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A B S T R A C T   

Active optical correction is necessary for space large-aperture optical telescopes, especially for 
systems with high performance requirements. This paper proposes an analytic correction method 
for pupil-offset off-axis optical telescopes with misalignments and complex figure errors on the 
basis of nodal aberration theory (NAT). An analytical description of the wave aberration 
contribution from the complex surfaces in off-axis telescopes is derived, which gives a unified 
description for the impacts of the complex surfaces located at the stop and away from the stop. 
Using the analytical description, a correction model for off-axis telescopes with figure errors and 
misalignments is established. The off-axis optical telescope with trefoil and astigmatic figure 
errors and lateral misalignments is taken as a typical example, the presented method is discussed. 
After the corresponding correction, the perturbed off-axis telescope is almost restored to the 
system nominal states, which can meet the specification requirements well. Finally, the Monte 
Carlo simulations are implemented to demonstrate the effectiveness of the presented approach.   

1. Introduction 

Reflective telescopes, compared with refractive telescopes, have the merits of no chromatic aberrations, wide spectrum, high 
transmission, etc. Owing to weight constraints, the mirrors and supporting structures of space-based systems will need to be light-
weight. This sort of system is susceptible to some harsh environments, such as strong vibration and heat stress, which can degrade 
system performance. As the system aperture size increase, it is essential to equip the active optical system [1–4] to correct system 
perturbations (element misalignments and surface deformations). Generally speaking, the types and values of perturbations will in-
crease with increase of the surface size, especially when there are strict constraints on weight and cost of optical systems. As the system 
aperture becomes larger and larger, other mirrors besides the primary mirror become larger and larger. Therefore, there may be figure 
errors on mirrors located away from system stop. And the influence of these figure errors on the wave aberration also needs to be 
considered. In the on-axis telescopes, the obscuration of the mirrors and the spider limits signal-to-noise ratio, energy concentration, 
etc. In order to overcome the shortcomings of on-axis telescopes, off-axis systems have been presented [5,6]. However, the system 
aberration properties become more complicated because the system symmetry is broken. So the correction of perturbed off-axis 
telescopes become very difficult. For telescope correction, the perturbed optical elements can be directly corrected. The telescopes 
can also be corrected at the system pupil plane or the plane conjugated to the pupil based on the principles of adaptive optics [7,8]. 
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In order to correct disturbed telescopes, the relevant correction values need to be determined. Several methods have been reported 
to obtain these correction values, such as reverse optimization method (ROM), sensitivity table method (STM) and NAT-based method. 
The ROM [9] utilizes the function module of optimization in optical analysis software to get the correction values. It is convenient on 
the ground. However, the approach is difficult to carry out in space orbit. Among them methods, STM is widely applied [10]. The STM 
mainly uses linear-based approximation, so the corresponding accuracy is restricted by the hypothesis. If the perturbation range grows, 
the correction values calculated by using STM may be inexact. In addition, perturbation parameters in some systems may be strong 
coupling, which can bring about the corresponding singular problem in STM, and calculated correction values can also be inaccurate. 
Moreover, most of correction approaches are numerical. These numerical approaches are hard to provide in-depth theoretical guidance 
for optical correction. In practical engineering application, there are some blind problems. In order to overcome the weaknesses, The 
NAT-based method is presented. 

Nodal aberration theory, developed by R. V. Shack and K. P. Thompson et al. [11–16], is a very effective theory for analysis and 
alignment of asymmetric systems. Recently, some discussions on the correction strategy for perturbed reflective telescopes based on 
NAT have been reported [17–24]. In reference [17], an analytical method was proposed to separate influences of misalignments from 
astigmatic surface figure errors. It discussed the influences of the primary mirror figure errors on the total aberration, but did not give 
the discussion on influences of the surface figure errors away from the system stop. In references [18,19], the influences of freeform 
surfaces on wave aberration of on-axis systems was discussed. The field dependence of wave aberration contribution of freeform 
surfaces away from the system stop was presented. In reference [20], the impact of the figure errors of the large aperture mirror on the 
wave aberration was discussed, which adopted the method based on scalar pupil coordinate transformation. It is difficult to be 
extended to the optical telescope with surface high-order figure errors. In reference [21], the influence of figure errors on the wave 
aberration of the on-axis telescopes was mainly discussed, and determination of trefoil and astigmatic figure errors and misalignments 
for on-axis telescopes was given. In references [22–24], the determination of misalignments for reflective telescopes was mainly 
discussed, and there are few discussions on surface figure errors. However, these references do not give the analytical description for 
the influences of the freeform surfaces away from the system stop in off-axis telescopes, and the corresponding correction approach of 
off-axis optical systems with complex figure errors and element misalignments is not given. Therefore, the paper first discusses the 
influences of freeform surfaces located away from system stop on wave aberration in off-axis telescopes, and then gives the correction 
model for off-axis systems with complex figure errors and misalignments on the basis of NAT. 

The article is organized as follows. Section 2 gives a field-dependent aberration formulation of freeform surfaces for off-axis 
telescopes. In Section 3, the correction model of off-axis systems with complex figure errors and misalignments on the basis of NAT 
is developed. In Section 4, the determination and analysis of correction values of disturbed off-axis two-mirror systems are demon-
strated. In Section 5, the paper is concluded. 

2. Wave aberration function and field-dependent aberration formulation of freeform surfaces in perturbed off-axis 
telescopes 

2.1. Vector aberration function in perturbed off-axis telescopes 

The corresponding aberration contribution of all surfaces in optical systems should be considered. In rotationally symmetric optical 
systems, the vector wave aberration expression can be given by [13]. 

W =
∑

j

∑∞

p

∑∞

n

∑∞

m
(Wklm)j

(
H→· H→

)p
( ρ→· ρ→)

n
(
H→· ρ→

)m
, (1)  

where l = 2n+m and k = 2p + m, ρ→ designates the normalized pupil vector, H→ designates the normalized field vector, (Wklm)j des-
ignates the corresponding aberration coefficient. 

The pupil-offset off-axis system referred to in the paper can be seen as an off-axis part of the rotationally symmetric optical system, 
which is also called the off-axis system. As illustrated in Fig. 1, the vector relationship between the decentered and parent pupil vector 
can be given by 

ρ→′
= B ρ→+ L→, (2) 

Fig. 1. Relationship between the decentered and parent pupil vector.  
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where L→ represents the pupil decentered vector that is normalized by the radius of the parent pupil, B designates the scaling factor, ρ→′

denotes the parent pupil vector, ρ→ designates the decentered pupil vector of the decentered system. 
The aberration representation of the decentered pupil optical system without misalignment were reported in [25,26]. In the 

misaligned system, to obtain the expression of aberration field, the effective field vector was proposed [27], which can be expressed as 

H→Aj = H→− σ→j, (3)  

where j is the surface serial number, σ→j designates the decenter vector of aberration field, which is connected with the corresponding 
parameters of the misaligned system. 

In misaligned off-axis systems, the vector form of the wave aberration function is given by 

W =
∑

j

∑∞

p

∑∞

n

∑∞

m
(Wklm)j

(
H→Aj · H

→
Aj

)p[(
B ρ→+ L→

)
·
(
B ρ→+ L→

)]n[
H→Aj ·

(
B ρ→+ L→

)]m
. (4)  

2.2. Quantitative description of field-dependent aberration contribution from freeform surfaces in perturbed off-axis telescopes 

The freeform surface generally refers to rotationally nonsymmetric surface, which cannot be expressed by spherical and aspheric 
coefficients. There are some ways to define freeform surface at present, each of which has its own advantages. One of common def-
initions is that a freeform optical surface is equivalent to the sum of a conic base and a ϕ-polynomial overlay (Zernike polynomials). But 
here, to facilitate the discussion, the freeform surface or complex surface figure error denotes the ϕ-polynomial overlay, excluding the 
base conic. The advantage of Zernike polynomials is the orthogonality of surface description, and they can be easily associated with the 
corresponding geometrical aberrations [28]. In this case, the freeform surface may be regarded as the zero-power optical thin plate, 
which only affects the wave aberration characteristics, but does not affect the first-order characteristics of the system. Especially for 
large reflective telescopes, supposing a typically small FOV, it can be considered that the contribution of the freeform surface to system 
aberration is related to the location of the footprint on the surface and not dependent on the incidence angle. Since the freeform surface 
has no rotational symmetry, its contribution at a certain point is related to radial component and azimuthal component of the surface. 
On the basis of nodal aberration theory, the wave aberration contribution of freeform surface can be described by the vector method. 
The main purpose of this section is to give an analytical description for wave aberration contribution of freeform surface in off-axis 
telescopes, which can be used in engineering practice. The description with clear physical meaning is discussed here, not for pure 
mathematical derivation. In this paper, the surface with complex figure errors can be regarded as the freeform surface. 

If the freeform surface in an off-axis telescope is located at the system stop, the corresponding beam footprint covers the whole 
surface, which is the same for every field point. In this case, it can be considered that the aberration contributions of the freeform 
surface in different field points are the same. Its contribution can be expressed as 

Wi( ρ→) =

(

ni ′ − ni

)
∑

j
Cj · Zj( ρ→), (5)  

where Wi( ρ→) denotes the aberration contribution from freeform overlay, Zj( ρ→) designates the Zernike polynomials, Cj denotes the 
corresponding Zernike coefficient, ni

′and ni denotes the refraction (reflection) indices after and before the surface i. 
If the freeform surface in an off-axis telescope is away from system stop, the corresponding footprint of light beam at each field 

point just covers a certain portion of the surface, which is shown in Fig. 2. The location of the beam footprint is related to the coordinate 
of the field point, so the wave aberration contribution is also related to the coordinate of the field point. The vector relationship 
between the beam footprint and the freeform surface away from system stop in off-axis systems is shown in Fig. 3. As a typically small 

Fig. 2. Diagram of the freeform surface that is located away from system stop.  
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FOV, the aberration contribution from the freeform overlay in off-axis systems can be given by 

Wi( ρ→) =

(

ni ′ − ni

)
∑

j
Cj · Zj

(
ρ→BF + H→BF

)

=

(

ni ′ − ni

)
∑

j
Cj ·Zj

(
ri
Ri

ρ→′
+

ȳi
Ri
H→
)

(6)  

where ρ→BF denotes the scaled aperture vector that is normalized by the corresponding radius of freeform surface, H→BF represents the 
aperture decentered vector that is normalized by the surface radius, ri is the radius of the beam footprint, Ri is the radius of freeform 
surface, ȳi designates the height of the paraxial chief ray relative to the corresponding optical axis ray, ρ→′ designates the scaled 
aperture vector normalized by the beam footprint radius. In Eq. (6), the net contribution of wave aberration from the freeform overlay 
is field dependent. If the freeform surface is at the system stop, ri/Ri = 1, ȳi/Ri = 0. Therefore, the Eq. (6) can describe the contri-
bution of wave aberration from the freeform overlay considering all the surfaces (located at the stop and away from the stop) in off-axis 
telescopes. 

When the surface is decentered from the corresponding mechanical reference axis, the beam footprint of a certain field relative to 
the mechanical reference axis remains unchanged. However, the beam footprint will change relative to the decentered surface. The 
corresponding relationship between the beam footprint and the surface decentered from the mechanical reference axis and located 
away from the stop in off-axis systems is illustrated in Fig. 4. In off-axis systems, the wave aberration contribution from the decentered 
freeform surface is expressed as 

Fig. 3. Relationship between the beam footprint and the freeform surface that is located away from system stop in off-axis systems.  

Fig. 4. Relationship between the beam footprint and freeform surface decentered from the reference axis and located away from the stop in off- 
axis systems. 
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Wi

(

ρ→′
, H→
)

=

(

ni ′ − ni

)
∑

j
Cj · Zj

(

ρ→BF + H→BF −
δV→

Ri

)

=

(

ni ′ − ni

)
∑

j
Cj ·Zj

(
ri
Ri

ρ→′
+

ȳi
Ri
H→−

δV→

Ri

)

=

(

ni ′ − ni

)
∑

j
Cj ·Zj

[
ri
Ri

ρ→′
+

ȳi
Ri

(

H→−
δV→

ȳi

)]

(7)  

where δV→/Ri denotes the surface displacement vector relative to the reference axis normalized by the radius of the freeform surface. In 
this section, we can also discuss the off-axis systems with the freeform surface in the framework of the parent system, and the results are 
consistent with the above results. 

3. Correction model for off-axis telescopes with figure errors and misalignments on the basis of NAT 

The surface shape and position of optical elements can be adjusted by using the corresponding mechanisms in active optical 
systems. In the adjustment process, the correction values of optical components need to be determined accurately. Schematic diagram 
of correction process for perturbed reflective telescopes is shown in Fig. 5. The key of the correction process is to obtain the correction 
values. 

The previous section gives the quantitative description of wave aberration contribution from the complex surfaces in off-axis 
systems. In this section, the correction method of off-axis telescopes with complex figure errors and misalignments will be dis-
cussed. The following discussion is divided into two different cases. One is the case of the misaligned surface without figure errors, and 
the other is the case of the misaligned surface with figure errors. 

Here, the case of the misaligned surface without figure errors in off-axis systems is firstly considered. According to the relevant rules 
of vector multiplication, some fifth-order aberration expressions in misaligned off-axis telescopes in vector form can be obtained [29, 
30]. Based on the relationships between the fifth order expansion and Zernike polynomials, the optical correction model of misaligned 
off-axis telescopes without surface figure errors based on NAT is given by 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B2
(
Ψ→

2

222 + Ψ→
2

422

)
= 2C→W22

B3
(
Ψ→131 + Ψ→331M

)
= 3C→W31

B3Ψ→
3

333 = 4C→W33

B4Ψ→
2

242 = 8C→W42

B5Ψ→151 = 10C→W51

(8)  

where the definitions of the notations (Ψ→
2
222,Ψ→131, etc.) is just like that in ref. [29,30], the definitions of the notations ( C→W22, C→W31, 

Fig. 5. Schematic diagram of correction process for perturbed reflective telescopes.  
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etc.) is expressed as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C→W22 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
C→5,6 − 3C→12,13

)
+ 12E→

2(
C9 − 5C16

)
+ 120E→

3
E→

*
C16

− 3E→
(
C→7,8 − 4C→14,15

)
+ 12E→E→

*
C→12,13 − 80E→

2(
E→· C→14,15

)

+10
(
E→· E→

)
E→C→14,15 + 30E→

3(
C→14,15

)*
− 3E→

*
C→10,11

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

C→W31 =

⎡

⎢
⎣

(
C→7,8 − 4C→14,15

)
− 8E→

(
C9 − 5C16

)
− 120

(
E→· E→

)
E→C16

+40E→
(
E→· C→14,15

)
− 10E→

2(
C→14,15

)*
− 4E→

*
C→12,13

⎤

⎥
⎦

C→W33 = C→10,11 − 40E→
3
C16 + 10E→

2
C→14,15 − 4E→C→12,13

C→W42 = C→12,13 + 30E→
2
C16 − 5E→C→14,15

C→W51 = C→14,15 − 12E→C16

(9)  

where E→ = L→/B, B designates the ratio between the radius of the decentered and parent pupil, and where C→5,6 = [C5 C6 ]
T, C→7,8 =

[C7 C8 ]
T , C→10,11 = [C10 C11 ]

T, C→12,13 = [C12 C13 ]
T and C→14,15 = [C14 C15 ]

T are the Fringe Zernike coefficient vectors, C9 and 
C16 are the corresponding Fringe Zernike coefficients, the asterisk superscript designates the corresponding vector conjugate. As can be 
seen, the corresponding aberration relationship expressions of off-axis telescopes are more complex than that of on-axis telescopes. 
Owing to the effect of pupil transformation, the contribution of a certain kind of aberration of off-axis telescopes can be represented as 
the corresponding function of several Zernike coefficients. In Eq. (8), the left side can be viewed as the function of corresponding 
decenter vectors of aberration field, it is a direct correlation with misalignments of optical components. Therefore, the optical 
correction model of misaligned off-axis telescopes without surface figure errors based on NAT is obtained. 

The case of the misaligned surface with figure errors in off-axis systems is discussed below. The correction model of misaligned off- 
axis telescopes with figure errors can be described on the basis of Eq. (8). In this case, the Zernike coefficient vectors on right side of Eq. 
(9) should be expressed as 

C→i,i+1 = N C
→

i,i+ 1 + F C
→

i,i+ 1, (10)  

where C→i,i+1 denotes the vector of the corresponding Zernike coefficients in misaligned off-axis telescopes with figure errors, N C→i,i +1 

represents the vector of the Zernike coefficients in misaligned off-axis telescopes without surface figure errors, F C→i,i +1 represents the 
vector of the Zernike coefficients contributed from the corresponding figure errors, which can be expressed as 

F C
→

i,i+ 1 = F C
→PM

i,i+ 1 + F C
→SM

i,i+ 1 +… , (11)  

where F C→i,i +1PM denotes the contribution of the Zernike coefficient vector from the primary mirror figure errors, F C→i,i +1SM represents 
the contribution of the Zernike coefficient vector from the secondary mirror figure errors. The figure errors of other surfaces (if any) 
also need to be considered. 

Similarly, the left side of Eq. (8) should also be corrected to add the aberration contribution of the corresponding surface figure 
errors. The optical correction model of misaligned off-axis telescopes with surface figure errors based on NAT can be expressed as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B2
(
Ψ→

2

222 + Ψ→
2

422

)
+ 2ΔC→W22 = 2C→W22

B3
(
Ψ→131 + Ψ→331M

)
+ 3ΔC→W31 = 3C→W31

B3Ψ→
3

333 + 4ΔC→W33 = 4C→W33

B4Ψ→
2

242 + 8ΔC→W42 = 8C→W42

B5Ψ→151 + 10ΔC→W51 = 10C→W51

(12)  

where the notations ( C→W22, C→W31, etc.) denote the corresponding functions of the Zernike coefficient vectors in misaligned off-axis 
telescopes with figure errors, which are shown in Eq. (9). And where the notations (ΔC→W22,ΔC→W31, etc.) denote the corresponding 
contributions from the surface figure errors, their expressions are also consistent with Eq. (9). 

So far, the correction model of off-axis telescopes with complex figure errors and misalignments has been established. It is sig-
nificant for operation of active optical off-axis telescopes. To further explain the above model, in the next section, the correction of 
perturbed off-axis two-mirror systems will be discussed. 
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4. Correction of perturbed off-axis two-mirror telescopes by using NAT 

4.1. Determination of correction values for perturbed off-axis two-mirror telescopes 

The correction model for perturbed telescopes was developed in the previous section. In the section, the off-axis two-mirror 
telescope with surface figure errors and misalignments will be discussed. Other types of off-axis telescopes with figure errors and 
misalignments can also be corrected by similar methods. 

Specifically, this subsection discusses the correction model for off-axis two-mirror telescope with trefoil and astigmatic surface 
figure errors of the system primary mirror and trefoil figure errors of the system secondary mirror and rigid misalignments of secondary 
mirror. The misalignments and element figure errors can induce the same type of aberrations. There are some complex coupling effects 
between them. Therefore, the correction model of perturbed off-axis systems will be complex. 

4.1.1. Discussions on some vector relationships 
The stop is located on primary mirror (PM) in most of large aperture telescopes. So, the stop of the system to be discussed is also 

located on PM, and the coordinate reference is also chosen on PM. Since there is no misalignment of PM, the decenter vectors of 
aberration field for PM are expressed as 

σ→sph
PM = 0, σ→asph

PM = 0, (13)  

where σ→sph
PM and σ→asph

PM represent the decenter vectors of aberration field for PM, the superscript asph and sph represent contributions of 
the aspheric departure and spherical base, respectively. Based on NAT, the decenter vectors of aberration field for secondary mirror 
(SM) are connected with the misalignments of SM, which are expressed as 

σ→sph
SM =

1
(1 + cSMd1)ūPM

[
BDESM − cSMXDESM
− ADESM − cSMYDESM

]

, (14)  

σ→asph
SM =

1
d1ūPM

[
− XDESM
− YDESM

]

, (15)  

where σ→sph
SM and σ→asph

SM represent the decenter vectors of aberration field for SM, XDESM, YDESM, ADESM and BDESM designate the 
corresponding misalignments of SM, ūPM denotes the angle of chief ray incidence, d1 denotes the element spacing between the SM and 
PM, cSM is surface curvature of SM. In this section, x-axis is defined as the corresponding reference axis in accord with optical testing 
tradition [31]. 

As astigmatic figure errors exist on SM, the aberration fields contributed from the astigmatic figure errors in off-axis telescopes can 
be represented as 

WF = NSM × F,SM C→5,6 ·
(
BSM ρ→+ LSMH→F

)2

= NSM × [ (BSM)
2
F,SM C→5,6 · ρ→

2
+ 2BSMLSMH→F

*
F,SM C→5,6 · ρ→ +(LSM)

2
F,SM C→5,6 ·

(
H→F

)2
]

,
(16)  

where F,SM C→5,6 denotes the astigmatic figure errors on SM, NSM = n′
SM − nSM, n′

SM and nSM are the indices of reflection after and before 
the SM, BSM = rSM,ft/RSM, LSM = ȳSM/RSM, rSM,ft is the radius of the beam footprint on SM, RSM is the radius of SM, ȳSM denotes the 
height of paraxial chief ray on SM relative to optical axis ray, H→F = H→− δV→SM/ȳSM represents the effective field vector corresponding 
to SM, δV→SM denotes the decenter of SM relative to the reference axis. 

As trefoil figure errors exist on SM, the aberration fields contributed from the trefoil figure errors in off-axis telescopes can be 
represented as 

WF = NSM × F,SM C→10,11 ·
(
BSM ρ→+ LSMH→F

)3

= NSM ×

[

(BSM)
3
F,SM C→10,11 · ρ→

3
+ 3(BSM)

2LSMH→F
*
F,SM C→10,11 · ρ→

2
+ 3BSM(LSM)

2
(
H→

2

F

)*

F,SM C→10,11 · ρ→+ (LSM)
3
F,SM C→10,11 ·

(
H→F

)3
]

,

(17)  

where F,SM C→10,11 denotes the trefoil figure errors on SM. It can be seen that, the derived contributions comprise the aberrations of the 
lower and same order aperture terms. 

As the off-axis telescopes with trefoil and astigmatic surface figure errors on PM and trefoil surface figure errors on SM in off-axis 
telescopes are considered, the astigmatic and trefoil contributions from these figure errors can be expressed as 
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TF C
→

5,6 = TF C
→PM

5,6 + TF C
→SM

5,6

= NPM × F,PM C→5,6 + NSM × 3(BSM)
2LSMH→

*
F,SM C→10,11,

(18)  

TF C
→

10,11 = TF C
→PM

10,11 + TF C
→SM

10,11

= NPM × F,PM C→10,11 + NSM × (BSM)
3
F,SM C→10,11,

(19)  

where TF C→5,6 and TF C→10,11 are the total astigmatic and trefoil contributions from these figure errors, TF C→PM
5,6 and TF C→PM

10,11 are the 

astigmatic and trefoil contributions from the figure errors on the PM, TF C→SM
5,6 and TF C→SM

10,11 are the astigmatic and trefoil contributions 
from the figure errors on the SM, NPM = n′

PM − nPM, n′
PM and nPM are the indices of reflection after and before the PM. 

4.1.2. Determination of element misalignments 
In the presence of element misalignments, the boresight error (also called pointing error) will appear. It can be combined with other 

equations to determine the misalignment parameters. There exists the certain relationship between the boresight error and the ab-
erration field decenter vector related to the spherical base, which can be given by 

H→P = − 2d2k
[
ūPM
(

1+ d1cSM
)]

σ→sph
SM , (20)  

where H→P denotes the boresight error vector, k denotes the corresponding calculation factor, d2 is the mirror spacing between the SM 
and the focal plane. 

As the trefoil and astigmatic surface figure errors on PM and trefoil surface figure errors on SM and rigid misalignments of SM are 
considered, the expression of coma aberration field can be given by 

B3
(
Ψ→131 + Ψ→331M

)
= 3C→W31, (21)  

where B = rPM/RPM, rPM is the radius of the system stop of the off-axis telescope, RPMis the radius the aperture stop of the on-axis parent 
telescope. After some simplification, the following matrix expression can be obtained 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 1 0
0 − 1
Hx Hy

H3
x + HxH2

y H2
xHy + H3

y

− 3H2
x − H2

y − 2HxHy

− 2HxHy − H2
x − 3H2

y

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A131,x
A131,y
W131
W331M
A331M,x
A331M,y

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
3
B3 C
→

W31, (22)  

where C→W31 is the notation shown in Eq. (9), the definition of other notations is consistent with that in ref. [14]. In Eq. (22), to solve 
two unknown variables, A131,x and A131,y, the wavefront measurements of three points are adequate. Supposing that the wavefront 
measurements of exceeding three field points can be obtained, these unknown variables can be solved by using the least-square 
principle. And then, by combining Eq. (20), the decenter vectors of aberration field, σ→sph

SM and σ→asph
SM , can be obtained. On the basis 

of Eq. (14) and Eq. (15), the misalignments of SM can be determined. 

4.1.3. Determination of surface figure errors 
As the off-axis telescopes with trefoil and astigmatic surface figure errors on PM and trefoil figure errors on SM and misalignments 

of SM are considered, on the basis of Eq. (12) and Eq. (18), after some simplification, the expression of the astigmatic aberration field 
can be represented as 

1
2
B2W222H

→2
− B2 A→222H

→
+

1
2
B→

2

222 + 3NSM(BSM)
2LSMH→

*
F,SM C→10,11 = C→W22, (23)  

where 

A→222 = Wsph
222,SM σ→sph

SM +Wasph
222,SM σ→asph

SM ,

B→
2

222 = B2
M B→2

222 +

⎡

⎢
⎣

2NPM × F,PM C→5,6 − 6NSM(BSM)
2LSM σ→*

F,SMF,SM C→10,11

− 6NPM E→
*
F,PM C→10,11 − 6NSM E→

*
(BSM)

3
F,SM C→10,11

⎤

⎥
⎦,

M B→2
222 = Wsph

222,SM σ→2(sph)
SM +Wasph

222,SM σ→2(asph)
SM ,

(24) 
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where Wasph
222,SM and Wsph

222,SM denote the astigmatic coefficients for the aspheric departure and the base spherical of SM, respectively, 
σ→F,SM denotes the decenter vector of aberration field for the figure errors on SM, which is given by 

σ→F,SM =
δV→SM

ȳSM
. (25) 

According to Eq. (23), the following matrix expression can be obtained 

⎡

⎢
⎢
⎢
⎣

PHx PHy
1
2

0

− PHy PHx 0
1
2

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

F,SMC10

F,SMC11

B→
2

222,x

B→
2

222,y

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= C→W22 −
1
2
B2W222H

→2
+ B2 A→222H

→
,

(26)  

where P = 3NSM(BSM)
2LSM, C→W22 is the notation shown in Eq. (9). In Eq. (26), to solve two unknown vectors, B→

2
222 and F,SM C→10,11, the 

field measurements at two points are enough. Supposing that the wavefront measurements of exceeding two field points are obtained, 
these two unknown vectors can be solved by using the traditional least-square principle. So far, the trefoil figure errors on the SM are 
determined. 

As the off-axis telescopes with the figure errors and misalignments mentioned above are considered, according to Eq. (12) and Eq. 
(19), the expression of the trefoil aberration field can be expressed as 

1
4
B3W333H

→3
−

3
4
B3H→

2
A→333 +

3
4
B3H→B→

2

333 −
1
4
C→

3

333 = C→W33, (27)  

where 

A→333 = Wsph
333,SM σ→sph

SM +Wasph
333,SM σ→asph

SM ,

B→
2

333 = Wsph
333,SM

(
σ→sph

SM

)2
+Wasph

333,SM
(
σ→asph

SM

)2
,

C→
3

333 = M C→3
333B

3 − 4NPM × F,PM C→10,11 − 4NSM(BSM)
3
F,SM C→10,11,

M C→3
333 = Wsph

333,SM
(
σ→sph

SM

)3
+Wasph

333,SM
(
σ→asph

SM

)3
.

(28)  

where Wasph
333,SM and Wsph

333,SM denote the trefoil aberration coefficients for the aspheric departure and the spherical base of SM, 
respectively. 

According to Eq. (27), after some simplification, the following matrix expression can be obtained 
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 3H2
x + 3H2

y − 6HxHy

6HxHy − 3H2
x + 3H2

y

H3
x − 3HxH2

y 3H2
xHy − H3

y

− 1 0
0 − 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

B3A333,x

B3A333,y

B3W333

C3
333,x

C3
333,y

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= 4C→W33, (29)  

Fig. 6. Layout of the off-axis two-mirror telescope.  
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where C→W33 is the notation shown in Eq. (9). To solve two unknown variables, C3
333,x and C3

333,y, the wavefront measurements of three 
points are adequate. Supposing that the wavefront measurements of exceeding three field points can be obtained, these unknown 
variables can be solved by using the least-square principle. According to Eq. (28), the trefoil figure errors on PM are obtained. And 
then, according to Eq. (24), the astigmatic figure errors on PM are determined. 

So far, the misalignments and the figure errors in off-axis telescopes have been determined, and the corresponding correction value 
can be obtained by taking the opposite number. Other complex surface errors in off-axis telescopes can also be determined by the 
similar method. It should be noted that the description accuracy of the model can be improved by optimizing the parameters used. 

4.2. Verification and analysis 

To verify the accuracy and effectiveness of the presented method, in this subsection, the system correction of an off-axis two-mirror 
telescope is demonstrated. The layout of the off-axis two-mirror telescope is illustrated in Fig. 6. The system stop is located at the PM, 
its exact diameter is 2500 mm. The system has a ±0.1o field of view. The offset of system stop is 1800 mm. The element radii of the PM 
and SM are − 11,500.00 mm and − 1414.58 mm. The conic values of the PM and SM are − 1.002 and − 1.498. The thickness value 
between PM and SM is - 5110.49 mm. To demonstrate the example, four FOVs are used, which are (0.07◦, 0.07◦), (− 0.07◦, 0.07◦), 
(0.07◦, − 0.07◦) and (− 0.07◦, − 0.07◦), respectively. 

According to the corresponding Zernike coefficients at different field points and the boresight error of the perturbed system, the 
correction values of the perturbed off-axis system can be determined based on the proposed approach. The calculated and introduced 
misalignment values for SM are shown in Table 1. The calculated and introduced figure errors for PM are shown in Table 2. The 
calculated and introduced figure errors for SM are illustrated in Table 3. In practical application, the introduced figure errors (In-V) are 
obtained by wavefront measuring devices. The calculated figure errors (Ca-V) are the output of the correction model. 

In Tables 1–3, it can be seen that the calculated and introduced values are almost identical, which show the proposed approach is 
effective. In order to correct the system, the opposite numbers of the calculated surface figure errors and misalignments are applied to 
the perturbed system. The FFDs (full field displays) of coupling paired Zernike terms (Z5&Z6, Z7 @ Z8 and Z10 @ Z11) before 
correction are shown in Fig. 7(a)-(c). The FFDs of coupling paired Zernike terms after correction are illustrated in Fig. 7(d)-(f). It can be 
seen that these representative aberration fields can be almost recovered to the nominal design states based on the approach proposed 
above. 

The point spread function (PSF) of the off-axis two-mirror system in the nominal design states is shown in Fig. 8(a) and Fig. 8(d). 
The PSF of the perturbed off-axis system before correction is presented in Fig. 8(b) and Fig. 8(e). The PSF of the perturbed system after 
correction is illustrated in Fig. 8(c) and Fig. 8(f). It can be seen that the PSF can also be almost recovered to the nominal states based on 
the approach presented above. 

To further verify the validity of the proposed method, Monte-Carlo simulations will be carried out for the off-axis two-mirror 
system. Four representative cases are used in the simulations and they are listed in Table 4. The ranges of component perturbations 
increase by degrees without the corresponding measurement errors in Case 1, 2 and 3. The disturbance ranges in case 4 are identical to 
that in case 3, but the corresponding relative measurement errors are 2 %. 

The 400 experimental perturbations are generated randomly for all cases and followed uniform distribution. Based on the proposed 
approach, the simulation for each perturbation state can be carried out. The perturbation values can be determined for each trial 
system. Then the correction values are adopted to correct the off-axis telescope. In each case, the root-mean-square errors (RMSEs) are 
utilized to evaluate the validity and accuracy of the presented approach, which can be given by 

Table 1 
Calculated Misalignments (Ca-M) and Introduced Misalignments (In-M) for SM.   

XDESM YDESM ADESM BDESM 

In-M  0.1500 -0.1500 -0.0100  0.0150 
Ca-M  0.1506 -0.1512 -0.0101  0.0150  

Table 2 
Calculated Figure Errors (Ca-V) and Introduced Figure Errors (In-V) for PM.    

FCPM
5  FCPM

6  FCPM
10  FCPM

11 
In-V  0.0600 -0.0500 0.0500 -0.0500 
Ca-V  0.0602 -0.0504 0.0503 -0.0499  

Table 3 
Calculated Figure Errors (Ca-V) and Introduced Figure Errors (In-V) for SM.   

FCSM
10 FCSM

11 

In-V -0.0500  0.0500 
Ca-V -0.0502  0.0497  

M. Wen et al.                                                                                                                                                                                                           



Optik 272 (2023) 170264

11

Fig. 7. (a) Full field displays (FFDs) of Z5 @ Z6 term before system correction; it contains the influences of misalignments and mirror figure errors. 
(b) FFDs of Z7 @ Z8 term before system correction. (c) FFDs of Z10 @ Z11 term before system correction. (d) FFDs of Z5 @ Z6 term after system 
correction. (e) FFDs of Z7 @ Z8 term after system correction. (f) FFDs of Z10 @ Z11 term after system correction. 
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RMSEj =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
100

∑100

n=1

[
Xj(n) − xj(n)

]2

√
√
√
√ , (30)  

where Xj(n) and xj(n) designate the introduced and calculated values for corresponding perturbation, j denotes the serial number of the 
perturbation. 

The RMSEs of correction values for each case based on the method presented above are shown in Fig. 9. The abscissa of the subplots 
in Fig. 9 is the case number, and the ordinate is the RMSEs. The RMSEs of decenters for the SM are shown in Fig. 9(a)-(b). The RMSEs of 
tip-tilts for the SM are illustrated in Fig. 9(c)-(d). The RMSEs of trefoil figure errors for the SM are presented in Fig. 9(e)-(f). The RMSEs 
of trefoil and astigmatic figure errors for the PM are illustrated in Fig. 9(g)-(j). The Zernike coefficients are in λ(λ = 500nm), the ADESM 
and BDESM are in degrees, the XDESM and YDESM are in mm. 

As shown in Fig. 9, the accuracy of Case 1 is the highest. With increase of the perturbation ranges, the accuracy of Case 2 and 3 is 
also high. The corresponding results of case 1, 2 and 3 show the correctness and accuracy of the presented method. It indicates that the 
presented method also has good adaptability for the off-axis telescope with larger perturbations. The results of Case 4 demonstrate the 
approach can also be affected by the errors of measurements. But even so, the accuracy of the approach is high enough. These results 
demonstrate that the presented approach is an excellent choice for correction of perturbed off-axis telescopes. 

Fig. 8. Point spread function (PSF) for central field. The “Nominal” represents PSF of the original system. The “Before correction” stands for PSF of 
the perturbed system. The “After correction” stands for PSF of the corrected system. (a) and (d) for PSF in the nominal state. (b) and (e) for PSF 
before correction. (c) and (f) for PSF after correction. 

Table 4 
Four Representative Cases used in the Simulations.   

XDESM,YDESM ADESM ,BDESM FCPM/SM
i 

Measurement errors 

Case 1 [− 0.2,0.2] [− 0.01,0.01] [− 0.06,0.06] \ 
Case 2 [− 0.5,0.5] [− 0.02,0.02] [− 0.1,0.1] \ 
Case 3 [− 1.0,1.0] [− 0.05,0.05] [− 0.3,0.3] \ 
Case 4 [− 1.0,1.0] [− 0.05,0.05] [− 0.3,0.3] 2 %  
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5. Conclusion 

This paper was concerned with the correction strategy for pupil-offset off-axis optical telescopes with complex figure errors and 
misalignments on the basis of nodal aberration theory. The analytical description of the aberration contribution from complex surfaces 
in off-axis telescopes was obtained. It gave the unified description for the influence of complex surfaces located at the system stop and 
away from the stop. The correction model of off-axis telescopes with surface figure errors and misalignments was established by using 
the analytical description. Based on the correction model, the introduced perturbations and calculated results were almost the same. 
The perturbed off-axis telescopes can be almost restored to system nominal states after correction and can meet the requirements well. 
The results of Monte-Carlo simulations demonstrated the accuracy and effectiveness of the presented approach. The proposed 
correction strategy can well adapt to the off-axis telescopes with figure errors and misalignments. The correction model proposed in the 
paper can be further extended to include higher-order aberrations, which can adapt to the correction of higher-order aberrations 

Fig. 9. RMSEs of correction values for four cases. (a), (b), (c) and (d) for the SM misalignments, (e)-(f) for surface figure errors of SM, (g)-(j) for 
surface figure errors of PM. 
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induced by harsh environments. The work gave a useful reference for system correction of the pupil-offset off-axis telescopes. 
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