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Abstract: The high-order harmonic spectra from laser-ablated tin plasma plumes are investigated
experimentally and theoretically at different laser wavelengths. It is found that the harmonic
cutoff is extended to ∼84 eV and the harmonic yield is greatly improved by decreasing the driving
laser wavelength from 800 nm to 400 nm. Appling the Perelomov-Popov-Terent’ev theory with
the semiclassical cutoff law and one-dimensional time-dependent Schrödinger equation, the
contribution of the Sn3+ ion to harmonic generation accounts for the cutoff extension at 400 nm.
With the qualitative analysis of the phase mismatching effect, we reveal the phase matching
caused by the dispersion of free electrons is greatly optimized in the 400 nm driving field relative
to the 800 nm driving field. The high-order harmonic generated from laser-ablated tin plasma
plumes driven by the short laser wavelength provides a promising way to extend cutoff energy
and generate intensely coherent extreme ultraviolet radiation.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

High-order harmonic generation (HHG) driven by strong laser fields enables visible to infrared
laser coherent up-conversion into the extreme ultraviolet region with ultrashort-time characteristics
[1–3]. This technology is being widely used in attosecond scientific applications [4,5]. Over the
decades, atoms and molecules in gas [6–9] have been the most common medium for HHG. To
broaden the studied atomic species, laser-ablated plasma plumes (LPPs) are used as an alternative
medium [10,11]. With the advantage of the resonant characteristics of special electronic structures
in metal ions [12–14], the high-order harmonic spectra generated by some metal ions in LPPs can
appear obvious resonance enhancement [15–19]. However, the harmonic cutoff of the high-order
harmonics driven by LPPs is low, which seriously restricts the practical application of HHG from
LPPs. How to improve the harmonic cutoff of LPPs without reducing the harmonic yield has
always been a topic of great concern.

The basic process of the high-order harmonics generated by the low-density LPPs can be
regarded as a quantum nonlinearity originating from atoms and ions, which is similar to the
three-step model of gaseous atoms [20,21]. In the three-step model, the maximum energy of the
radiated photon follows the cutoff law hνmax = Ip + 3.17Up, where the ponderomotive energy Up
is proportional to the square of laser wavelength λ and the laser intensity I, Ip is the ionization
potential of the particles. In the gaseous HHG, the extension of the harmonic cutoff has been
achieved with great success by increasing the available laser wavelength λ [1,22,23] and the
effective laser intensity I [24–26]. For LPPs, many reports have also used laser wavelengths
at 1.3-1.8 µm instead of 0.8 µm to generate high-order harmonics [27–33]. Some experiments
successfully extended the harmonic cutoff in carbon LPPs [27,30], accompanied by efficient
harmonic generation [30], whereas others failed in extension of harmonic cutoff [28,29,31–33].
This means that using a long-wavelength laser to extend harmonic cutoff is not easy for HHG
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in LPPs. Since the plasma itself contains a lot of electrons, it is almost impossible to achieve
phase matching by suppressing the ionization rate like gaseous HHG. Meanwhile, the scaling
of single atom response λ−(5∼6) [34] may result in a low harmonic conversion efficiency, which
also makes the measurement of harmonic cutoff arduously. An alternative method of using
higher ionization potential to extend harmonic cutoff has attracted extensive attentions [35–39].
In the HHG experiments of manganese [38], vanadium [39] and titanium [37] LPPs, the third
ionization potential was used to successfully extend the cutoff. However, further improving the
ionization potential and solving the severe phase mismatch caused by free electron dispersion will
become a challenge. Moreover, the harmonic conversion efficiency of these materials is relatively
low [40,41], which limits their practical application. It is urgent to study a more suitable and
convenient method from LPPs to extend harmonic cutoff and increase the harmonic yield at the
same time.

In this work, we experimentally and theoretically investigate the high-order harmonic spectra
from the laser-ablated tin plasma plumes (Sn-LPPs) at different laser wavelengths. The
experimental results show that the highest observable harmonic cutoff at 800 nm laser driving
wavelength is ∼51 eV (33rd), while it can be extended to ∼84 eV (27th) at 400 nm with a great
improvement of the harmonic yield at the same time. By using the Perelomov-Popov-Terent’ev
model [42] with the semiclassical cutoff law and one-dimensional time-dependent Schrödinger
equation, the contribution of the Sn3+ ion to harmonic generation is responsible for the cutoff
extension at 400 nm. In addition, we qualitatively analyze the improvement of phase matching
caused by the dispersion of free electrons in the 400 nm driving field relative to the 800 nm
driving field. And the dependence of harmonic cutoff in a 400 nm driving field on the intensity
of driving pulses demonstrates the robustness of our theoretical calculation.

2. Experimental and numerical methods

2.1. Experimental design

The homebuilt HHG setup employed in the present work is shown in Fig. 1. Two laser beams
are split from a commercial 1kHz, 0.8 µm Ti: sapphire amplifier system (Spectra Physics:
Sprifire Ace). One 210 ps, 0.5 mJ laser beam is split from the amplified laser beam before time
compression as the heating pulse (HP), and the other is temporally compressed to derive a 35fs,
5.5 mJ laser beam as the driving pulse (DP). HP is focused on the Sn sample surface by a 200
mm lens to generate the plasma plumes. The second harmonic (centered at 400 nm) is generated
by a 0.5-mm-thick β-Barium borate (BBO) crystal with a conversion efficiency of ∼25% and
separated from the fundamental pulses by two dichroic mirrors (DM). The half-wave plate (HWP)
rotates the second harmonic to horizontal polarization. After the plasma plumes ablated by HP
with a time delay of ∼50 ns, the horizontally polarized 400 nm laser beam served as DP is focused
into Sn-LPPs through a spherical lens with a focal length of 300 mm to generate high-order
harmonics. After passing through a narrow slit, the harmonics are reflected by a concave mirror
onto a 1200 grooves/mm flat field grating, and then the dispersed harmonics are detected by a
microchannel plate with a phosphor screen and recorded by a CCD camera. The integration time
of the CCD camera is fixed at 200 ms. The intensity of each harmonic spectrum in this paper is
related to the photon flux. The pulse width of DP at the location where DP interacted with the
plasma plumes is estimated to be ∼50 fs due to the propagation of the optical path through the air.

2.2. Simulation methods

The Perelomov-Popov-Terent’ev (PPT) theory [42] is applicable not only for noble gases [43],
but also for metals [44–46]. In atomic units, the total rate of PPT ionization is

wPPT (F,ω) =
∞∑︂

q≥qmin

wq(F,ω) (1)
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 Fig. 1. Schematic diagram of the experimental setup.

where qmin is equal to (Ip + Up)/ω, which represents the minimum number of photons required
to reach the effective ionization potential Ip + Up, and ω and F are the frequency and amplitude
of the laser field, respectively. The rate of PPT ionization can be also written as

wPPT (F,ω) = 22n∗

n∗Γ(n∗+l∗+1)Γ(n∗−l∗)
(2l+1)(l+ |m |)!

2|m|( |m |)!(l−|m |)! Ip(
2F0
F )2n∗−|m |−1

×(1 + γ2) |m |/2+3/4Am(ω, γ) exp[− 2F0
3F g(γ)]

(2)

with

g(γ) =
3

2γ
[(1 +

1
2γ2 )sinh−1γ −

√︁
1 + γ2

2γ
],

Am(F,ω) =
4γ2

√
3π |m|!(1 + γ2)

×

∞∑︂
q≥qmin

e−α(γ)(q−v)ωm(
√︁
β(γ)(q − qmin)),

ωm(x) =
x2 |m |+1

2

∫ 1

0

e−x2tt |m |

√
1 − t

dt,

α(γ) = 2(sinh−1γ −
γ√︁

1 + γ2
),

β(γ) =
2γ√︁

1 + γ2
,

where l and m are the orbital and magnetic quantum number of Sn ions, F0 = (2Ip)3/2 is the
Coulomb field, γ is the Keldysh parameter, Γ(x) is the gamma function, n∗ = Z/

√︁
2Ip is the

effective quantum number, l∗ = n∗ − 1 is the effective orbital quantum number. Here, Z is the
charge of Sn ions after absorbing q photons. The direction of laser polarization determines the
quantization axis.

In the duration of the laser pulse, the ionization probability of Sn ions can be calculated from
the PPT ionization rate by integration

P = 1 − exp[−
∫ +∞

−∞

w(F0(t))dt] (3)

where F0(t) is a sine-squared envelope of the laser pulse, and the full width at half maximum
(FWHM) of the envelope is the actual laser duration in our experiment. For each ionic species,
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the ionization probability is calculated as a function of the laser intensity, as shown in Fig. 4(a)
and Fig. 4(c).

We also calculate the high-order harmonic spectra from different Sn ions by one-dimensional
time-dependent Schrödinger equation (1D-TDSE). In length gauge for this system, the corre-
sponding 1D-TDSE, in atomic units, is given by

i
∂

∂t
ψ(x, t) = [−

1
2
∂2

∂x2 + V(x) + E(t) · x] ψ(x, t) (4)

By utilizing the split operator method [47], we are able to solve the 1D-TDSE in Eq. (4).
To prevent the wave packet from being unphysical reflected off the boundary, a mask function
of the kind cos1/8 was employed. For the atomic potential function, a soft Coulomb function
V(x) = −Z/

√
x2 + a is utilized to prevent numerical inaccuracy brought on by the screening

potential approaching the origin. Then, using Ehrenfest’s theorem, the time-dependent induced
dipole moment may be calculated as follows:

a(t) =
∂2

∂t2
⟨ψ(x, t)|x|ψ(x, t)⟩ =

⟨︃
ψ(x, t)

|︁|︁|︁|︁−dV(x)
dx

− E(t)
|︁|︁|︁|︁ψ(x, t)

⟩︃
(5)

From the absolute square of the Fourier transformation of the time-dependent dipole accelera-
tions, we may get the HHG power spectrum

P(ω) =
|︁|︁|︁|︁∫ e−iωta(t)dt

|︁|︁|︁|︁2 (6)

3. Results and discussion

The harmonic spectra driven by the 400 nm laser field at different HP intensities are measured
first to optimize the harmonic generation condition, as shown in Fig. 2. Clearly, the harmonic
cutoff at the HP intensity from 0.8 × 1010 W/cm2 to 1.4 × 1010 W/cm2 is about 17th, 23rd, 27th

and 23rd order, respectively. This non-monotonic trend indicates that the harmonic cutoff value
is influenced by the density of LPPs, which is related to the HP intensity. The cutoff value
reaches a maximum of 27 at the HP intensity of 1.2 × 1010 W/cm2. As the HP intensity increases,
the background noise caused by plasma line emissions becomes more prominent. The cutoff
begins to get lower at the intensity of 1.4 × 1010 W/cm2. The harmonic spectra as a function of
HP intensity are also measured in the driving field of 800 nm. It is found that the HP intensity
of 1.2×1010 W/cm2 is sufficient to give satisfactory harmonic spectrum in the driving fields
of 400 nm and 800 nm without noticeable plasma emissions. Throughout the paper, we use a
constant HP intensity at 1.2 × 1010 W/cm2. As shown in Fig. 2, we further observe a satellite
peak on the right side of the 7th harmonic at 23.2 eV in the 400 nm driving field. This is most
likely due to the second-order diffraction of the 15th harmonic [48,49]. And the 9th harmonic
enhancement in all spectra is caused by the strong radiative transition of Sn2+ ion from 4d105s5p
to 4d95s5p2, which has been verified well in the theoretical calculation [50].

Figure 3 shows the harmonic spectra in the driving fields of 800 nm and 400 nm, respectively.
In the 800 nm driving field, the 17th harmonic has a higher yield than the neighboring harmonics.
This enhancement can be identified as the transition between two Sn+ ionic states (4d105s25p
and 4d95s25p2) with a frequency (26.22 eV) close to the 17th harmonic [51]. To achieve higher
cutoff energy and have comparability at different laser wavelengths in the harmonic spectrum,
the same camera integration time and gain factor are used in the measurement. Most notably, the
harmonic cutoff in the 800 nm driving field is much higher than the previous reports [15,48],
being about the 33rd order (∼51 eV). And the cutoff in the 400 nm driving field can be further
extended to around the 27th order (∼84 eV). Interestingly, the cutoff energy is increased at short
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Fig. 2. High-order harmonic spectra generated from Sn-LPPs in the 400 nm driving field
with HP intensity at (a) 0.8 × 1010 W/cm2, (b) 1 × 1010 W/cm2, (c) 1.2 × 1010 W/cm2, (d)
1.4 × 1010 W/cm2, respectively. The DP intensity is maintained at 8 × 1014 W/cm2 for all
the spectra.

wavelengths, in contrast to what is expected from the three-step model in gaseous HHG according
to the semiclassical cutoff law. Moreover, the harmonic yield is also much improved at short
wavelengths. We can observe that the harmonic yield of the 15th harmonic (∼46 eV) in the driving
field of 400 nm almost surpasses that of the 29th harmonic (∼45 eV) in the driving field of 800 nm
by 16 times. It is known that the conversion efficiency is the ratio of harmonic power to the laser
power (photon energy × photon flux/ laser power) [52]. In this experiment, the actual single
pulse energies of 400 nm and 800 nm lasers are 350 µJ and 1600 µJ, respectively. Therefore, the
actual harmonic conversion efficiency at 400 nm is 70 times higher than that at 800 nm, which is
similar to the single-atom response (25−6 times) [34].

To further investigate the inverse relationship between the harmonic cutoff and laser wavelength
in Sn-LPPs HHG, the PPT model with the semiclassical cutoff law and 1D-TDSE methods are
applied to distinguish the influenced factors in the microscopic particles, as shown in Fig. 4.
Based on the physical picture of the three-step model, due to the depletion of the ground state (i.e.
ionization probability reaches 99.9%), the harmonic cutoff energy cannot be further increased
before the laser pulse reaches the peak intensity. The maximum value of the effective laser
intensity is defined as the saturation intensity Isat. To quantitatively describe the ionization
process driven by 800 and 400 nm laser fields, the PPT theory is applied to estimate the Isat of
different Sn ions. Figure 4(a) shows the Sn ion yields as the function of DP intensity with 400 nm
driving laser wavelength. The ionization probabilities of Sn+, Sn2+ and Sn3+ in a 400 nm driving
field are saturated (i.e. 99.9%) at the intensities of 0.09 × 1014 W/cm2, 4.07 × 1014 W/cm2 and
8.33 × 1014 W/cm2, respectively. According to the semiclassical cutoff law, the harmonic cutoff



Research Article Vol. 31, No. 10 / 8 May 2023 / Optics Express 15558

Fig. 3. High-order harmonic spectra generated from Sn-LPPs driven by (a) 800 nm laser
field with DP intensity at 9 × 1014 W/cm2, and (b) 400 nm laser field with DP intensity at 8
× 1014 W/cm2. The HP intensity is maintained at 1.2 × 1010 W/cm2 for all the spectra. The
purpose of choosing DP with different intensities is to measure the maximum cutoff energy
at different driving wavelengths.

of Sn3+ at the saturation intensity is estimated to be the 25th harmonic, which is close to our
experimental cutoff value. Therefore, the contribution of the Sn3+ ion to harmonic generation is
responsible for the extended harmonic cutoff of Sn-LPPs HHG driven by a 400 nm laser field.
This assignment can be further confirmed by the method of 1D-TDSE as shown in Fig. 4(b). We
summarize the cutoff energy obtained theoretically in Table 1. The results of the theoretical
analysis are in good agreement with our experimental findings in a 400 nm laser field.

Table 1. Calculated cutoff values in 400 and 800 nm driving fields from different ions using a
semiclassical model and 1D-TDSE

400nm 800nm

Ip (eV) Isat (W/cm2) Ip+3.17Up (eV) 1D-TDSE (eV) Isat (W/cm2) Ip+3.17Up (eV) 1D-TDSE (eV)

Sn+ 14.63 0.09×1014 15.1 (5th) 14.7 (5th) 0.48×1014 23.33 (15th) 23.2 (15th)

Sn2+ 30.51 4.07×1014 49.41 (16th) 52.8 (17th) 5.66×1014 124.48 (81st) 136.7 (89th)

Sn3+ 40.74 8.33×1014 78.55 (25th) 78.19 (25th) 10.33×1014 229.79 (149th) 229.79 (149th)

Driven by 800 nm laser wavelength, the Sn3+ ion yield exceeds 90% at the experimental
laser intensity of 9 × 1014 W/cm2 as shown in Fig. 4(c). It appears that the ionization of Sn3+

may be contributed to the harmonic spectrum generated by the 800 nm laser field. However,
the theoretically predicted cutoff from Sn3+ at its saturation intensity is much higher than our
experimental result and the previous measurements [15,48]. This is mainly due to the above
theories without taking the macroscopical propagation effect into account. To achieve effective
frequency up-conversion and optimize cutoff, the generated harmonic photons need to have the
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Fig. 4. Calculated ionization probabilities of different Sn ions as a function of DP intensity
in (a) 400 nm, and (c) 800 nm laser fields. The saturation intensities Isat of each particle
is depicted by the vertical dash line. (b) and (d) show the calculated high-order harmonic
spectra generated from Sn2+ and Sn3+ particles at each saturation intensity in 400 nm and
800 nm laser fields, respectively. The dashed lines represent the calculated harmonic cutoff,
which is judged on the position of the sharp decrease in the harmonic intensity after a
primary plateau.

same phase velocity as the driving field, i.e., the phase matching. The phase mismatching term
∆k is a sum of contributions from the dispersion terms of atoms/ions, free electrons, quantum
phase ∆kint, and laser geometry ∆kG. Although the focusing lens of DP is only 300 mm in our
experiment, a few millimeters of Rayleigh length is still much longer than the plasma length
of a hundred microns, which will cause the term ∆kG to be neglected [53–55]. For the term
∆kint, it is a function of ∆I/∆z, and within the Rayleigh length, the change in DP intensity ∆I
near the plasma length ∆z is very small [53,54]. Therefore, in comparison with the dispersion
terms of atoms/ions and electrons, for Sn-LPPs HHG, the contributions of ∆kG and ∆kint to the
phase mismatching are negligible [17,55]. To analyze the phase mismatching of Sn-LPPs HHG
at different laser wavelengths, the term ∆k can be simplified as

△k = qkω − kqω ≈ −
niωq

c
(δ + ∆δ)⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞

atom and ions

+
ωqnee2

cε0mω2
DP⏞ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄⏞

free electrons

(7)

where ωq is the qth harmonic frequency, ωDP is the DP frequency, ε0 is the vacuum permittivity,
m is the electron mass, δ is the refractive index difference between DP and the harmonic from
different ions, ∆δ is the nonlinear refractive index from different ions, ni is the density of
different particles of Sn and i=0 denotes atoms, i=1, 2, 3. . . denote ions with different charges,
respectively. In a multi-species plasma medium, the free electron term plays a major role in the
phase mismatching [17,55], whereas the atomic term is replaced by the linear dispersion and
the Kerr effect of the ion to compensate for the electronic dispersion term and achieve phase
matching. It has been demonstrated that the dispersion of ions is negative and increases with
laser frequency ωDP [55]. The free electron term is positive and inversely proportional to the
square of laser frequency ωDP, therefore, the perfect agreement between theory and experiment
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in the 400 nm driving field is due to the improvement of phase matching in the 400 nm driving
field compared with the 800 nm driving field.

Figure 5 shows the harmonic cutoff as a function of DP intensity in the 400 nm driving field.
There is a small plateau at the 15th order, and the cutoff value remains constant after reaching
the 27th order. According to the PPT theory, the ionization process has a window where the
Sn2+ yield is saturated and the Sn3+ ions cannot achieve effective ionization within the intensity
ranges from 3.99 × 1014 W/cm2 to 4.62 × 1014 W/cm2. The cutoff will be the same in this
intensity region, thus, the first cutoff plateau is derived from the contribution of the Sn2+ ion to
harmonic generation. In the same way, the second cutoff plateau at the 27th order corresponds to
the contribution of the Sn3+ ion to harmonic generation. However, the ionization of the Sn4+ ion
needs the peak laser intensity to reach 3 × 1015 W/cm2, which is a harsh experimental condition.
Therefore, the cutoff value remains constant at the intensity ranges from 8 × 1014 W/cm2 to 1.4
× 1015 W/cm2.

Fig. 5. Dependence of the harmonic cutoff in the 400 nm driving field on DP intensity.

4. Conclusion

In summary, we have studied the high-order harmonic spectra of Sn-LPPs in 800 and 400 nm
driving fields. Experimental measurement shows a simultaneous enhancement of the harmonic
cutoff and the harmonic yield at the short laser wavelength. This enhancement in synchronization
has not been achieved in previous HHG experiments of LPPs. Theoretical calculations are in
good agreement with our result in the 400 nm driving field, which confirms that the contribution
of the Sn3+ ion to harmonic generation accounts for the cutoff extension at 400 nm. Considering
the propagation effect in experimental measurements, we reveal the phase matching caused by the
dispersion of free electrons is much improved in the 400 nm driving field relative to the 800 nm
driving field. Two cutoff plateaus in dependence with DP intensity at 400 nm laser wavelength can
also be well described by our theories even without consideration of the phase matching effect,
clarifying the robustness of our theoretical calculation. We prove that the high-order harmonic
generated from laser-ablated tin plasma plumes driven by a short laser wavelength effectively
extends the cutoff energy and generates intensely coherent extreme ultraviolet radiation.
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