY. Actuators set at the regu-
lar position commonly satisfy Eq. 3, which is the case for
the 620-mm active optics system.
The influence force of each actuator is obtained by

adding a unit force on this actuator and balancing
the force on all actuators by using the former
method. The rank of the influence force matrix is
three less than the number of actuators because of
the balance distribution. Therefore, the rank of the
influence matrix is also three less than the number
of actuators.

Fig. 1 620mm primary mirror (a), active support system (b), and actuator (c)
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Bending mode
As the basis of the primary mirror surface correction,
the active force F added on the active support causes a
surface aberration W:

W ¼ A�a; F ¼ FA�a; ð4Þ
where A is the influence matrix of the actuators, FA is
the influence force matrix, and a is calculated by a least
squares fitting such as a = (ATA)−1AT ∗W. However, the
correction may require many iteration steps to acquire
an acceptable surface, and the correcting force may be
too large to add onto the actuators. To obtain a suitable
correcting force, a better fitting base than the influence
function is needed.
Bending modes are a series of orthonormal modes

converted from the influence matrix A. The mode
matrix B is obtained by performing SVD on A, such
as.

A ¼ B�S�VT ; B ¼ A�V�S−1: ð5Þ
B is a combination of the influence matrix A, so the

mode surface can be properly rebuilt on the primary
mirror by using its mode force. The mode force FB is de-
fined as

FB ¼ FA�V�S−1: ð6Þ
Since B is orthonormal, the mode coefficients b and

the correcting force F are.

b ¼ BT�W ; F ¼ FB�b: ð7Þ
The columns of FB, which are mode force vectors re-

lated to bending modes, are arranged in an increasing
order [2, 8]. This means that lower order mode deform-
ation occurs more easily, and fitting a surface aberration
by low order modes could effectively optimize the cor-
recting force amplitude with an acceptable fitting
precision.

Figure 3 shows the first 6 bending modes of the
620 mm active support system. Mode #1 and mode
#2 are similar to astigmatism and these two modes
are easily to be produced by the active optics
system.
Further discuss about the orthonormality of bending

mode in Zernike base is shown in Appendix.

Wavefront rotation detection
A high precision influence matrix measurement is
usually performed using a detection system directly
aimed at the primary mirror using a high-quality
light source. This high-precision influence matrix is
then used in the active optics system. Then, the S-H
wavefront sensor of the active optics system detects
the primary surface deformation. However, if the
wavefront has an obvious rotation with respect to
the influence matrix, the correction ability will be
largely deteriorated.
Since the active optics system detects primary mir-

ror deformations, the detection of a specific deform-
ation could aid in determining the wavefront
rotation. This detection requires no additional meas-
urement components. A unique mirror deformation
such as the influence of one actuator could perform
this function, but the low-order bending mode is
much more ‘soft’ that a small mode force can make
a large deformation for detection. Moreover, the
low-order mode surface has a low spatial frequency
that is easily detected and introduces less detection
error. Therefore, using the first order mode could
result in high-precision detection.
As mentioned in Section 2.2, the mode surface could

be precisely rebuilt on the primary mirror by adding its
mode force on the actuators. Then, the detection is per-
formed by adding a mode force on the support, detect-
ing the wavefront of the rebuilt mode, and comparing

Fig. 2 The S-H wavefront sensor
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the wavefront surface with the mode surface to deter-
mine the rotation angle.
For a regular structure support system, the first

order bending mode is like an astigmatism, which
has two symmetric valleys and peaks. Therefore, the
rotation α detected using this mode can be either of
two symmetric rotations: α and 180 ° + α. An add-
itional detection is needed to ensure that the true
result is obtained, using an asymmetric surface, such
as the influence function of one actuator or an
asymmetric low order mode.

Zernike coefficient rotation
The detected wavefront of the S-H wavefront sensor
is described in terms of Zernike coefficients. The
Zernike coefficients are easy to be rotated since all
the Zernike polynomials are circularly symmetric or
orthogonal in pairs. Rotation of orthogonal polyno-
mial pairs is performed by multiplying a rotation
matrix with their coefficients. The angle of the
rotation matrix is equal to the phase angle of the
Zernike polynomial pair, which is equal to the rota-
tion angle multiplied by the rotation order of the

Zernike polynomial. For example, a rotation of α
corresponds to a phase angle 3α for a trefoil. Rotat-
ing the Zernike coefficients of the surface directly
could introduce less fitting error than rotating the
surface image rebuilt by the Zernike coefficients.

Optimum search detection
The simulation of wavefront rotation detection is per-
formed using the experimental data from Section 4.1.
The calculated modes #1 and #5 surfaces and their re-
built surfaces are used. The rebuilt mode surfaces are ro-
tated by a certain angle θ to simulate the rotated
wavefront surfaces of the rebuilt mode. Mode #1 is used
for the main detection and mode #5 for the additional
detection.
To detect the rotation angle of the two surfaces,

an optimum search could be a suitable approach.
The rotated wavefront surface is the search target.
The calculated mode surface is rotated to fit the tar-
get, and the rotation angle α is the parameter to be
optimized. This is a simple two-way search. The
optimum search begins with an initial rotation angle
α0, an initial searching rate φ0 and a rate scale factor

Fig. 3 The first 6 bending modes of the 620mm system
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Fig. 4 Searching value of the optimum search using direct RMSE, DCT RMSE and cross-correlation as evaluation functions

Fig. 5 Calculated mode #1 (a) and rotated rebuilt mode #1 (b) surfaces with their top-lines (coordinate unit: mm)
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ρ. In the searching step i, the calculated mode sur-
face rotated by αi is compared with those rotated by
αi + φi and αi − φi. If the mode surface rotated by αi +
φi or αi − φi fits the target better, then ai + 1 = ai + φi

or ai + 1 = αi − φi, and φi + 1 = φi. If it does not, then
ai + 1 = ai and φi + 1 = ρ ⋅ φi. The search is terminated
after a certain number of searching steps or if the
search rate φi is less than a given value.

Comparison of each search step is performed using an
evaluation function. The function evaluates the fitting of
the rotated mode surface and target surface. The root
mean square error (RMSE) and cross-correlation coeffi-
cient of the two surfaces and RMSE of the discrete co-
sine transform (DCT) of the two surfaces are tested as
evaluation functions. The DCT image is transformed in
4 × 36 blocks divided in polar coordinates.

Fig. 6 Influence surfaces of #1 (a), #12 (b) and #31 (c) actuators (coordinate unit: mm, color bar unit: μm)

Fig. 7 Calculated and rebuilt mode #1 and #5 surfaces (coordinate unit: mm, color bar unit: μm)
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The simulation is set with θ = 30 ° , α0 = 20 ° , φ0 =
22.5 ° , and ρ = 0.8. The target surface is the rebuilt
mode #1 surface rotated by θ = 30°. The first attempt
is direct RMSE, which is to determine the RMSE of
the rotated mode surface and target surface. The
searching rate reduces to 0.12413 ' ' in 100 steps, the
searching result is α = 29.714°, and the detection error
is 0.286°. Then, the DCT RMSE and cross-correlation
coefficient are tested under the same conditions.
However, the result of cross-correlation coefficient is
α = 29.691°, which is close to that of direct RMSE,
and the result of DCT RMSE is equal to that of dir-
ect RMSE. The detection error is mainly caused by
the difference between the calculated mode surface
and rebuilt mode surface. The searching value αi of
the three evaluation functions is shown in Fig. 4, and
they are almost the same. Direct RMSE, which re-
quires less computation, is chosen as the evaluation
function for the optimum search.

Top-line detection
The precision of the optimum search is limited by
the difference between the calculated mode and re-
built mode. To obtain better detection for further
correction, we use another approach based on the
mode surface features. Mode #1 has two obvious
aligned peaks. Then, a top-line that passes through
the surface center and the tops of two peaks is se-
lected for detection.
To identify the top-line, a series of rings, which

are concentric with the surface, are set on the sur-
face. The top-point of the two peaks on each ring is
selected. The top-line angle is detected by a least
mean square (LMS) fitting of these top-points. The
angle between the top-lines of the source surface
(calculated mode #1) and target surface (rotated re-
built mode #1) is the detected rotation angle. The
detection mainly depends on the features of the
mode #1 surface, which are obvious and introduce

Fig. 8 Surface of the normal state (a), first correction (b), and final correction (c) (coordinate unit: mm, color bar unit: μm)

Fig. 9 Zernike coefficients of normal state surface and final correction surface (unit: μm)
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little detection error. This mode #1 top-line detec-
tion also involves the issue of 180° symmetry solu-
tion, and requires an additional detection to acquire
the correct result.
The top-line detection is tested with the same

simulation data used in Section 3.2. The target
surface is still the rebuilt mode #1 surface rotated by
θ0 = 30°. The detection uses 44 rings to find 88 top-
points. In each ring, the maximum point is found as
the top-point of one peak, and a search in the
opposite direction of this top-point is processed to
detect the top-point of the other peak. Then, a top-
line is detected by an LMS of these 88 top-points.
The searching precision of the top-point is

1.40625 ' '. The top-line angle of the calculated mode
#1 surface is 92.028°, and that of the rotated rebuilt
mode #1 surface is 121.943°. The detected rotation
angle is 29.915°, and the detection error is 0.085°,
which is much better than the values obtained in the
optimum search. The calculated mode #1 and the
rotated rebuilt mode #1 with their top-lines are
shown in Fig. 5.

Results of the experiments on 620-mm active
optics system
Influence detection and mode rebuilding
The influence force used in the influence matrix
measurement is a +10 N and −10 N balanced force.
The influence function is obtained by the subtraction
of two opposite surface deformations formed by add-
ing +10 N and −10 N influence forces on actuators.
Figure 6 shows the influence of the #1, #12 and #31
actuators, which correspond to the three actuator
rings.

The bending mode and mode force of this active support
system are calculated using the detected influence func-
tions. A series of mode forces FB is set on the active support
to acquire the rebuilt mode surface. As a result, the first 6
modes can be well rebuilt on the system, and the rebuilt
mode #1 is 92.1% similar to the calculated mode #1 in
RMS. High order modes could be rebuilt as well, but they
contain some low-order modes. Therefore, to obtain a good
correction result, several correction iterations from high-
order modes to low-order modes are performed.
The surfaces of calculated and rebuilt modes #1 and

#5 are shown in Fig. 7, which are used in the rotation
detection simulation. Calculated mode #1 and rebuilt
mode #1 are very similar to each other and could result
in good rotation detection, and mode #5 is the first
asymmetric mode.

Fig. 10 Rebuilt mode #1 surface detected by the rotated S-H
wavefront sensor, surface top-line and top-line of calculated mode
#1(coordinate unit: mm)

Fig. 11 Surface of the rotated normal state (a) and final correction surface without (b) and with (c) rotation correction (coordinate unit: mm,
color bar unit: μm)
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Active correction using bending mode
The normal state surface of the mirror is shown in
Fig. 8(a), where all the actuators are set to 0 N and
the mirror is in a passive supported state. The
surface has a large astigmatism. The first correction
uses the first 15 modes to fit the surface and calcu-
late the active force. The result is shown in Fig.
8(b), where the peak-to-valley(P-V) value and RMS
of the surface are effectively reduced, but the astig-
matism is still the main Zernike aberration. Then,
two corrections using 12 modes and 2 modes are
processed on the system and the result is shown in
Fig. 8(c). As shown in Fig. 9, all the Zernike aberra-
tions have been obviously corrected and the RMS is
reduced to 0.099λ. (λ = 632.5 nm).

Wavefront rotation detection
To obtain a rotated detection system, the camera of
the S-H wavefront sensor is rotated by approxi-
mately 10°. Then, the detected wavefront surface is
also rotated by approximately 10°. To achieve a
good surface correction, the wavefront surface
should be rotated back before fitting with bending
modes.
First, the mode forces of modes #1 and #5 are

added on the actuators to acquire the wavefront of
the rebuilt mode. The rotation angle is detected
using the top-lines of calculated mode #1 and the
wavefront of rebuilt mode #1, as shown in Fig. 10.
The detected result is 11.950°, which means that the
rotation angle is 11.950° or 191.950°. Then the wave-
front of rebuilt mode #5 is used to perform the add-
itional detection by optimum search. The result is
7.2908°, which ensures that the detected rotation
angle is 11.950°.
After rotation detection, the active correction in

this rotated system has been performed. The normal
state surface with all actuators set to 0N is detected,
which has a large astigmatism and an obvious

rotation. First, a direct surface correction without
rotation correction is performed on the rotated sys-
tem. The result is not good; the mirror surface is
0.647λ in RMS and still has a large astigmatism.
Then, another correction process is started where
the detected surface is rotated by −11.950° before
fitting with bending modes. The first correction is
done in three iterations using 15 modes, 12 modes,
and 2 modes. The correction result is 0.108λ in
RMS, similar to the result of the non-rotated detec-
tion system. The surfaces of the normal state and
the two correction surfaces are shown in Fig. 11,
and the Zernike coefficients of the normal state sur-
face and final correction surface with rotation cor-
rection is shown in Fig. 12.

Conclusions
A procedure for active correction and rotation de-
tection using bending modes is described in this
paper. Bending modes are a series of orthonormal
modes arranged in increasing order of stiffness.
These modes can be well rebuilt on an active optics
system. Considering these characteristics, two rota-
tion detection methods using bending modes were
developed. These detection methods require no add-
itional components and their detection precision is
high. These two methods, namely optimum search
and top-line detection, were firstly tested via simu-
lation using experimental data from a 620-mm ac-
tive optics system. The detection errors were 0.286°
and 0.085°, respectively. Then, the rotation detection
was tested on the 620-mm active optics system.
Two active corrections were performed in non-
rotation state and rotation state with top-line rota-
tion detection. The similarity in such correction re-
sults means that the rotation detection is effective.
In our future work, we plan to apply these rotation
detection methods to the active optics system of a
4-m SiC primary mirror.

Fig. 12 Zernike coefficients of normal state surface and final correction surface with rotation correction (unit: μm)
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Appendix
The influence matrix A is usually described in terms of
Zernike coefficients. However, the wavefront of the pri-
mary mirror has a central hole, which means that Zer-
nike polynomials are not orthogonal on the wavefront
surface. Then, the issue is that mode B is orthonormal
in Zernike coefficients but would not be on the wave-
front of the primary mirror.
To address this problem, the influence matrix must be

transferred to an orthonormal base before calculating the
bending mode. Then, the SVD of the influence matrix is
performed in the new orthonormal base to acquire the
orthonormal bending mode BV and its mode force. This
operation preserves the orthonormal feature of the bend-
ing mode. There are many choices for the orthonormal
base, as long as it has the same or more dimensions than
the original Zernike polynomials base. Our choice is to
perform a Gram-Schmidt orthogonalization on the Zer-
nike polynomials Z to derive orthonormal polynomials V:

U1 ¼ Z1

U2 ¼ Z2 þ D21U1

U3 ¼ Z3 þ D31U1 þ D32U2 j ¼ 2; 3; 4;⋯; n;
⋮ ⋮ ⋮
U j ¼ Z j þ Dj1U1 þ Dj2U2 þ⋯þ Dj; j−1U j−1

ð8Þ
where

Dji ¼ −

R 1
ε

R 2π
0 Z jZi � dρ � ρ � dθR 1

ε

R 2π
0 Z2

i � dρ � ρ � dθ
; j ¼ 2; 3; 4;⋯; n; i ¼ 1; 2;⋯; j−1

ð9Þ
U is the orthogonal polynomials obtained from Z, n is

the max Zernike order, and ε is the normalized radius of
the central hole. Then, V is the normalized form of U;
that is,

V i ¼ Ui=U0i; U0i ¼
Z 1

ε

Z 2π

0
U2

i � dρ � ρ � dθ: ð10Þ

Equation 10 can be expressed in terms of V and Z as

V 1 ¼ Z1=U01

V 2 ¼ Z2=U02 þ C21Z1

V 3 ¼ Z3=U03 þ C31Z1 þ C32Z2 j ¼ 2; 3; 4;⋯; n
⋮ ⋮ ⋮
V j ¼ Z j=U0 j þ C j1Z1 þ C j2Z2 þ⋯þ C j; j−1Z j−1

Cji ¼

Xj−i
s¼1

Dj; j−sC j−s;i

U0 j
i ¼ 1; 2;⋯; j−1:

ð11Þ
Thus, the relationship between the Zernike coefficients

z and the V coefficients v is

z ¼ T�v; v ¼ T−1�z

T ¼

1=U01 C21 ⋯ Cn1

0 1=U02 C32 ⋯ Cn2

⋮ 0 ⋱ ⋱ ⋮

0 ⋯
⋱ 1=U0 n−1

0
Cn n−1

1=U0 n

2
6664

3
7775:

ð12Þ

where T is the n × n transformation matrix, which could
be calculated using Zernike polynomials Z and the nor-
malized central hole radius ε.
If the new bending mode Bv is converted back to the

Zernike base mode B, the Zernike coefficient vectors of
B would be non-orthogonal. This means that fitting a
surface aberration of a Zernike coefficient is not b = BT ∗
W but rather b = (BTB)−1BT ∗W, and the fitting residual
is minimized in the Zernike coefficient but not mini-
mized in the primary surface deformation. A better
method is to convert W to the orthonormal base by
WV = T−1 ∗W and use the orthonormal base mode Bv to
fit WV. Then, the fitting becomes b ¼ BT

v �Wv and the
fitting residual is minimized in the orthonormal base,
thus relating to the primary surface deformation.
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