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ARTICLE INFO ABSTRACT

Keywords: Classical piezoelectric elasticity theory fails to explain the size-dependent electro-mechanical behaviour. The
Size effects strain gradient elasticity and flexoelectricity are responsible for the size effects phenomenon. In this paper,
Electro-mechanical response the general strain gradient elasticity is incorporated into the flexoelectric elasticity theory to describe the

Strain gradient effects
Flexoelectric effects
Piezoelectric effects

size dependency. The degeneration analysis of the flexoelectric elasticity theory incorporating the general
strain gradient elasticity is performed. The flexoelectric elasticity theory incorporating the general strain
gradient elasticity includes all strain gradients, and can degenerate to the simplified flexoelectric elasticity
theories incorporating the approximated strain gradient elasticity when some strain gradients are ignored.
Subsequently, the differences between the general theory and the simplified theories in describing the size
effects are revealed by solving the direct/inverse electro-mechanical problems of the laminated microbeam
with a partially covered piezoelectric layer under the uniformly distributed load and external voltage.
Compared with the general theory, the simplified theories predict larger collected charge, polarization,
electric potential and deflection, and thus underestimate the size-dependent electro-mechanical response.
Moreover, the contributions from the strain gradient elasticity and flexoelectricity to the electro-mechanical
behaviour are further identified, respectively. The strain gradient elasticity consideration significantly weakens
the flexoelectricity and piezoelectricity when the beam thickness is comparable to the material length-scale
parameters. The flexoelectricity enhances the polarization, weakens the electric potential while hardly affects
the deflection when the beam thickness is in micron range.

1. Introduction elasticity theory. The piezoelectric classical couple stress theory [5]
originates from the classical couple stress theory [6,7] and considers

The electro-mechanical responses of the piezoelectric microcom- the rotational gradients to be equivalent to the strain gradients. Sub-
ponents show size dependency [1-3]. The strain gradient elasticity sequently, based on the understanding of the contribution from the
and flexoelectricity contribute to the size-dependent electro-mechanical rotational gradient component to the size effects [8,9], the piezoelectric
response. Classical piezoelectric elasticity theory without these factors classical couple stress theory was modified to be the piezoelectric sym-
fails to explain the size effects phenomenon [4]. Therefore, the ex- metric couple stress theory [10] and the piezoelectric anti-symmetric
tended piezoelectric elasticity theory including the piezoelectric strain couple stress theory [11], respectively. The piezoelectric symmetric
gradient elasticity theory and the flexoelectric elasticity theory is de- couple stress theory considers the symmetric rotational gradient com-
veloped to describe the size dependency. ponent individually contribute to the size effects while the piezoelectric
For the piezoelectric strain gradient elasticity theory, the strain  apti-symmetric couple stress theory uses the anti-symmetric rotational
gradient elasticity is incorporated to describe the strain gradient effects. gradient component as an alternative. The perspective about the con-
According to the incorporated strain gradient elasticity, the piezoelec- tribution from the symmetric/anti-symmetric rotational gradient com-

tric strain gradient elasticity theories generally include the piezoelec-

. 5 ‘ ) ] : ponent to the size effects is obviously contradict. Miinch et al. [12]
tric classical couple stress theory and the piezoelectric strain gradient
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and Neff et al. [13] together explored the essential reason behind
the contradiction, and concluded that the symmetric/anti-symmetric
rotational gradient component actually contributes to the size effects si-
multaneously. The similar conclusion was also presented by Shaat [14]
and Fu et al. [15], respectively. However, the rotational gradients be-
longs to the anti-symmetric part of the strain gradients [16]. Thus, the
piezoelectric classical couple stress theory and the modified versions
underestimate the strain gradient effects.

To include all strain gradients, Mindlin [17] proposed the original
strain gradient elasticity theory with five material length-scale param-
eters. The original strain gradient elasticity theory contains too many
material length-scale parameters to apply conveniently. For convenient
application, Lam et al. [18] modified the original strain gradient elas-
ticity theory by introducing the constraint of the moments of couples.
Subsequently, the modified strain gradient elasticity was incorporated
into the classical piezoelectric elasticity theory to describe the size
dependency [19]. However, the rationality of introduction of the con-
straint of the moments of couples is worthy of discussion due to
the free character of moment vectors [12]. Based on the orthogonal
decomposition of the strain gradient tensor, Zhou et al. [20] demon-
strated the number of independent higher-order material parameters
for the isotropic material is three, reformulated the original strain
gradient elasticity theory [17] and established the general strain gra-
dient elasticity theory with three independent material length-scale
parameters. By ignoring part of strain gradients, the simplified strain
gradient elasticity theory with only one material length-scale param-
eter was proposed [21,22] and further extended to the piezoelectric
material [23]. The simplified strain gradient elasticity theory with
one material length-scale parameter fails to deal with the size effects
phenomenon effectively [24,25].

Besides the piezoelectric strain gradient elasticity theory, the flex-
oelectric elasticity theory is also proposed to explain the electro-
mechanical response of the piezoelectric microstructures. The flexoelec-
tric elasticity theory initially focused on the direct/inverse flexoelectric
effects. Mindlin [26] extended the classical piezoelectric elasticity
theory to include the polarization gradients. Tagantsev [27] combined
the phenomenological and microscopic method to demonstrate that
the static or dynamic bulk/surface flexoelectric effects are the main
influential mechanism of flexoelectricity. Yan and Jiang [28] paid at-
tention to the direct flexoelectric effects and polarization effects. Huang
et al. [29] focused on the inverse flexoelectric effects. Barati [30]
further considered the polarization gradient effects. Majdoub et al. [31]
simplified the original flexoelectric elasticity theory [32] by neglect-
ing the higher-order terms, and proposed the flexoelectric elasticity
theory with direct/inverse flexoelectric effects, polarization effects,
polarization gradient effects and piezoelectric effects.

The above flexoelectric elasticity theories neglected the strain gra-
dient elasticity while the strain gradient effects is significant at small
scale [33]. Therefore, Emad et al. [34] considered the strain gradient
effects and direct flexoelectric effects. The original strain gradient
elasticity theory [17] is used to describe the strain gradient effects.
The strain and strain gradient coupling effects is also studied [35,36].
Li and Luo [37] further considered the strain gradient effects and
direct/inverse flexoelectric effects. However, the symmetric couple
stress theory [8] is applied to explain the strain gradient effects, and
underestimates the size effects. Wang and Wang [38] neglected the
axial strain gradient effects for simplicity. Sahin and Dost [32] compre-
hensively considered the first and second gradients of the displacement,
and subsequently developed the original theoretical framework of the
flexoelectricity. However, the complicated form of the original the-
ory leads to the constraint of practical application. Subsequently, Hu
and Shen [39] established the general flexoelectric elasticity theory
with the strain gradient effects, polarization effects, polarization gra-
dient effects and the flexoelectric effects. The surface effects including
the surface stress effects and surface polarization effects was further
considered [40].
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Based on the flexoelectric elasticity theory, the electro-mechanical
analysis of the piezoelectric microstructures is performed. For the
piezoelectric microbeam, Zhang and Li [41] and Zhou et al. [42] re-
spectively solved the bending problem of the piezoelectric microbeams
with flexoelectric effects. Subsequently, this solution was extended
to the functionally graded piezoelectric material [43]. Su et al. [44]
further solved the bending problem of the bilayer microbeam. Fu
et al. [45] extended the solution to the laminated microbeam with
a partially covered flexoelectric layer. The vibration analysis of the
piezoelectric microbeam was respectively performed by Li and Luo [37]
and Chen et al. [46]. Sondipon [47] and Malikan and Eremeyev [48]
considered the effects from the viscoelastic medium and the porosity,
respectively. Wang and Wang [49] performed the vibration analysis
of the bilayer microbeam with piezoelectricity and flexoelectricity.
The influences from the nonlinearity and surface properties were also
considered [50]. Liang et al. [51] further solved the vibration prob-
lem of three-layered piezoelectric microbeam. Yan and Jiang [28]
comprehensively explored the bending and vibration responses. The
corresponding nonlinear analysis was subsequently performed [52].
Ghobadi et al. [53] further considered the magnetic effects. Jankowski
et al. [54] performed the buckling analysis of the piezoelectric mi-
crobeam. The extension problem of the piezoelectric bar considering
the strain gradient elasticity and flexoelectricity was also solved [55].
For the piezoelectric microplate, Yan [56] performed the static anal-
ysis of the piezoelectric microplate with various boundary conditions.
The nonlinear bending problem was subsequently solved [57]. Zhang
et al. [58] and Yan et al. [59] further derived the bending and vibration
solutions of the circular microplate with flexoelectricity, respectively.
The influences of the strain gradient elasticity, flexoelectricity and
piezoelectricity on the dynamic performance of the bilayer circular
microplate were also studied [60]. Guinovart-Sanjuédn et al. [61] ap-
plied the asymptotic homogenization method to derive the close-form
solutions for the effective properties of a two-layer laminate composite
with cubic crystal symmetry constituents and perfect contact at the
interface. Subsequently, the similar method was extended to illustrate
the behaviour of effective properties for bi-materials rectangular and
wavy laminated composites [62]. To include the contributions from
the imperfect interface conditions, Serpilli et al. [63] developed a new
imperfect interface contact approach in flexoelectricity based on the
asymptotic analysis, solved the equilibrium problem of a flexoelec-
tric three-layer micro-bar, and discussed the nonlocal phenomena and
end-effects associated with the flexoelectric length-scale parameter.
The development of the electro-mechanical models of piezoelectric
microstructures was further reviewed [64,65].

According to above analysis, the research about the combined ef-
fects of strain gradient elasticity and flexoelectricity on the electro-
mechanical response of the piezoelectric microcomponents becomes
the focus. The focus can be concluded as two aspects: one is the
theoretical study of extended piezoelectric elasticity theory, and the
other is the model study of advanced composite structures. For the
theoretical study, compared with the flexoelectric effects that the ex-
pression is explicit, various strain gradient elasticity is incorporated to
describe the strain gradient effects. However, the influential mecha-
nism of different strain gradient elasticity on the electro-mechanical
response of piezoelectric microcomponents is still unclear. For the
model study, the piezoelectric microcomponents including the mono-
layer or bilayer microbeam/microplate are the main research interests.
Compared with the monolayer or bilayer piezoelectric structure, the
laminated structure with a partially cover piezoelectric layer is a more
general structural form. As the key microcomponents of many clas-
sical micro-devices, the electro-mechanical model of the laminated
microbeam with a partially cover piezoelectric layer has not been
established. Therefore, this paper devoted to theoretically clarify the
relations among different strain gradient elasticity, establish the size-
dependent electro-mechanical model of the laminated microbeam with
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a partially cover piezoelectric layer, and identify the influential mech-
anism of different strain gradient elasticity on the electro-mechanical
response of the partially coved laminated piezoelectric microbeam.

In this paper, the general strain gradient elasticity [20] with three
independent material length-scale parameters is incorporated into the
flexoelectric elasticity theory to perform the size-dependent electro-
mechanical analysis of the piezoelectric microstructures. The degen-
eration of the flexoelectric elasticity theory incorporating the general
strain gradient elasticity is discussed. Subsequently, the ability of the
flexoelectric elasticity theory incorporating the general strain gradient
elasticity or the approximated strain gradient elasticity in describing
the size-dependent electro-mechanical response is compared by per-
forming the bending analysis of the laminated microbeam with a par-
tially covered piezoelectric layer under the uniformly distributed load
and external voltage. The direct/inverse electro-mechanical problems
are solved. The size-dependent electro-mechanical responses are stud-
ied, and the contributions from the strain gradient elasticity and flex-
oelectricity to the electro-mechanical behaviour are further identified,
respectively.

The paper is organized as follows. In Section 2, we reviewed the
basic theoretical equations of the flexoelectric elasticity theory with the
general strain gradient elasticity. Subsequently, the degeneration of the
flexoelectric elasticity theory with the general strain gradient elasticity
is discussed. Then, in Section 3, we derived the boundary conditions
and governing equations of the laminated microbeam with a partially
covered piezoelectric layer. Subsequently, we respectively solved the
direct/inverse electro-mechanical problems in Sections 4 and 5. In
Section 6, we discussed the size-dependent electro-mechanical response
in detail. Finally, in Section 7, we concluded the main conclusions.

2. Theoretical framework
2.1. General formulation

The classical piezoelectric elasticity theory fails to explain the size-
dependent electro-mechanical behaviour. The flexoelectric elasticity
theory is subsequently developed to describe the size effects phe-
nomenon. The general internal energy density w, is written as fol-
lows [39,40]

1 1
Wo = 5 Cijki€ij€ni + Egijklpqr’ijkrl/pq + fijia Pt + €ijki QijEr "
1

1
20( PP +5 bljk/Qlekl

In Eq. (1), ¢;j is the classical fourth-order elastic tensor. g, is
the non-classical sixth-order elastic tensor associated with the strain
gradient effects. f;;, and e, ijkt Are respectively the direct/converse flex-
oelectric coefficients. d,;, is the piezoelectric coefficient. «;; and b,
are the material constants associated with the polarization effects and
polarization gradient effects, respectively. ¢;; and 7;;, are respectively
the strain and strain gradient tensor, and defined as

+ dijiPreij +

1
&y = 5 +u) @
Nijk = €Ejk,i 3)

where u; is the displacement vector and a comma denotes differen-
tiation with respect to the coordinate. P, and Q;;(= P,;) are the
polarization and polarization gradients, respectively.

For the isotropic material, Zhou et al. [20] introduced the orthogo-
nal decomposition of the strain gradient tensor, one is the symmetric/
anti-symmetric splitting, other is the hydrostatic/deviatoric splitting,
demonstrated the number of independent higher-order material param-
eters is three, and given the non-classical sixth-order elastic tensor as
follows

ijiimn = A11(8;;0k; + 616,108 n + BipmOin + 81n01m)8 1] + a2 (8461
+ 5kn51m)5ij + (5jm51n + 5jn51m)5ik] + a35i15jk5mn + a4(§jm5kn (4)
+ 8ju0m)0is + as[(8;,0; + 6;161)0im + (8jmOps + 610km)Si]
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where the higher-order material constants a,(n = 1,2,...,5) are derived

as
a; 6;412——;4/2+2/412 a, —9;4/2——/412—;412
5 15 5 15 (5)
9 4 1 2
= gulz - Eylz /41% a, = 5/41]2 + 2/41% as = g,ul? - 2/415

In Eq. (5), ;i = 0,1,2) are the independent material length-scale
parameters. u is the shear modulus.

Therefore, according to the Egs. (1) and (4), the internal energy
density wy, for the flexoelectric elasticity theory with the general strain
gradient elasticity is written in the form of strain gradient tensor as
follows

1
Wo = 5 Cijki€ij€xi + a Mg + ol ifixk + 3Nl jic + A4 Miji
+ astjchiji + fijklpiﬂjkl + €1 Qij€n + diji Peeij (6)
1
+ 201 PP+ b,Jle,le,

Moreover, based on the hydrostatic and deviatoric splitting of the strain
gradient tensor, the internal energy density w, can also be expressed
in the form of the strain gradient components as follows

0= Sese sl + 2+ o)+ ot

+ fijklpi(”ljkl + ’7,5(2,) + '15,121 +0ip) + € Qijen + dijiPrey; )
+ ;tqu[P + bz/le:/QkI

with

ag = 3/413 a; = /4[% ag = 3;4[% 8)
where '7:/ k, "z/(k)’ 11,(]1]1 and ni“;k are the independent strain gradient com-

’
ponents. 11 - is the hydrostatic strain gradient component. r,[./(.i) is the

deviatoric strain gradient component. :1(” is the traceless component of
the symmetric strain gradient part. ;1[.1. i 1s symmetric component of the
anti-symmetric strain gradient part. The independent strain gradient

components are respectively denoted as

1
'l,hjk = g(sjk”inn 9
2 1
[/(‘k) = Eéij(?’nmmk Nkmm) + §k1(3'7mmj njmm)
1 (10)
+ géjk(znimm - nmmi)
1 1 1
f/-,: = 5(’11‘,‘1{ + i + Mij) + G 08 ke + Micomm) an
+ 5ki(2;7mmj + r/jmm) + akj(zrlmmi + nimm)]
1 .
rl;‘;k = 3( up/Y k + eikp)(;j) 12)

In which §;; is the Kronecker deltas. ¢;; is the alternate tensor. y;; is
the symmetric rotational gradient component, and defined as

1
)(,Yj = E(ﬂ(ij“')(ji) 13

where y;; = e is the rotational gradients.

ipq"pqj
2.2. Theory degeneration

The general strain gradient elasticity [20] and the approximated
strain gradient elasticity including the modified strain gradient elas-
ticity [18] and the simplified strain gradient elasticity [21,22] were
proposed to describe the strain gradient effects. The ability of the
flexoelectric elasticity theory incorporating the general or approxi-
mated strain gradient elasticity to describe the size-dependent electro-
mechanical behaviour is obviously different. Thus, the degeneration
analysis of the flexoelectric elasticity theory incorporating the general
strain gradient elasticity is performed.
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For the flexoelectric elasticity theory incorporating the modified
strain gradient elasticity, the modified strain gradient elasticity the-
ory [18] with the dilatation gradients, the deviatoric stretch gradients
and the symmetric rotational gradients is used to describe the strain
gradient effects. To derive the internal energy density for the flexo-
electric elasticity theory with the modified strain gradient elasticity
conveniently, the internal energy density for the flexoelectric elas-
ticity theory with the general strain gradient elasticity is expressed
in the form of hydrostatic and deviatoric components. According to
Eq. (7), neglectmg the contributions from the deviatoric strain gradient
component 7.;’, together with the following relations

Jk’
L R (14)
ﬂijkﬂ,-jk 3’7mn7/1mm
as 2 5 s (15)
rlljkrlljk 3kaxpk

we obtain the internal energy density for the flexoelectric elasticity
theory incorporating the modified strain gradient elasticity as

1 @, M S
Wy = 2 Cijki€ijEkl + a9€pp i€ mm,i alOn,/k",/k + an)(,ik)(;k
(1

+ fijklP'(’?jkl + ’7,k, + 1)+ €y Qi€ + diji Prei (16)

1
+ 211 PP+ bulequl
with
ag = [llg a)y = yli ap; = /41§ a7)

where 2 = I2, 12 = 1? and 12 = 213. The similar internal energy density
was also given by Zheng et al. [66]. From the comparison between the
Egs. (7) and (16), it is obviously that the direct flexoelectric effects and
the strain grat;lient effects associated with the deviatoric strain gradient
component ”i](i) are neglected. Moreover, when the flexoelectricity,
piezoelectricity, polarization, and polarization gradients are simulta-
neously ignored, we obtain the strain energy density for the modified
strain gradient elasticity theory [18].

For the flexoelectric elasticity theory incorporating the simplified
strain gradient elasticity, the simplified strain gradient elasticity the-
ory [21,22] with only part of the strain gradients is applied to describe
the strain gradient effects. If the higher-order material constants in
Eq. (6) satisfy
ay = %ug
and neglect the contributions from the strain gradients #;;11y;;, M, jx
and #;;,1;;, we obtain the internal energy density for the flexoelectric
elasticity theory with the simplified strain gradient elasticity as

ay = ,ulz (18)

1 1., )
Wo = 5Cijki€ij€xi + 5’” ’T/j/ﬂfkk + ul e+ fijra P + €ijaQij€n

1
0! PP + bulequl

+djPreg; + 3

19)

In which /, is the material length-scale parameter. A and u are the
Lame constants. It can be seen from Eq. (19) that when the material
length-scale parameter /, satisfies /, = 0, we obtain the internal energy
density for the flexoelectric elasticity theory without strain gradient
effects [58]. Moreover, when the inverse flexoelectricity, piezoelectric-
ity and polarization gradients in Eq. (19) are simultaneously ignored,
we obtain the internal energy density for the isotropic flexoelectric
elasticity theory [67].

3. Size-dependent electro-mechanical deformation beam

The electro-mechanical deformation beam with a partially covered
piezoelectric layer is shown in Fig. 1. The contact between the elastic
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layer and piezoelectric layer is assumed to be ideal. The non-laminated
region displacement field is written as

Jw(x
e = —z% u,=0 u, =wx) (20)
The laminated region displacement field is written as [68]
u,=—(z+ d)M u, =0 u, =w(x) (21
Where u, is the x direction displacement component. u, is the y

direction displacement component. u, is the z direction displacement
component. w(x) is the lateral deflection. d is the offset distance of the
neutral axis position. The polarization is assumed to occur along the
thickness direction, and written as

P.=0 P,=0 P,=P/(2) (22)

Based on Egs. (2), (3) and (20), the non-laminated region non-zero
strain and strain gradient are respectively derived as
0w ?Pw P w

xx = _zﬁ Hxxx = _Zﬁ Nzxx = _ﬁ (23)

£

Inserting Eq. (21) into Egs. (2) and (3), the laminated region non-zero
strain and strain gradient are respectively derived as

Exx E_Zﬁ Mxxx = ﬁ_zﬁ nzxx__ﬁ
In Eq. (24), uy = —d - dw/ox is the axial displacement.

For the non-laminated region made of the elastic layer (0 < x < L,),
according to Egs. (1) and (23), the strain energy is derived as

au() 62w azu() 031»0 02w (24)

L

1 1

Ui=3 / [ky - @) +5) - (WP)1d A dx (25)
0 Ay

with

2 2
sy =z &z ki = &nni? (26)

Here, w® = d?w/dx?, w® = d3w/dx>. The material parameters of the
lower elastic layer are denoted by the subscript (1). A, is the cross
section. cyyyy(y is the elastic constant. gy,31¢y and g1y are the
sixth-order elastic tensor and given in Eq. (4). In addition, the non-
laminated region (L, < x < L) strain energy is similar to that in
Eq. (25) while the integral scope is from L, to L.

For the laminated region made of the piezoelectric layer and elastic
layer (L, < x < L,), according to Egs. (1), (22) and (24), the strain
energy is derived as

L.

1 2

U, == / [[A; - W)+ Ag - (@D + A - @) + Ay - )
L

2
dP; dP;
— 24, w(z) 2es w(a)]+/ [@P; Py + byyyy—= —
A dz dz 27)
dP:
2 3
- [ Pw? +fm3P3(uf)>—zw(3))—f3311E(ué) - zu®)

+ d|13(ugl) - zw(z))P3]dA(2)]dx
The parameters A,(n = 1,2, ...,6) are denoted as
A =EnAg + Egdp
A = EqySay + EgyS

Ay =Eqlo) + 15_2”0)1(2)(1)/4(1) + %Wl)’ﬁnf‘m + 2B Ay
+ E<2)1<2> + %”(2)’(2)@)1“(2) + 185 Mol 1(2>A<2> + 2150, A0) (28)

Ay = A(l)( ”(1) 0(1) + :”(1) 1(1)) + A(2)( ”(2) 0(2) + g”(%ll(z))

As = Sm( ﬂm o+ :”(011(1))*’5(2)( Hloa) + 2”(2) 1)

4 4
As = ’<1>( ! o * 3H k) + ’<2>( ! oo * 3Hhe)

Here, ug) = dugy/dx, uf)) = d’uy/dx*. The material parameters of the

upper piezoelectric layer are denoted by the subscript (2). p,) is the
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q(x)
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YYYYYY YRy, @ =
y
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X A
< I > .
- L - .
zZy L

Fig. 1. The laminated microbeam with a

shear modulus. E,) is the elasticity modulus. A, is the cross section.
Ly = 0,1,2) are the material length-scale parameters. I;G = 1,2)
are respectively the moment of inertia of the lower elastic and upper
piezoelectric layer. S;(j = 1,2) are the static moment of the lower
elastic and upper piezoelectric layer, respectively.

The electric enthalpy of the laminated region (L; < x < L,) is
written as

L

1 2 1 dede do

H =U, - = —gg—= —= + —— P,]d A d 2

1 2 2/L1 /A(z)[ZEOdZ dz dz =14 Agydx (29)
The work of the laminated region (L; < x < L,) is written as

Ly
Wy = % / qEwdx + [Vl + [Mw ]2 + [M"w®] (30)
Ly

where ¢(x) is the distributed load. V is the shear force. M is the classical
moment. M" is the non-classical moment. In addition, the work of non-
laminated region is similar to that in the Eq. (30) while the distributed
load ¢(x) is zero and the integral scope should be from 0 to L; or L, to
L, respectively.

According to the strain energy of the non-laminated region (0 <
x < L;) in Eq. (25) and the corresponding work, with the help of the
variational principle, the formulation after the variation is derived as

Ly
/ [~k w® + 5 wPswdx + [k - w® — s - w® — Visw]'
0 (31)

+ [k w® + 5 w® - MWD+ [-M" + k- wPsw®) ) =
with

s = C|1|1(1)I(1) + &311311(1) k= 81|1111(1)I(1) (32)
From Eq. (31), the bending governing equation is obtained as

k- w® +5-w® =0 (33)
The bending boundary conditions are obtained as

s P +k-w® =V

(34
or  w=w when x=0 and x=1,
—k-w®+s-w®=M
. . (35)
or wV =V when x=0 and x=1L
k-w® =M"
(36)

or w®=w® when x=0 and x=1L,

The non-laminated region (L, < x < L) governing equation is same as
that in Eq. (33). The corresponding boundary conditions can also be
obtained from Egs. (34)—-(36) when x = L, and x = L. It can be seen
from Egs. (7), (16) and (17) that by taking lg = 1(2), li = lf and lg = 21%,
the governing equation and boundary conditions of the general strain
gradient elasticity in Eq. (31)—(36) can reduce to that of the modified
strain gradient elasticity. From Egs. (7), (18) and (19), it can be seen
that by taking /5 = 13, I} = 33 and I2 = 313, the governing equation
and boundary conditions of the general strain gradient elasticity in

partially covered piezoelectric layer.

Eq. (31)-(36) can also reduce to that of the modified strain gradient
elasticity [25].

Similarly, based on the electric enthalpy of the laminated region
(L; < x < L,) in Eq. (29), the work in Eq. (30) and the variational
principle, the formulation after the variation is obtained. For brevity,
the formulation was shown in Eq. (A.1) in Appendix A. From Eq. (A.1),
the electro-mechanical coupling governing equations of the laminated
region (L; < x < L,) are derived as

d>P
Ay - w® - Ag- w©® + As .ués) - A, -uf)z’) +/ [-fa3— 23
AR dx 37)
t s R 2P 4 A g - a0 =0
z— —z—d 3z —q(x) =
B2 5 [ER sz oA — 4
3 ®) * @ Py
Ay w —As-w +A4-u0 —A|~u0 + [f1113ﬁ
A (38)

+ L L 1dAp, =0
T~ 144 =
The electric governing equations of the laminated region (L, < x < L,)

are derived as
2

d-Py @ 3 do
aP; — by ——— + u? — zw®y - w® — w® + ==
3= b7 PATPELCN )= f3113 VESTH! 1z 39)
+ d“3(ugl) —zw®)=0
d’p dP;
—en—— 4+ — =0 (40)
042 Tz

From Egs. (37)-(40), it should be noted that the terms with the co-
efficients f3,,3 or f};,3 represent the influences from the direct flexo-
electric effects respectively induced from the strain gradients #,,, and
Nyxx- The terms with the coefficient f35,, represent the influences from
the inverse flexoelectric effects induced from the polarization gradient
P, .. The terms with the coefficient d;,; represent the influences from
the piezoelectric effects. The shear force boundary condition is derived
as

dP.
— Ay w® 4+ Ag - w® — A ‘“2)4)+A2'“E)2)+/ [f3113_3
Ap dx
d’Py d?Py g0y (41)
I i sy 2t 1132E] o=

or  w=w when x=L; and x=1,

The moment boundary condition is derived as

A3-w(2)—A6-w(4)+A5 -uéS)—Az-uE)l)+/

dP,
[- f313P +f33112d—
A z

dP,
+ f1113EZ —dy3zP3ldAg =M

or wV =V when x= L, and x=1,

(42)
The non-classical moment boundary condition is derived as
Ae'w(3)—A5'u82)—f1113ZP3=Mh 43)

or w®=w® when x= Ly and x=1L,
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The axial force boundary condition is derived as
dP.
2 4 (3) (1) 3
— Ay w® 4+ A w® — Ay ug) + A - u +/A [=fis—
)

ap, 44)
~fang t dy3P3]1dAp =0

or ug=ilg when x=L; and x=1L,

The non-classical axial force boundary condition is derived as
3 (2
—As - w + Ay -ug’ + f113P5 =0

or uf)l)

) (45)
=i,  when x=1L; and x=1L,

The electric boundary conditions are derived as

dP; 1
b33? + fy3 20 — f3311u(0) =0
(46)

z=——

_ h
or Py=P; when z=-(h,+ 71) and 2

- eoz—f +P;=0
hy h, (47)
or @ =3 when z:—(h2+?) and z:—;

It should be noted that the governing equations and boundary
conditions of the extended flexoelectric theory with general strain
gradient elasticity in Eq. (37)-(47) can respectively reduce to that of
the extended flexoelectric theory with modified or simplified strain
gradient elasticity when the material length-scale parameters satisfy
B=1, =1} and I; =213, or I3 = 17, [7 =31 and /2 = 317 [25].

It can be seen from Egs. (33)-(47) that the present model with the
strain gradients and flexoelectricity can describe the size-dependent
electro-mechanical response. When the piezoelectricity is ignored, the
present model will reduce to the beam model with strain gradients
and flexoelectricity [45]. When the piezoelectricity and flexoelectricity
are further ignored, the present model will reduce to the beam model
with only strain gradients [68]. Moreover, when the piezoelectricity,
flexoelectricity and strain gradients are ignored simultaneously, the
classical beam model is obtained.

4. Direct electro-mechanical problem

For a microbeam subjected with the uniformly distributed load ¢
along the laminated region (L, < x < L,), the electric governing
equations are obtained from Egs. (39) and (40) as

2

Py @ 3 do
aP; — by ——— + u? — zuw®y - w® — w® +
LRl Sr113(ug )= f3113 VESTH! iz (48)
+ dp ) — zw®) =0
d*p dP.
_ e 4B (49)

02 Tz
The electric boundary conditions are obtained from Egs. (46) and (47)
as

de
(pIZ:_th =0 [-& 1z +P3]|z:—(h2+h71)_0 (50)
3 1
33— + fiz1 20 —f33|1'4§)>]|z=_",1 =0
d Py b G
(b33 7 + Frmzw® = fryniy )]lz:—<hz+h7‘> =

According to Egs. (48) and (49), the induced polarization P; and
induced electric potential ¢ are respectively derived as

(3) (2)
Py =c| +cye8* +c3e78 + Jizéow uizéoW (52)
(1+ agg) (1 + agg)
3 2
O =cyteszh et 3 pms fisw o dusw® (53)
4T g¢&o g€g 2(1 + agg) 2(1 + agg)

In Egs. (52) and (53), ¢,(n = 1,2,3,4,5) are unknown constants to
be determined. Substituting the induced polarization of Eq. (52) and
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induced electric potential of Eq. (53) into the electric boundary con-
ditions in Egs. (50)-(51), the unknown constants are determined and
shown in Appendix B. The induced polarization P; and induced electric
potential ¢ are respectively derived as

2 1
_ 2faie0w® f|11350“8) _ d11350“f)) Fiiz€ow®
37 (1+agg) (I+agg) (+agy) = (1+ag)
(3) (2)
£ w go8h W
o/f1113 (A, 5 + A e5%) + €08 (Ao + A qe™8)
gl +agy) - ’ 2(1 + agg) ’ ’
h
S3311€08(hy + 3w (—A e — A o8 + TR
(1 + agg) 53 56 (1 + aggp)
D
f3311850u2) _ dy gow® -
g A T AT ey Aaet F Aue
(54)
2
_ bfiisee _ Sinshy 1w® + [ S by3dy; €9
(1+agy)? 81 +agyp) 2(1+agg) (1 +agy)?
2
_ d31h1 ] @ _ Suzhy u(2) _ dy h 3311 1)
8(1 + agy) 2(1 +agg) 0 2(1+agy)  (I+agy) ©
2f3113 2w Sus @ diis o diis 20
(1 + aggy) (I+agy) O (I+agy) 0 2(1+agg)
3) (2)
w hw
Su13 (A, %% — A 4o 5%) + 311 (Aef — A se5)
g2(1 +agy) 2(1 + agg) k
h
Sran(hy + TI)WQ) f
— (—Asef*F+ A e )+ ¢22w(3)
(1+ agy) (~As 0 F 3 + agg)
(eV]
S3311t dyw
——— (A e+ A e )+ ———— (A, 5" — Ay e 8"
(1+a£0)( sl s4 ) g2(1+a£0)( s1 s4 )
(55)

In Egs. (54) and (55), the parameters A, (n = 1,2,...,6) are defined as
follows

1 — egh2 ghy

A = 51 ) h Ap = h : hy

(eg(h2*7) _ e*g(thrT)) (eg(h2*7) _ e*g(h2+7))

1 1—e8h

AS3 = n n AS4 = (h] 31 (56)

(eg(hz—T) _ e—g(h2+7)) (eg(h2+7) _ eg(T—hz))

—ghy 1

Ass = hle n Ase = ny hy

(eg(h2+7) _ 68(7—h2)) (eg(h2+7) _ eg(T_hZ))
with

g= (1 + aggy) (57)
V biz€

For the mechanical governing equations of the laminated region
(L, < x < L,), substituting the induced polarization of Eq. (54) into
the electro-mechanical coupling governing equations of Egs. (37) and
(38), the following equations are derived as

a3 - w® +ag - w® +as - ugs) +Ty- u?) +ay- ués) =q (58)
ay - w® + Ty - w® +ag - wS +ay- ugl) +a - uéz) =0 (59

Similarly, according to the induced polarization in Eq. (54) and the
boundary conditions in Egs. (41)-(45), the mechanical boundary con-
ditions of the laminated region (L, < x < L,) are derived as

—a3~w(3)—a6-w<5)—a5-ué4)—T4~u§)—a7-u§)2):V

(60)
or w=w when x=1L; and x=1L,
ay- w® + ag - w® + as - ug) +T,- u(()z) +a; - ugl) =M 61
or w =V when x=L, and x=1L,
3) (2) (2) ) _ agh
—ag-w”’ —as-u’ —Tg-w =Ty -uy’ =M
6 5 % 6 7% (62)

or w®=w® when x= L, and x=1L,
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(2) (C)) (3) (3) 1 _
—a, - w” —ag-w —ay-u’ —Tp-w’ —ay-u,’ =0
2 8 4% 10 1 0 (63)
or uy=ily when x=L; and x=1,
(3) 2 2) M _
ag-w” +ag-u +T-w +Ty-u,’ =0
8 0 0 64)

» _ g0

or u when x=L; and x=1L,

Here, the parameters a,(n = 1,2,...,7) in Egs. (58)-(64) are defined as
follows

ay=—=A1+T), ay=A+Ty a3z=A3;+T, ay=A,+Ty

(65)

as=As+T; ag=—-Ac+T, a;=—A,+T5 ag=-As5+T

For brevity, the parameters T,(n = 1,2,...,14) in the direct electro-
mechanical governing equations of Egs. (58)—(59) and boundary con-
ditions of Egs. (60)—(65) are given in Appendix C.

According to the mechanical governing equations in Egs. (58) and
(59), together with the operator method, the deflection and axial
displacement solution for the laminated region (L, < x < L,) are
derived as

qa;

4 rix ry X
—_—— X"+ e’ + e
24(aya3 — ayay) 10 1

wi(x) =cg +c7x + ch2 + ch3 +

+ cppe3t + 3™

(66)
3a, 9Ty 2, 49 ;5
uy(x) =cytepsx+(——cg— ——)x" + —X
0(0) = €1q Fersx + a, 0 2(ajay — aya;) 6
4 6 A 6
(=a3r| —agr)) ey (=a3r; — agry) .
5 4 3, “10¢ 5 4 5 C1e (67)
(=agr] + Tyr{ + azry) (=agry + Tyr; + agry)
(—a3r§ - a6rg) gt (—a3ri - aﬁrg) ongle®
12 13
(—agrg + T4r‘3l + a7rg) (—asri + T4ri + a7rz)
with
my P 1 1
rp=——=+/mg + 1/ -mg — = +214/m? + = Pmg + — (P2 — 4R
7 4m, 6 \/ ) \/ o+ 3 Pms+ 76 )
my P b, 1 1
r, = —m + y/mg — \/—m6— 5 +2\/m6+ 5Pm6+ E(}ﬂ —4R)
(68)

o om P 2, 1 L p2
r3——m—\/m_6+\/—m6—5—2\/m6+§Pm6+E(P —4R)

my

q:—m - \/m_6—\/—m6—§—2\/mé+ %Pm6+1—16(P2—4R)

The derive process is given in Appendix C. In Eq. (68), the parameters
are defined as

my = aga, + ag

my = =Tygas + T,as

my = aza, + aga + ayag — T T, — ajag

my = —ayTy —Typa;

ms = a3a; — apay

My = =2+ + g + 3y = g

_ (=72PR+270% +2P3)

" 3456 (69)
e = (72PR—27Q2 -2P*, P+ 12R)3
8~ 3456 144

Bmymy — 3m§)
=
1
(mg —4m mymy + Sm%m4)

3
1

my — 3m‘2‘ - 64m?m2m4 + 256m?m5)

256m‘1*

8m

8m

3

_ (16mm;
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According to the mechanical governing equations of the non-laminated
region (0 < x < L,) in the Eq. (33), using the reduction method, the
non-laminated region (0 < x < L,) deflection is easily derived as

W (X) = €16 + €17X + €1gX° + C1oX° + cpe V¥ 4y e VT (70)
Similarly, the non-laminated region (L, < x < L) deflection is derived
as

B B
W3(X) =y + Cr3x + X + cxsx° + crge VES 4 ey VS 71)

The deflection in Egs. (66), (70) and (71), and axial displacement in
Eq. (67) with unknown constants c,(n = 6,7, ...,27) can be determined
by using the equilibrium conditions of internal forces, the deforma-
tion compatibility conditions and the boundary conditions. For the
equilibrium conditions of shear force at the conjunction, the following
equations are given

3
—s QL)+ k- w (L) = —ay - w(Ly) - ag - w (L))
4 3 2
—as uP(L) = Ty (L) = a - ul (L)
(3) (5) 4) 3) 72)
— a3 w7 (L) —ag- w7 (Ly) —as - uy (Ly) = Ty - ug (L)
a7 u)(Ly) = =5 - w (Ly) + k- w(Ly)

For the equilibrium conditions of moment at the conjunction, the
following equations are given

2 4 2 4
s wP L) — k- wP(Ly) = ay - wP (L)) +ag - w!P(Ly)
3 2 1
+as u (L) + Ty ul (L) + a7 - ul (L))
2) 4) (3) 2) 73
az-w,"(Ly) +ag-w, (Ly)+as-uy (Ly) + Ty -uy (L)
1 2 4
+ayul"(Ly) = s w{(Ly) — k- wi(Ly)

For the equilibrium conditions of non-classical moment at the conjunc-
tion, the following equations are given

3 3 2
k- wN(Ly) = —ag - (L)) - a5 - ul (L))
- To - WP @) -1 (L))
5) @ ©) 74
—ag-w; (L) —as “ug (Ly) = Tg - w " (Ly)
3
=Tyl (Ly) = k- w( (L)

For the deformation compatibility conditions at the conjunction, the
following equations are given

wy (L) =wi(Ly) (L) =0 w(Ly)=uw(L)
w (L) =wP (L) u (L) =0
wi(Ly) = wy(Ly)  tg(Ly) =0 w'(Ly) = w’(Ly)
wP(Ly) = w(Ly) uf’(Ly) =0

(75)

For a beam with one end is free and the other end is clamped, the
boundary conditions are written as follows

w0 =0 w, =0 wPL)=0 w©0)=0

(76)
scwP W) -k wP@)=0 —s-wd@)+k-wd(L)=0

According to the deflection in Egs. (66), (70) and (71), and axial
displacement in Eq. (67), together with the equilibrium conditions of
internal forces in Egs. (72)—(74), the deformation compatibility condi-
tions in Eq. (75) and the cantilever boundary conditions in Eq. (76),
the deflection and axial displacement solution for the cantilever piezo-
electric microbeam is obtained. Then, based on the obtained deflection
and axial displacement, together with Egs. (54) and (55), the induced
polarization and induced electric potential are determined. Moreover,
the density of the charge induced from the piezoelectric layer can be
written as

p(x) = Co(x) 77)

Here, C is the capacitance per unit surface, C = ¢,¢y/h,. €, is the
relative dielectric constant. ¢, is the vacuum constant. The collected
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charge of the piezoelectric layer is derived as

L, |
Q(X)=b2/ |P—(h2+§h1)|dx
Ly

S1113ha(hy + hy)
2(1 + agg)

Sy

1+ agg)

b33 f1113€0 _ Sus
(14 agp)?  g2(1 +agy)

=bCl[

bydyieg  dy
(I+agp)?  g2(1 + agg)

Wy y_ D Suishy
M (L) = wf L)l + bl T

[ (Ly) = WP (L] + b,C|[ -

ds1hy(hy + hy) o
2(1 + agg) Lty (L2)

) bds h,
= uy (L] + b, C| m[uo(Lz) —ug(L]|

(78)

Thus, the polarization, electric potential and collected charge in-
duced from the direct electro-mechanical process are obtained. The
direct electro-mechanical response of the cantilever piezoelectric mi-
crobeam is determined. Similarly, the direct electro-mechanical prob-
lem of the piezoelectric microbeam under other boundary conditions
can also be solved.

5. Inverse electro-mechanical problem
For a microbeam subjected with the external voltage V' along the

thickness direction of the piezoelectric layer, the electric governing
equations are obtained from Egs. (39) and (40) as

d’py d
() 3) ) 2) @
aP; — by —— + u’ —zwv’) — w — w +
3~ b7 il )= Sa13 f311 iz (79
+ dm(uél) —zw®)=0
d’¢ dPy

=0 (80)

E0—F

dz?  dz
The electric boundary conditions are obtained from Egs. (46) and (47)
as

fplzz_%l =0 o =V (81D

h
z=—(lp+5)

dPy 1
[b33d_z + fazw® — f3311u(() )]lz:—"—‘ =0
2 (82)
=0

3 2) (1)
by —= + zZw — )
[b33 Iz 3311 S 0 ]Iz——(hz+h2])

According to the Egs. (79) and (80), the induced polarization P; and
induced electric potential ¢ are respectively derived as

(3) (2)
Py = by + bye 4 byt 4 LU0 sttt 83)
(1 + agg) 1+ agg)
3 2
@=b,+bsz+ D2 gz B e f“”w()zZ GITELCA (84)
g&g g€q 2(1 + agg) 2(1 4+ agg)

Here, b,(n = 1,2,3,4,5) are constants to be determined. Inserting the
induced polarization of Egs. (83) and induced electric potential of (84)
into the electric boundary conditions in Egs. (81)—(82), the constants
are determined and shown in Appendix D. Therefore, the induced
polarization P; and induced electric potential ¢ are respectively written
as

253 S dsi(hy + hy) W@ Sus(hy + hl)w(3)

Py =(

a a(l + agg) - 2a(1 + agg) 2a(1 + agp)
e o, Vo Sueow® - dizeguw®
a 0 a O hya (1 + agy) (1 + agy)
eof 11130 _ faa11€08h W@ -
——— (A e+ AT+ (A 68 + A e 8
g(1+ agg) (A 4T +agg) (As2 53¢
h 1
F3311€08(hy + FHw® o ez Faigeouy’
] (—Agzed" —Age ™) + ————
1+ agg) 1+ agg)

ds, eow(z)

A 08— A8y 4 2107
(—Ase € g(1+ agg)

(A e8% + Agye™8%)

(85)
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_ Jum@Chy+hy) - fiisbsg w® Vh by3ds; €9
8(1 + agg) (1 + agy)? 2h, (1 + aggy)?
dy i Chy+h) o o) i FON S3311
8(1 + agy) (1 +agy) © (1 + agg)
d31(h2+h1)]w(2) + fms(hz4”11)210(3)_LZ
2(1 + agg) 2(1 + agg) hy
Si3 20 4 d3 2 o, Juw?
2(1 + agg) 2(1 + agg) g2(1 + agg) (86)
- [3hw® _
(Aslegz - As4e £) + —2(1 T 0180) (Aszegz - As5e )
h (1)
Frani(hy + 2w Saz11u
—2(_As3egz + Age 8 + BT
1+ agp) 1+ agg)
dy w?®
(—A e85 + Aye™8%) + mmﬂeﬁ — AgeT8)
0

For the mechanical governing equations of the laminated region
(L, < x < L,), based on the induced polarization in Eq. (85) and
electro-mechanical coupling governing equations in Egs. (37) and (38),
the following equations are derived as

- w® + a5 w0 +as ul + Ty ul +ay - u) =g 87)

4)

Wa,ul’ =0 (88)

- w® T w0® +ag-w® +ay u

Similarly, according to the induced polarization in Eq. (85) and electro-
mechanical coupling boundary conditions in Egs. (41)-(45), the me-
chanical boundary conditions of the laminated region (L; < x < L,)
are derived as

—a; - w® — Qg - w® — a5 ~ug4) —Ty - u® - ay '”5)2) =V

oo (89)
or  w=w when x=L, and x=1L,
ai3-w(2)+a[6-w<4)+a,~5-ué3)+T,-4-uE)2)+a,-7~uél)

—bV bVdy (hy+h
+ f3113 + 510 2)]=M (90)
a 2a
or w =V when x=L, and x=1L,
3 (2) 2 1
_a[()'w(>_ai5'u0 _Tié'w()_Tﬂ'uo
+ Vit +hy) 1)
2a
or w?=w® when x=L, and x=1L,
bd
2 4 (3) 3 1) 31
—ap - w® =g w® —ay - ul =T w® —ay - ul + =2 =0
or ug=ily when x=0L; and x=1L,
(92)
b f
cw® ) cw® 2V s
Qg - W+ ajg - uy” + Tz w? + Ty -uy” + p =0 ©3)

(1)

or u =122)1) when x=L; and x=1L,

Here, the parameters a,(n = 1,2,...,7) in Egs. (87)-(93) are defined as
follows

ay=—A1+Tyy ap=Ay+Tg a3=A3+T),

a7 =—Ay +Ts

ayy = A4+ T;
4 4 11 (94)

a5 =As+T3 a=—As+Tp a3 = —As + Ty

For brevity, the parameters T,,(n = 1,2,...,14) in inverse electro-
mechanical governing equations of Egs. (87)—(88) and boundary con-
ditions of Egs. (89)-(94) are given in Appendix F.

From the comparison between the mechanical governing equation
in the Egs. (87) and (88) of the inverse electro-mechanical problem, and
that in the Egs. (66) and (67) of the direct electro-mechanical problem,
the expression of the deflection and axial displacement solution for
the laminated region (L, < x < L,) of the direct/inverse electro-
mechanical problem are similar. Moreover, the deflection solutions for
the non-laminated region (0 < x < Ly, L, < x < L) of the inverse



G. Fu et al.

0 Simplified strain gradient beam model A
without surface effects in Ref.[25] z
4kl General strain gradient beam model -
without surface effects in Ref.[25] Id
o= Present model with simplified
strain gradient elasticity (7=0, L;=1)
A Present model with general
strain gradient elasticity (7=0, L,=1)

Dimensionless deflection w /A

00 01 02 03 04 05 06 07 08 09 10

Dimensionless parameter /2 /[

(a) Monolayer cantilever beam
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% The partially covered laminated beam (7;=0.01. L;~0.6) in Ref.[68]
The partially covered laminated beam (T;=1, L,=0.6) in Ref.[68]
Bilayer beam in Ref.[68]
Present model with only general
25l strain gradient elasticity (7,=0.01, L;=0.6)
O Present model with only general

strain gradient lasticity (=1, L,=0.6)

20 H v Present model with only general
strain gradient elasticity (7,=0.2. L;=1)

Deflection w, (um)

0.5 F

0.0 i L L L L L L L
00 01 02 03 04 05 06 07 08 09 10

Dimensionless parameter 4 /[

(b) Laminated cantilever beam

Fig. 2. The deflection comparison among the present model and existed models.

electro-mechanical problem are respectively similar to those of the
direct electro-mechanical problem in the Egs. (70) and (71).

The deflection and axial displacement induced from the inverse
electro-mechanical problem can also be determined by using the equi-
librium of forces conditions, the deformation compatibility conditions
and the boundary conditions. For the equilibrium conditions of internal
forces of the inverse electro-mechanical problem, the shear force is sim-
ilar to those of the direct electro-mechanical problem in the Egs. (72)
while the classical moment and non-classical moment are different from
that in the Egs. (73) and (74) of the direct electro-mechanical problem.
For the equilibrium conditions of classical moment at the conjunction,
the following equations are given

2 2
s wP (L) — k- wP(L) = a5 - wP (L) + a6 - 0P (L))
3 2 1
+ a5 ul (L) + Tig (L)) + ay - ul(L))
bV f3113 + bVds (hy +h2)]

(z)a (4)2a 3) (2) (95)
a3 - Wy (L) + aj - w, " (L) + a;s5 - g (L) + Ty - u (Lo)
=bV f31z | bVd3i(hy + hy)
+ ]
a 2a

+ [

+ ap Ul (Ly) + [
= 5w (Ly) — k- w{(Ly)

For the equilibrium conditions of non-classical moment at the conjunc-
tion, the following equations are given

k- w (L) = —ais - (L)) = a5 - U (L)) = T - 0P (L)
bV fiz(hy + hy)

2a
= a5 W (Ly) = a5 - U (Ly) = Ty - D (Ly) = Typ - ull(Ly)
+ bV fius(hy + hy)

2a

The deformation compatibility conditions at the conjunction of the
direct and inverse electro-mechanical problem are the same and already
shown in Eq. (75). The cantilever boundary conditions are also given
in Egs. (76).

Thus, according to the equilibrium of forces conditions, the defor-
mation compatibility conditions and the cantilever boundary condi-
tions, the deflection and axial displacement induced from the inverse
electro-mechanical process is obtained. The inverse electro-mechanical
response of the cantilever piezoelectric microbeam is determined. Sim-
ilarly, the inverse electro-mechanical problem of the piezoelectric mi-
crobeam under other boundary conditions can also be solved.

- i7‘“g)(L1)+
(96)

k- wi(Ly)

6. Results and discussions

The size-dependent electro-mechanical analysis of the piezoelectric
microbeam is performed. The material of lower beam is silicon. The ma-
terial parameters are E;= 130 Gpa. v;= 0.35. The geometric parameters

1.0
—_ L
3 09
= L
=~ 08
~ L
=
= 07
g L
= 0.6
|53
& L
z 0.5 I
Z 04
O .
g r The flexoelectric elasticity theory with the general
‘m 03 F strain gradient elasticity
8 F [~ — Classical piezoelectric elasticity theory
§ 0.2 —-— The flexoelectric elasticity theory with the modified
o) + strain gradient elasticity
0.1 F The flexoelectric elasticity theory with the simplified
L strain gradient elasticity
0.0 T T T T T T T
0 15 20 25 30 35 40 45 50

Dimensionless parameter / /[

Fig. 3. Size effects of the deflection of the cantilever beam with T, = 0.2, Ly = 0.6
and L, + L, = L.

satisfy: L = 25h,, b; = 2h,. The material of upper beam is BaTios. The
material parameters are c;; = 131 Gpa. v, = 0.3, ¢, = 8.85x10713 F/ pm,
az3 = 0.79x10% Vm/C, by; = 1x10~° Jm3/C2, dy; = 1.87x108 V/m [66].
The flexoelectric coefficients are fi;;3 = f3311 = f33 = 5V [3].
The thickness of upper layer is 4,. The width of upper layer satisfies:
b, = b;. The total thickness of the beam is 4 = h; + h,. We define Ty
as the thickness ratio, Ty = h,/h,. Ly is defined as the length ratio,
Lg = (L, — Ly)/L. In addition, the length parameters satisfy: /;;, = /,
ligy = 0503 =0,1,2), | =0.428 pm [68]. The uniformly distributed load
g = 10 uN/m. The external voltage is V' = 20 V.

The deflection of present model with different strain gradient elas-
ticity and laminated region geometric parameters is shown in Fig. 2.
From the figure, it can be seen that the present model with only the
general or simplified strain gradient elasticity can respectively reduce
to the general or simplified strain gradient monolayer beam model
without surface effects in Ref. [25] when the laminated region geomet-
ric parameters satisfy Ty = 0, Ly = 1. Moreover, when the laminated
region geometric parameters satisfy Ty = 1, Lz = 0.6, by ignoring the
electric elasticity, the present model with only general strain gradient
elasticity reduces to the elastic partially covered laminated beam model
in Ref. [68]. When the laminated region geometric parameters satisfy
Tr = 0.2, Ly = 1, the present model without electric elasticity reduces
to the general strain gradient bilayer beam model in Ref. [68].

The comparison of the deflection of the non-classical model and
classical model is shown in Fig. 3. w(L) is the deflection of the non-
classical model. w, (L) is the deflection of the classical model. It can be
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0.2,

seen that the deflections of the non-classical models decrease gradually
with the decrease of the ratio of the thickness and the length parame-
ters, and thus show size dependency obviously. However, the deflection
of the classical model is independent of the ratio. The flexoelectric
elasticity theories with the strain gradient elasticity can describe the
size-dependent behaviour of the deflection while the classical piezo-
electric elasticity theory fails to explain the size effects. Moreover,
compared with the flexoelectric elasticity theory with the general strain
gradient elasticity, the simplified flexoelectric elasticity theories with
the approximated strain gradient elasticity predict larger deflection.
The simplified flexoelectric elasticity theories include only part of strain
gradients and thus underestimate the size effects.

The collected charge induced from the direct electro-mechanical
process is shown in Fig. 4. Q is the collected charge of the non-classical
model. Q, is the collected charge of the classical model. From the
figure, the collected charge of the non-classical model is dependent
on the ratio of the thickness and the length parameters, and varies
with the ratio. However, the collected charge of the classical model is
independent of the ratio. The limitations of the classical model is thus
revealed. In addition, it can be seen that the collected charge of the
flexoelectric elasticity theory with the general strain gradient elasticity
is much smaller than that of the simplified flexoelectric elasticity theo-
ries with the modified or simplified strain gradient elasticity. Compared
with the general strain gradient elasticity, the modified or simplified
strain gradient elasticity includes only part of strain gradients. The
simplified strain gradient elasticity has less strain gradients than that
of the modified strain gradient elasticity. The bending stiffness of the

-4.0x107¢

-8.0x1071¢ -

/
-1.2x10°° |

Polarization P (C /um?)

-1.6x107°

-2.0x107%

-2.4x10 |

The flexoelectric_elasticity theory with the general

strain gradient elasticity

~ = The flexoelectric elasticity theory with the modified
strain gradient elasticity

The flexoelectric elasticity theory with the simplified

strain gradient elasticity

1 1 1 1 1 1 1 1

0.0

0.1

02 03 04 05 06 07 08 09

Dimensionless parameter &

1.0

Composite Structures 321 (2023) 117225

beam with the modified strain gradient elasticity is largest while the
collected charge induced from the bending process is smallest. The
flexoelectric elasticity theory with the general strain gradient elasticity
includes all strain gradients and thus can reflect the size effects more
appropriately.

The polarization and electric potential induced from the direct
electro-mechanical process are respectively shown in Fig. 5. &£ = (z +
h, + %hl)/ h, is the dimensionless thickness. & = 0 is the upper surface.
¢ = 1 is the lower surface. The polarization and electric potential
distribute non-uniformly along the thickness direction. The polarization
varies obviously when the dimensionless parameter ¢ closes to the
surface of the piezoelectric layer while the electric potential decreases
along most part of the thickness. The direction of the electric potential
changes due to the combined effects of the flexoelectricity and piezo-
electricity. Moreover, compared with the flexoelectric elasticity theory
with the general strain gradient elasticity, the polarization and electric
potential of the flexoelectric elasticity theories with the modified or
simplified strain gradient elasticity are larger. Due to contain only
part of strain gradients, the bending stiffness of the microbeam of the
modified or simplified theories is smaller, the beam undergoes larger
bending deformation and produces stronger polarization and electric
potential. Compared with the flexoelectric elasticity theory with the
modified strain gradient elasticity, the polarization and electric poten-
tial of the flexoelectric elasticity theory with the general or simplified
strain gradient elasticity is smaller or larger. Therefore, the simplified
flexoelectric elasticity theories with the approximated strain gradient
elasticity underestimate the size-dependent direct electro-mechanical
process.

The size effects of the induced polarization is shown in Fig. 6.
E=(z+h + %hl)/hz is the dimensionless thickness. & = 0 is the
upper surface. ¢ = 1 is the lower surface. The polarization increases
gradually with the increase of the dimensionless thickness 4//, depends
on the dimensionless thickness 4 /! and thus exhibits size dependency.
When the dimensionless thickness 4 /! decreases, the effects from strain
gradient become obvious, the beam bending rigidity increases, the
bending deformation decreases, and thus the quantity of the induced
polarization decreases. When the dimensionless thickness /! increases,
the effects from strain gradient become weak, the beam bending rigid-
ity decreases and the bending deformation increases, and thus the
quantity of the induced polarization increases. As shown in Fig. 5a,
when the dimensionless parameter ¢ satisfies £ = 0.5, the dimensionless
thickness h/I increases from 0.1 to 2, the induced polarization almost
increases by two times. In addition, it can be seen that the induced
polarization distributes non-uniformly along the thickness direction.
When the dimensionless parameter ¢ satisfies 0 < £ < 0.1 or 0.9 < ¢ <
1, the induced polarization varies obviously. When the dimensionless
parameter ¢ satisfies 0.1 < & < 0.9, the induced polarization varies
slowly.

The effects of strain gradient elasticity and flexoelectricity on the
polarization induced from the direct electro-mechanical process are

[~ The flexoelectric elasticity theory with the general
Istrain gradient elasticity
~ = The flexoelectricelasticity theory with the modified
strain gradient elasticity
The flexoclectric elasticity theory with the simplified
L strain gradient elasticity

Electrical Potiential ¢ (V)

02 03 04 05 06 07

Dimensionless parameter &

Fig. 5. The polarization and electric potential at the midpoint of the cantilever beam induced from the direct electro-mechanical process with Ty = 0.2, h; =1 pm, Lz = 0.6 and

L +L,=L.
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shown in Fig. 7. ¢ = (z+ hy + %hl)/ h, is the dimensionless thickness.
& = 0 is the upper surface. £ = 1 is the lower surface. The polarization
induced from the piezoelectricity decreases slightly along the thickness
direction. However, the polarization induced from the flexoelectric-
ity varies obviously when the dimensionless parameter ¢ closes to
the surface of the piezoelectric layer. The flexoelectricity affects the
polarization greatly and enhances the polarization of the surface of
the piezoelectric layer. Moreover, the effects from the strain gradient
elasticity on the induced polarization are significant. The inclusion of
strain gradient elasticity enhances the bending rigidity, weakens the
bending deformation, and reduces the induced polarization. As shown
in Figs. 6a and 6b, when the dimensionless parameter ¢ is & = 0.5,
the induced polarization from the flexoelectricity and piezoelectric-
ity with strain gradient elasticity is almost 2% of that without the
strain gradient elasticity. Therefore, the strain gradient elasticity should
be considered to appropriately describe the size dependency of the
induced polarization.

The size dependency of the electric potential induced from the direct
electro-mechanical process is shown in Fig. 8. & = (z+h2+%h /h, is the
dimensionless thickness. & = 0 is the upper surface. £ = 1 is the lower
surface. The electric potential decreases gradually with the decrease of
the dimensionless thickness /I, depends on the dimensionless thick-
ness h /I and shows size dependency. When the dimensionless thickness
h/l increases, the strain gradient effects decreases, the bending rigidity
decreases, and thus the induced electric potential increases. When
the dimensionless thickness /! decreases, the strain gradient effects
increases, the bending rigidity increases, and thus the induced electric
potential decreases. As shown in Fig. 7a, when the dimensionless thick-
ness is ¢ = 0, the dimensionless thickness 4/! increases from 5 to 10, the
induced electric potential has almost increased by 2.4 times. Moreover,
it can be seen that the induced electric potential decreases gradually
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along the most part of the thickness. However, when the dimensionless
parameter ¢ closes to the bottom surface of the piezoelectric layer,
the direction of the induced electric potential changes. The variation
of the direction of the induced electric potential is the results of the
superposition of the piezoelectricity and flexoelectricity.

The influence of strain gradient elasticity and flexoelectricity on
the induced electric potential is shown in Fig. 9. ¢ (z + hy, +
%h,)/hz is the dimensionless thickness. £ = 0 is the upper surface.
¢ = 1 is the lower surface. From the figure, it can be seen that the
variation law of the electric potential respectively induced from the
piezoelectricity and flexoelectricity along the dimensionless thickness
is different. The induced electric potential from the piezoelectricity
decreases constantly along the dimensionless thickness. However, the
electric potential induced from the flexoelectricity increases gradually
when the dimensionless parameter ¢ satisfies 0 < ¢ < 0.1, and then
decreases along the dimensionless thickness. The electric potential
induced from the piezoelectricity is much larger than that induced
from the flexoelectricity and piezoelectricity. Namely, the flexoelec-
tricity weakens the electric potential of the piezoelectric microbeam.
Moreover, the induced electric potential is highly affected by strain
gradient elasticity. When the strain gradient elasticity is considered,
the bending deformation is weakened and thus the induced electric
potential becomes smaller. As shown in Figs. 8a and 8b, when the
dimensionless parameter ¢ is £ = 0.5, the induced electric potential from
the flexoelectricity and piezoelectricity with strain gradient elasticity is
almost 2% of that without the strain gradient elasticity. Thus, the strain
gradient elasticity should be included to estimate the size-dependent
response of the induced electric potential.

The bending deformation induced from the inverse electro-
mechanical process is shown in Fig. 10. It can be seen that the induced
deflections from the simplified flexoelectric elasticity theories with
the approximated strain gradient elasticity are much larger than that
from the flexoelectric elasticity theory with the general strain gradient
elasticity. As shown in Fig. 9a, when the dimensionless length is x/L =
1, the deflection induced from the flexoelectric elasticity theory with
the simplified strain gradient elasticity and the flexoelectric elasticity
theory with the modified strain gradient elasticity is almost 3.5 times
and 2 times than that from the flexoelectric elasticity theory with
the general strain gradient elasticity, respectively. This implies that
compared with the general theory, the simplified theories with only
part of the strain gradients underestimate the size-dependent inverse
electro-mechanical response.

The deflection of the piezoelectric microbeam induced from the
different inverse electro-mechanical mechanism is shown in Fig. 11. It
can be seen that the deflection induced from the inverse piezoelectric
mechanism is much larger than that from the inverse flexoelectric
mechanism. As shown in Fig. 10a, when the dimensionless length is
x/L 1, the deflection induced from the piezoelectricity is almost
20 times than that from the flexoelectricity. In addition, it should be
noted that the induced deflection from the piezoelectricity is almost
same as that from the piezoelectricity and flexoelectricity. This implies
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Fig. 7. Influence of the strain gradient elasticity and flexoelectricity on the polarization at the midpoint of the cantilever beam with T, = 0.2, h; =1 ym, Ly =0.6 and L, +L, = L.
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that compared with the flexoelectricity, the piezoelectricity is predom-
inant on the inverse electro-mechanical process of the piezoelectric
microbeam when the beam thickness is in micron range.

The size effects of the deflection induced from the inverse electro-
mechanical process is shown in Fig. 12. w(L) is the deflection of the
non-classical model. w,(L) is the deflection of the classical model. As
the decrease of the ratio of the thickness and the length parameters,
the dimensionless deflection decreases gradually, thus shows size de-
pendency obviously. When the ratio is small enough, the dimensionless
deflection of the non-classical model is much smaller than that of the
classical model. When the ratio is large enough, the dimensionless
deflection of the non-classical model is constant and independent of
the variation of the ratio. The effectiveness of the non-classical model
and the limitation of the classical model is simultaneously revealed via
the inverse electro-mechanical problem.

The bending direction of the piezoelectric microbeam under differ-
ent external voltage is shown in Fig. 13. The direction of the deflection
induced from the inverse electro-mechanical process is dependent on
the positive or negative of the external voltage. When the external
voltage is applied at the surface layer of the piezoelectric layer, due to
the inverse piezoelectric/flexoelectric process, the equivalent bending
moment will produce at the ends of the piezoelectric layer. From
the classical moment equilibrium conditions in Egs. (95), it can seen
that the equivalent bending moments induced from the inverse flex-
oelectric process and inverse piezoelectric process are bV f3;,3/a and
bV ds, (h,+h,)/2a, respectively. The positive or negative of the external
voltage affects the direction of the equivalent bending moment, and
thus determines the bending direction of the beam. For a cantilever
piezoelectric microbeam, if the external voltage is positive, then the
negative equivalent bending moment is generated at the ends of the
piezoelectric layer, and makes the beam bend downward. When the
external voltage is negative, then the positive equivalent bending mo-
ment is generated at the ends of the piezoelectric layer, and makes the
beam bend upward.

7. Conclusions

In this paper, the general strain gradient elasticity with three inde-
pendent material length-scale parameters is incorporated into the flexo-
electric elasticity theory. The degeneration analysis of the flexoelectric
elasticity theory with the general strain gradient elasticity is performed.
By neglecting some strain gradients, the flexoelectric elasticity theory
with the general strain gradient elasticity can reduce to the simpli-
fied flexoelectric elasticity theory with the approximated strain gradi-
ent elasticity including the modified strain gradient elasticity and the
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simplified strain gradient elasticity. Subsequently, the direct/inverse
electro-mechanical analysis of the laminated microbeam with a par-
tially covered piezoelectric layer under the uniformly distributed load
and external voltage is performed.

For the direct electro-mechanical analysis, the collected charge, the
polarization, the electric potential increase with the increase of the
ratio of the thickness and length parameters, and show size dependency
apparently. Compared with the general theory, the simplified theories
predict larger collected charge, polarization and electric potential, and
underestimate the direct electro-mechanical response. The polarization
induced from the piezoelectricity decreases slowly along the thickness
direction while the polarization induced from the flexoelectricity de-
creases obviously at the surface of the piezoelectric layer. The electric
potential induced from the piezoelectricity decreases more obvious
than that induced from the flexoelectricity. The flexoelectricity en-
hances the polarization while weakens the electric potential of the
piezoelectric microbem. For the inverse electro-mechanical analysis,
the deflection relies on the ratio of the thickness and length parameters,
and decreases with the decrease of the ratio. Compared with the general
theory, the simplified theories predict larger deflection, and underesti-
mate the inverse electro-mechanical response. The deflection induced
from the piezoelectricity is larger than that from the flexoelectricity.
The flexoelectricity along hardly affects the deflection of the piezo-
electric microbem when the thickness is in micron range. Moreover,
the strain gradient elasticity greatly weakens the direct/inverse electro-
mechanical response when the thickness is comparable to the material
length-scale parameters. The limitations of this study include the ideal
interface contact conditions and the simple geometry. In the future, we
will devote to study the more complicated case that the multiphysics
field response of the laminated structure with a partially covered smart
layer under the imperfect interface contact conditions. We hope a more
firm conclusions can be formulated and offer theoretical basis for the
design of the partially covered laminated structure-based microdevice.
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Appendix A

The formulation of the laminated region (L, < x < L,) after the
variation are shown as follows
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Appendix B

The unknown constants c,(n = 1,2,3,4,5) in the Egs. (52) and (53)
are determined as follows
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The unknown constants ¢,(n = 1,2, 3,4, 5) are determined as
cl=clf+c1p 62=sz+02p c3=c3f+c3p (B13)

Cqy =Cyp +c4l7 C5 =Cs¢ +c5p
Here, c;; and cip(i=1,2,3,4,5) are respectively the coefficients associ-

ated with the flexoelectric effects and piezoelectric effects.
Appendix C

The parameters T,(n = 1,2,...,14) in direct electro-mechanical
governing equations of Egs. (58)-(59) and boundary conditions of
Egs. (60)-(65) are given as follows.
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_ bfisdsiggha(hy + hy)  bfiisfagohy bf 13331180
;= + - 59
2(1 + agg) (14 agg) g(1 + agg)
(C.7)
o= bg f3511€0(ha + h) _ bds f331180 YA b3, eoha(hy + hy)
8 2 1+ agg) g(1 + agg) 2(1 + agg)
(C.8)
bf? .eghy(hy +h
Ty = Siz€0h2(hy + hy) (C.9)

2(1 + agg)
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_ 2bf1113/331180M0 bf1113f331150A

Ty = - C.10
10 (1 + aeg) g(l+agy) €10
2
T = _bf1113£0h2 (C.11)
1 (1 + agg)
2 2
T (€12)
27 (1 + agy) (1 + agy)
7. = Mssufinsgohy  bdsifiisgoha(hy + hy) €13)
13 (1+ agy) 2(1 + agg) :
bd fi11360M
Ty=-—F—""— C.14
14 1+ agy) ( )

In Egs. (C.1)-(C.2), (C.4)—(C.8), (C.10) and (C.12), the parameters
A,,(n=1,8,9) are defined as follows

2 (e78n2 + 8h2)
87 (emghy _ e8ha)

T (e8h2 — o8h2)
2—e 82 — e8h2 12)
(e=8h2 — e8h2)

(C.15)
AA‘9 =

Appendix D

The deflection and axial displacement solution for the laminated
region (L, < x < L,) in Egs. (66) and (67) are derived as follows.
Define the operator D as D = d/dx, then the mechanical governing
equations in Egs. (58) and (59) can be written as

(a3 D* + agD%)w + (asD° + T, D* + a; D> )uy = q (D.1)

(ay D? + T}y D* + agD*)w + (a, D* + a, D*)uy = 0 (D.2)

According to the Egs. (D.1) and (D.2), the following equation with only
deflection parameter is derived as

(my D* + my D> + myD? + my D + ms) Dw = 0 (D.3)

The solution w(x) of Eq. (D.3) is written as

w=ws +wy D.4
The deflection wy, satisfies the following equation

Dwy =0 (D.5)

Based on the reduction method, the deflection wy, is derived as

Wy = ¢y + e x + x% +e3x + epxt 4 esx’ (D.6)

where ¢,(n = 1,2,3,4,5) are the constants to be determined. The
deflection wy, satisfies the following equation

(m; D* + myD* + myD* + myD + ms)wy, =0 D.7)
Let wy, = ', then the Eq. (D.7) becomes
m1r4+m2r3+m3r2+m4r+m5 =0 (D.8)

The parameters m;(i = 1,2,3,4,5) are already given in the Eq. (69). To
solve the Eq. (D.8) conveniently, let r = ——2 + y, then Eq. (D.8) is
written as

W+ Py +0y+R=0 (D.9)

The parameters P, O and R are also given in the Eq. (69). Define
y = A, + A, + A5, we obtain the cubic equation about the parameter A?
as follows

1 1 1
A+ —PA* + — (PP -4R)A’ - =0* =0 D.10
+3 +3 6( ) 3 792 (D.10)
Let A2 = —1P 4 B, we derive the cubic equation about the parameter

B without quadratic term as follows

72PR —27Q% - 2P3
1728

2
g PPH12R

-0 (D.11)
43
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To solve the Eq. (D.11) conveniently, let B = C, + C,, then we obtain
the quadratic equation about the parameter C> as follows

72PR-270%-2P3 5  P2+12R
ct 3 =0 (D.12)
+ 1728 *+( 144 )
Based on the Eq. (D.12), we obtain the following equation
P .
A2:_g+{/m7+\/m_8+{/m7—\/m_8 (if mg>0)
or
(D.13)
A2 = _P + (l VP2 + lZR)cos(larcsin( 1-m; - E)))
6 6 3 my
(if mg<0)
The parameters m;(i = 7,8) are given in the Eq. (69). Considering the
relation r = —4— +yand y = A, + A, + A;, after some transformation

and 51mp11f1cat10n we obtain the following equations

-
Il
I

ﬂ+\/m_6+\/—m6—§+2\/m§+%Pm6+1i6(P2-4R)
1
r2=—4m1+\/_ \/mé——+2\/m +2Pm6+—(P2
r3=—4m \/_+\/ m6—§—2\/
1
ro= -2 — \fmg - m6—£—2\/m += Pm6+—(P2 4R)
4m1 2

(if mg >0)

4R)

! 5 Pms + —(P2 4R)

(D.14)

Therefore, according to the Egs. (D.7), (D.8) and (D.14), the deflection
wy, is written as

Wy = cge'1™ + c7e2 4 cgel3 4 cgelT (D.15)

where ¢,(n = 6,7,8,9) are constants to be determined.
Based on the Egs. (D.4), (D.6) and (D.15), the deflection w(x) is
written as

rx

w(x) = ¢y + 1 x + X% + 333 + ey xt + 5% + cge1* + cpel2¥

(D.16)
+ cge3¥ + cge’4*
Then, inserting Eq. (D.16) into Eq. (D.1), using the similar method, we
can derive the axial displacement u, as

Sascs q —24azc,
Uy = C1o + €11 X + €1pX? + cp4€’5F + ¢5"6F — x4 ( -
a; 6a,
207, (—ayr} — agrd)
693%\ 3 371 "6 X
- )x cge'!
a? (—agr + Tyr* + a;r)
7 871 47 7"
4 6 4 6
- - —asft, — r
(=azry — agrs) o2 (—azr — agr$) 5

cg
5 4 3 5 4 3
(—agr2 + T4r2 + a7r2) (—agr3 + T4r3 + a7r3)

(_a3ri B aﬁrg) ryx
Cqge
(—agri + T4ri + 0772) ’
(D.17)
with
~T, + \/m =Ty - \/m (D.18)
rs = re = .

2as

According to the Egs. (D.1), (D.2), (D.16) and (D.17), the relations
among the undetermined constants ¢,(n = 1,2,3, ..., 15) are confirmed,
thus the deflection and axial displacement solution for the mechanical
governing equations in Egs. (58) and (59) are determined and shown
in Egs. (66) and (67), respectively.

2as
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Appendix E

The unknown constants b,(n = 1,2,3,4,5) in the Egs. (83) and (84)
are determined as follows

253 fan @ _ Sl +hy) 5

b, =
1y =( o a(l + agy) w 2a(1 + agp) (E.1)
v Suni pe) .
ah, a 0
dy;(hy + hy) d
- =
h
3 f33118€0
= PATTELD) (1= esm)A w® 4 2277 st g @
g(1 + agg) (1 + agg) (E.3)
hy .
_ () /53118%0 W@ 4 8188 (e — 1)A 4
1+ agg) s (1 + agp) oo
ds €9 h
by = 3180 | ehayg @ E.4
2p g(1+a60)( Az 0
h
= [3311880
by = S1113€0 (1—e8m2)B 1 4 22 7 _,ghr g 1
gl +agp) (I+ag) (E.5)
hy ‘
B (h2 + 7)f3311g50 w@) f3311g£0 (e—ghz - 1B u(l)
1+ agg) s (1 + agp) oo
d31€9 —gh
be = _BIEO | shyyp @ E.6
3p g(1+a60)( eEBw 0
by, = (Jumbngo | SushiCh th) 6 fan o Vi
YT U tagg? T 8(1+agy) (I+ag) 0 2hy
(E.7)
_ ds byz€g dy h(2h,y + h]))w(z) (E.8)
4p (1 + agy)? 8(1 + agg) ‘
beo = f3311 w(z) flll3(h2+h1)w(3)_ K (E.9)
ST U+ agg) 2(1 + agg) hy '
d31(h2 + h]) 2)
_ E.10
7 2(1 + agg) 10
The unknown constants b,(n = 1,2,3,4,5) are determined as
by=bys+by, by=by+by, by=bys+b
1= 01701y D2 =005 7 0pp 03 =037 % 03p (E.11)

by=bys +by, bs=bss+bs,
Here, b;, and bi,(i = 1,2,3,4,5) are the coefficients associated with the
flexoelectric effects and piezoelectric effects, respectively .

Appendix F

The deflection and axial displacement solution for the laminated
region (L, < x < L,) in Egs. (66) and (67) are derived as follows.
Define the operator D as D = d/dx, then the mechanical governing
equations in Egs. (58) and (59) can be written as

2
2S5 50 bfsisfanhy | bdsi faishy(hy + hy)

T, =T

! a a(l + agg) a F.1)
bd3, (hy + hy)*hy  bd hy(hy +h '
_oay U+ M)y bdyy fyzni€0ha(hy + hy)
4a(l + agg) 2(1 + agg)
2 2
T, =1y 4 Pshath ) F2)
2 2 4a(l + agg)
bfl3ha(hy + hy)
o= = -
7. = brsfanha(+2e60)  bfinsfsngo , (F.4)
i a(l + agy) g(1 + agp) 59 ’
‘ =_lbgf3231150(h2+h1) + bf3113d31 1y
i3 2 (1 + agg) 59 a (F.5)
5 .
_ bd5ihy(hy +hy)  bfa60d3)
2a g(l + agp) 9
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_1bfnfunsgothy + hy) | bdsi f111360

T, =
i6 = ( 2 g(1 + agp) 23(1 + agg) s (E.6)
F.6
3 1ny3
_ bdy fiishagg | bdsi g~ + ha +311) !
21+aey) | (tag) ' 24 3
T, =T, (F.7)
Te=T.+ 2bdy fy31160h2  2bd3 fa113h0  bdy fnhs
=8 (1+ agg) a a(l + agg) 8
b2, hy(hy + hy) '
2a(1 + agp)
Ty = _bf1113d31;lz(h2 +h) (F.9)
o
o2 Wil bfsufush  bfusfsnge (F.10)
o a a(l + agg) a(l+agy) ’
bf12113h2
Ty = - (F.11)
2 2
T = bef3311%0 bd3, by (F.12)
M= T +agy) % a ’
0
7= _bfsufinsgohy  bdsifiisgohathy + hi)
i3 1+ agg) 2(1 + agy) (F.13)
+ 2bf33fushe bfsuSushe  bfizdsiha(hy + hy) '
a a(l + agg) 2a(1 + agg)
bdy fi113h2
Ty, = — —a (F.14)
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