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Abstract

In this paper, a sliding mode control using a fractional-order operator (SMCFO) method is presented for the hysteresis of
a piezoelectric (PZT) micro-nano platform. At first, the hysteresis of the PZT micro-nano platform is described using the
Duhem model. With respect to the sliding mode controller design, we introduce a fractional-order operator into the design
of the sliding mode surface and enhance the performance of the proposed controller. The nonlinear switching action of the
controller is eliminated through a smooth control action by applying an uncertainty and disturbance estimation technique.
The stability of the proposed controller is analyzed using the Lyapunov theorem. Simulations and experimental results
demonstrate that the SMCFO method achieves a no-load high precision tracking control of the PZT micro-nano platform
and is also robust against load perturbations of the platform.

Keywords Sliding mode control - Fractional calculus - Tracking control - Hysteresis - Piezoelectric

1 Introduction

A piezoelectric (PZT) micro-nano platform, with its high
stiffness, large output force, and fast response, has been
the core component in a variety of the micromachining
and nanomanipulation fields, such as atomic force micro-
scopes [1], ultraprecision machining equipment [2], and
scanning tunneling microscopy [3]. However, the hyster-
esis nonlinearity induced by PZT materials makes it signifi-
cantly difficult to achieve high-precision tracking position-
ing control of the PZT micro-nano platform. To describe
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this hysteresis nonlinearity, some operator-based hysteresis
models have been developed, including the Preisach [4, 5],
Prandtl-Ishlinskii (PI) [6], and Krasnosel’ skii—Pokrovskii
(KP) models [7, 8], etc. For example, the KP model based
on the Elman neural network captures the hysteresis of the
magnetically controlled shape memory alloy actuator [9].
However, a large number of hysteresis operators are super-
imposed to ensure modeling accuracy leading to a complex
hysteresis model and controller. Thus, the differential-equa-
tion-based hysteresis models (such as the Bouc—Wen [10,
11], Backlash-like [12], and Duhem models [13]) have been
studied. As an example, the Bouc—Wen model, identified by
the bat-inspired algorithm, is used to capture the hysteresis
of a PZT positioning stage, the experimental results of which
verify its effectiveness [14].

Based on such hysteresis models, some feedforward
compensation control schemes have been proposed to miti-
gate the hysteresis of the PZT platform. For example, an
inverse compensation control approach based on the inverse
PI or KP model was adopted to compensate the hysteresis
nonlinearity of the PZT actuators or stages [7, 15]. Owing
to its dependence on modeling accuracy, some feedback
closed-loop control techniques, such as iterative learning
control [16], model predictive control [17-19], model ref-
erence control [20], and repetitive control [21, 22], have
been investigated to deal with the hysteresis nonlinearity of
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the PZT micro-nano platform. Based on an overview of the
existing control strategies, the robustness and accuracy of
these control methods are the major problems. Hence, this
study focuses on the tracking controller of a PZT micro-nano
platform with different loads. Note that sliding mode control
is a frequently used nonlinear control method owing to its
insensitivity to disturbances [23-25]. It drives the system
states onto the sliding mode surface and keeps it moving
along the sliding mode surface. Once the states of the sys-
tems reach the sliding mode surface, the controller is robust
toward modeling uncertainties and exterior disturbances. In
this study, we employ these advantages of the sliding mode
control to design a new sliding mode controller achieving
a highly accurate tracking control of the PZT micro-nano
platform. Unlike the existing sliding mode surface, a frac-
tional-order operator is introduced into the design of the
sliding surface to obtain additional degrees of freedom,
which further improves the performance of the sliding mode
control. However, the most noticeable that the chattering
problem of the sliding mode control is an unavoidable issue.
A boundary layer approach [26], a filtering method [27], and
a high-order sliding mode technique [28, 29] have been used
to solve the chattering phenomenon of a sliding mode con-
troller. Moreover, sliding mode control and a perturbation
estimation method have been combined together in exist-
ing literature [30]. For instance, a sliding mode controller
based on an uncertainty and perturbation estimation tech-
nique was reported [31], and a controller was applied to a
class of nonlinear systems, the simulation results show the
its effectiveness. Nevertheless, it remains to be seen whether
this method can be applicable to a practical system.

This study utilizes the Duhem model to describe the
PZT micro-nano platform system. To achieve high-preci-
sion tracking control for the platform, we propose a new
SMCFO scheme based on the fractional-order operator.
Instead of using the signum function as the robust term of
the controller, the uncertainty and perturbation estimation
approach is applied, essentially achieving the advantage of a
chattering-free state. The Lyapunov stability theorem proves
the stability of the proposed control approach in theory. A
series of trajectory tracking experiments with some differ-
ent loads were implemented to validate the performance of
the proposed controller. Experimental results show that the
SMCFO method achieves a significant robustness and high
tracking accuracy.

The remainder of this paper is organized as follows. The
Duhem model is introduced in Sect. 2. Next, the design of
the SMCFO scheme is outlined and its stability is analyzed
in Sect. 3. Results of simulations and experiments are dis-
cussed in Sect. 4. Finally, some concluding remarks are pre-
sented in Sect. 5.

2 System Description of the Piezoelectric
Micro-nano Platform

The Duhem model was proposed for the hysteresis modeling
by P. Duhem in 1987, and it was expressed using a differen-
tial equation involving the output, input and the change rate
of the input. As reported in literature [32, 33], the Duhem
model has been widely utilized in hysteresis nonlinearity
modeling and the compensation of smart material driven
systems owing to its simple model structure and the advan-
tage of easy identification of model parameters. In addition,
it can capture hysteresis in various forms related to a dif-
ferent input driven signal, which is suited to the modeling
of a PZT micro-nano platform. In this study, we use the
Duhem model to describe the hysteresis nonlinearity of the
PZT micro-nano platform, and the mathematical formula of
which is expressed as follows:

(1) = apx(t) + ayu(t) + ayp (1) + ¢(1)
W (1) = ali()] [f(u(0) — w (@) + i()g(u() (1)
() = x(2),

where u(?), y(t), and y(¢) are the input driven signal, output
displacement, and hysteresis state of the PZT micro-nano
platform, respectively; ys(¢) is the derivative of y(¢) with
respect to time ¢, which is described by the second equa-
tion in formula (1); and ¢(?) is the total disturbance, which
includes the parameter uncertainty term, external interfer-
ence, and external loading. In addition, a,, a;, and a, repre-
sent the nominal parameters, which are positive numbers;
both f(u(r)) and g(u(z)) are the piecewise continuous func-
tion. Let 2[a, b] be continuous function sets on the closed
interval [a, b] and f(x) € 2[a, b]. With respect to any given
€ > 0, there is a polynomial sequence {p(x)} with respect to
xela, b] such that

anslxas)%lf(x) —-p)| <&, )

where the polynomial sequence {p(x)}, uniformly approxi-
mate to the continuous function f(x), is then written as
follows:

F(x) = p(x) = po + p1X + pox* + -+ px°. 3)

Here c is the order of the function p(x).

The continuous functions f(u(z)) and g(u(t)) belonging
to £2[a, b] can be obtained by the following polynomial
approximation:

{f(u(r)) = fo +fiu@) + - fu () = T fiu' (1) A
g(u(0) = gy + gyu(t) + - gut(t) = X7 gude, @
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where p and g are the orders of f(u(r)) and g(u(z)), respec-
tively. In addition, f; and g; are constants. The Duhem model
of the PZT micro-nano platform is rewritten as follows:

[ 5(t) = agx(t) + a,u(t) + a (1) + P(0)

p
(1) = ali()| <Zﬁu"(r) - w(t)>

i=0

q
+ i(d) Z gt ()
=0

J

| () =x().

To obtain the unknown parameters of the Duhem model,
we first have to determine its order. The higher orders of
the model are associated with higher modeling accuracy.
However, a higher order model needs more computa-
tions. In this study, the interior point method is used to
identify the unknown parameters by minimizing the sum
of the errors between the actual output of the PZT micro-
nano platform and the output of the Duhem model. The
orders of the Duhem model are determined using a trial
and error method. The experimental results are shown in
Table 1. From Table 1, it is evident that the root-mean-
square error (RMSE) and the maximum error (MAXE) rate
decrease with an increase in the model orders. To balance
the identification computation with the modeling accuracy,
the orders of the Duhem model are set as p = 3 and g = 2.
The obtained parameters of the Duhem model are shown in
Table 2. The hysteresis curves produced by the PZT micro-
nano platform and the estimated error of the Duhem model
are shown in Fig. 1.

Table 1 Parameter identification results of the Duhem model with
different orders

p q RMSE (um) MAXE Rate (%)
1 1 0.2363 1.26
1 2 0.2362 1.25
1 3 0.2357 1.24
2 1 0.1051 0.85
2 2 0.0988 0.82
3 1 0.0876 0.78
3 2 0.0761 0.69

Table 2 Parameters of the Duhem model for the PZT micro-nano
platform

Parameters Values Parameters Values
ag — 1550.36 b 0.1538
a, 1501.87 f —0.0118
a, — 1643.54 £ —0.0309
5 0.9704 8 0.0421
fi —0.9206 & —0.0038
a 0.3602 - -

3 Sliding Mode Controller Design Based
on the Fractional-Order Operator

In this section, we proposed a novel sliding mode con-
troller to achieve high-precision tracking control of the
PZT micro-nano platform. At first, to design the SMCFO
method, the tracking error is defined as follows:

e(t) = x (1) = x(1), (6)

where x,(7) is the desired trajectory signal, and x(¢) is the
actual output displacement of the PZT micro-nano platform.

N
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Fig. 1 Hysteresis loop and error produced by the PZT platform and
Duhem model. a Hysteresis loop. b Modeling error curve
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Based on the tracking error, we define a fractional-order
sliding mode surface as follows:

£@) = e(®) + A, Dje(1)), @)

where 4 is a positive constant. In addition, (D;(-) represents
the fractional-order operator, and r satisfies 0 < r < 1. In this
study, we use the caputo fractional derivative to complete
the fractional-order operation, which is defined as follows:

(m)
Befinin, mot<ram

r=m,

ZD; () — I"(m r)

where m is the first integer larger than r.
Next, taking the time derivative of (7), the dynamic
sliding mode surface is as follows:

£(0) = (1) + AoD/ (1))

9
= (1) — x(1)) + A(De(1)). ©)
Combined with (5), (9) is written as follows:
§(1) = X,(1) = agx(t) — ayu(t) — ay () — (1)
(10)

+ A(DH e(D)).

With the assignment of &(t) = 0 and without regard to the
total disturbance ¢(¢), an equivalent sliding mode control
law is obtained as follows:
1. .
teg(1) = —[54(0) = apx(D) — aw (1) + AGDe@)]. (11
1

To eliminate the total disturbance of the PZT micro-nano
platform, we design a robust control term to keep the states
moving on the sliding mode surface according to the Lasalle

invariance principle. The robust control law is then proposed
as follows:

(1) = —ai[qﬁ(r) - (12)
1

where ¢(7) is the estimated value of the total disturbance
¢(1), and 7 is a positive constant.
Then, combining (11) and (12), the total control law is

u(t) = u,, (1) + u,(1). (13)

With regard to the total disturbance ¢(f), we introduce the
total control law u(r) into (10), which is derived as follows:

£ = () — d() — nE ). (14)

According to (14), ¢(¢) and its estimated value ¢3(:) are
unknown. Then, an uncertainty estimation method is
designed based on a low-pass filter G(s). At first, (14) is
rewritten as follows:

@ Springer KE;E

$(1) = (1) — & (1) = £ (@), (15)
Combined with (15) and the designed method for the low-
pass filter, the estimated value of the total disturbance o)
is obtained as follows:

B(1) = gy (1) * p(1)

. . (16)
= gy (1) * [p(t) —nl (1) — £(1)],

where g,(1) = L {Gs(s)} represents the impulse response
function of the G (s); L~'{-}is the inverse Laplace transfor-
mation, and * represents the convolution operation.

According to (16), ¢(¢) is replaced by d;(t) and yields
the following:

8y (0
P(t) = [-n¢ (1) — E(0)] = —(t) (17)
8if

Then, we design the low-pass filter in the following form:

Gy(s) = W, (18)

where the Ty is a positive constant. Based on (18), take the
Laplace transform of (17), which is obtained as follows:

N 1 ,

$(s) = —I[-nt® - {1, (19)
TS

Taking the inverse Laplace transform of (19), we then obtain

P(r) = [ / {(n)dr - ¢ (t)] (20)

Therefore, the robust control law term is shown as follows:

U (1) = -~ [i<—n / ¢(2)dr — c<r>)]
al Tlf 0
@1

=1 ¢(v)dr + aLg(t).

@ty Jo 1%

Theorem Consider the system (1) of the PZT micro-nano
platform with the total disturbance ¢(t). Using the control
law (22), there exist constants 3, r, 7 and A such that the
proposed SMCFO method, shown in Fig. 2, is stable and
allows the output of the PZT micro-nano platform to accu-
rately track the desired trajectory signal.

ut) = [xd(t) — agx(t) — ay (1) + A e(1))]
a
1 (22)
+ g“(r)dr + —C®).
Cll‘L’lf 0 CllTlf
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Controller Plant

x,(t) u(t),
Robust control law (21)

Platform

Equivalent sliding
mode control law (11)

Fractional sliding mode
surface (7)

A

Fig.2 Block diagram of the proposed SMCFO method

Proof For the stability proof of the control system, the Lya-
punov function is defined as follows:

vm=%8m. 23)

Taking the derivative of time ¢ with respect to (23), we have
the following:

V() = L. (24)
Substituting (10) and (22) into (24), we can obtain

V() = L)) — p(1) = nE (1)

i , (25)
<EDIp@) — D] —nlED)]°.

According to (16), we obtain

$(1) — d(1) = g 1) * G(1) — P, (26)

Then, taking the Laplace transform of (26), the following
is derived:

D(s) — D(s) = Gp(s)D(s) — D(s)

@7
= (Gy(s) = DD(s).

Because G (s) is a low-pass filter, it possesses the unity
gain and zero phase shift for the frequency spectrum of the
disturbance ¢(¢). Therefore, based on (27), the following is
derived:

D(s) — D(s) = 0. (28)

Taking the inverse Laplace transform of (28), the following
is obtained:

$(1) = ¢(1) = 0. (29)
Therefore, the (25) is rewritten as follows:
V(D) < -nlg@f* <0. (30)

From the above, it is clear that the Lyapunov function (23) is
positive definite, and its time derivative is negative definite.

Based on the Lyapunov stability theorem, the proposed
SMCFO method will make the tracking error converge to
zero. That is, the PZT micro-nano platform accurately tracks
the desired trajectory signal. O

Figure 2 shows a block diagram of the proposed SMCFO
method. It indicates that the designs of the robust control
term and the equivalent sliding mode control law both use
a fractional order sliding mode surface, which extends
the freedom of the proposed controller and enhances its
performance.

4 Simulation and Experimental Results
4.1 Simulation Study

To implement the controller, the parameters of the controller
(22) need to be assigned, which include the time constant
7, the order of the fractional-order operator r, the control
gain 7, and A. Next, we carried out some simulation stud-
ies to determine the parameters of the controller. As shown
in Fig. 3a, the time constant 7, influences the performance
of the proposed controller, and its value is smaller and its
tracking error is lower. However, Ty is influenced by noise
and cannot be excessively small. Similarly, we adopt a vari-
able A to discuss the performance of the proposed controller,
while keeping the other parameters unchanged. As shown in
Fig. 3b, tracking error decreases as the parameter increases.
Then, by varying r while keeping the other three parameters
invariant, the tracking error is as shown in Fig. 3c. Note
that, the bigger the value of r, the better is the controller
performance. As shown in Fig. 3d, the higher the value of #,
the smaller is the tracking error of the proposed controller.
Next, we consider the above simulation results as the param-
eter selection criteria and attempt to select the experimental
parameters.

4.2 Experimental Study

As shown in Fig. 4, we use this experimental setup to exam-
ine the performance of the proposed SMCFO method. It
mainly consists of the host computer, PZT micro-nano
platform (MPT-2MRLO050), data acquisition (DAQ) card
(PCI-1716), and integrated controller (PPC-2CR0150). The
PZT micro-nano platform includes the piezoelectric actua-
tor and a built-in strain gauge sensor. The driving range of
the PZT micro-nano platform is from O to 50 pm; and the
displacement resolution of the sensor is 5 nm. During the
experiment, we adopt the open-loop mode of the integrated
controller, which is used as a power amplifier (its driving
range is from O to 150 V) to drive the PZT micro-nano plat-
form. The DAQ card produces the driving signal for the
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Fig.3 Some simulation results of the proposed SMCFO method. a
Error versus the parameter 7;.. b Error versus the parameter A. ¢ Error

versus the parameter . d Error versus the parameter #
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DAQ (PCI-1716)

Fig.4 Picture of the experimental setup

power amplifier and collects the output displacement signal
of the sensor. The control algorithm is carried out using
the host computer with the MATLAB software (Real-Time
Windows Target toolbox). Figure 5 show a block diagram
of the experimental setup, which illustrates the experimental
process more clearly.

To test the performance of the proposed SMCFO method,
we apply a 1 Hz sine wave signal as the reference signal,
the travel range of which is 36 pm. The parameters of the
SMCFO method are set as T = 0.0001, A =600, r = 0.6,
and n# = 0.8. For comparison, the traditional SMC method
is implemented. The experimental results are shown in
Fig. 6. The figure indicates that the MAXE and RMSE of
the proposed SMCFO method are 0.0859 pm and 0.0123 pm,
respectively, whereas such values of the traditional SMC
method are 0.0962 pm and 0.0166 pm. Based on these exper-
imental results, the superiority of the SMCFO method to a
traditional SMC is noticeable. In addition, when the fre-
quency of the desired trajectory signal is 1 Hz, the obtained
Duhem model can accurately capture the hysteresis of the
PZT micro-nano platform. The unmodeled dynamic of the
platform without a load has little influence on the entire con-
trol system. However, the performance of the proposed con-
troller is also superior to that of the traditional SMC method.

Next, a sine wave signal of 50 Hz and an amplitude of
36 um is used as the reference signal to execute the com-
parison experiments. The resulting graphs for the SMCFO

Voltage amplifier

16-bit DAC -
= ~=]

PZT micro-nano platform

Fig.5 Block diagram of the experimental setup
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Fig.6 Tracking experimental results of the SMC and the proposed
SMCFO approach with 1 Hz reference trajectory. a Tracking curves.
b Tracking error

and the traditional SMC method are plotted in Fig. 7. The
MAXE and RMSE of the proposed SMCFO method are
0.3558 um and 0.2078 pm, respectively, which are 35.8%
and 41.3% less than those of the traditional SMC.

The third set point is the complex trajectory signal, and
Fig. 8 plots the experimental tracking results. It can be seen
that the tracking error of the proposed SMCFO method is
less than that of the traditional SMC method. This further
proves that the proposed SMCFO method achieves a better
performance in suppressing the hysteresis of the PZT micro-
nano platform, in comparison with the traditional SMC
method. To avoid experiment contingency, the experiment
was repeated by five times. Fig. 9 plots the RMSE bar of the
PZT micro-nano platform based on the proposed SMCFO
method. From Fig. 9, it can be seen that the residual error
is small, which reveals that the proposed controller has an
excellent and steady tracking performance. However, owing
to the influence of the bandwidth (which is approximately
66.7 Hz based on testing) of the proposed controller, the
tracking errors increase with the reference signal frequency.
However, the proposed controller also shows better tracking
performance than the traditional SMC method.

Finally, tracking experiments based on the proposed
controller are implemented by mounting the loads on the
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Fig.7 Tracking experimental results of the SMC and the proposed
SMCEFO approach with 50 Hz reference trajectory. a Tracking curves.
b Tracking error

platform to validate the robustness of the developed con-
troller against the external perturbation. When the refer-
ence trajectory is a 1-Hz sine wave signal, we mount some
weights of 0, 100, 200, 300, 400, and 500 g weights onto the
PZT micro-nano platform to carry out the motion tracking
experiments with the proposed SMCFO method. We then
implement three other groups of tracking experiments with
different frequencies (15, 25, and 50 Hz) as reference sig-
nals. The experimental results are shown in Fig. 10. It is
clear that the MAXE rate, RMSE, and mean error (ME) of
the proposed SMCFO method only exhibit slight changes
under different weights. For example, when the tracking of a
50-Hz sine wave signal with an amplitude of 36 pm is exam-
ined, the fluctuation ranges of the MAXE rate, RMSE, and
ME based on the SMCFO method are + 0.015%, + 0.003 pm,
and +0.009 um, respectively. This indicates the excellent
robustness of the developed SMCFO method.

5 Conclusions
In this paper, a novel SMCFO method with a fractional-

order operator is proposed to eliminate the hysteresis of
the PZT micro-nano platform and achieve a high-precision
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Fig.8 Tracking experimental results of the SMC and the proposed
SMCEFO approach with the complex reference trajectory. a Tracking
curves. b Tracking error
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Fig.9 Tracking experimental results of the proposed SMCFO
approach with the different frequencies reference trajectory

tracking control. Unlike the existing sliding mode surface
design method, a fractional-order operator is introduced,
which increases the degrees of the proposed sliding mode
surface. In addition, a continuous control term based on
the low-pass filter is used to design the sliding mode
controller and replace the traditional signum function.
This offers the advantage of being essentially chattering-
free. The stability of the proposed SMCFO method is

@ Springer KE;E
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Fig. 10 Tracking experimental results of the SMCFO approach with
the different weights. a MAXE rate. b RMSE. ¢ ME

demonstrated using the Lyapunov stability analysis in
theory. The effectiveness of the proposed SMCFO method
is tested through simulations and experiments on the PZT
micro-nano platform. The results show that the developed
SMCFO method achieves better performance than the tra-
ditional SMC method.
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